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THE INTERNATIONAL CONGRESS OF MATHEMATICIANS 


Cambridge, Massachusetts, U.S.A. 
August 30-September 6, 1950 


As already announced in the July, 1948, issue of this Bulletin, an 
International Congress of Mathematicians will be held in Cambridge, 
Massachusetts, in 1950 under the auspices of the American Mathe- 
matical Society. The Society originally planned to act as host for a 
Congress in September, 1940, which was also scheduled to meet in 
Cambridge. Plans for the 1940 Congress were practically completed 
when the outbreak of World War II in September, 1939, made it 
necessary for the Society to postpone the Congress to a more favora- 
ble date. 

The 1950 Congress will be the third International Congress of 
Mathematicians to be held on the continent of North America. The 
first was held at Northwestern University in 1893 and the second at 
the University of Toronto in 1924. International Congresses were 
held at intervals of approximately four years, except when war inter- 
vened, until 1936. There has been no international gathering of 
mathematicians since that time and it is the sincere hope of the 
Organizing Committee that the gathering in 1950 will be a truly inter- 
national one, that American mathematicians will attend in large num- 
bers, and that all other countries will be well represented. The Coun- 
cil of the American Mathematical Society has voted unanimously to 
hold a Congress to which mathematicians of all national and geo- 
graphical groups will be invited. 

Time and Place. The dates for the Congress have been fixed as 
August 30-September 6, 1950. Harvard University will be the prin- 
cipal host institution. A number of other institutions in metropolitan 
Boston will join in the entertainment of Congress visitors by arrang- 
ing special features on their campuses. Mathematicians so desiring 
will be housed at a modest charge in the Harvard University dormi- 
tories and meals will be served in the University dining rooms. There 
will be accommodations for members of families, special provision 
being made for the care of children. Those who prefer to live in hotels 
can be comfortably provided for in Cambridge or Boston. 

Organization. The Organizing Committee has invited more than a 
score of outstanding mathematicians to deliver stated addresses. 
There will be Conferences in four different fields; these are more full» 
described below. There will be seven Sections for the presentation of 
short contributed papers and by invitation of the Section Chairmen 
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there will be a smal! number of half-hour addresses as part of the Sec- 
tion programs. 

In recent years mathematicians have been much impressed by the 
success of the conference method for presenting research in fields in 
which vigorous advances have just been made or are in progress. 
There will accordingly be a coordinated program of formal lectures 
and informal open discussion, and the stated addresses will be inte- 
grated as far as possible with the work of the Conferences. The fol- 
lowing list of topics gives an indication of the nature of each of the 
Conferences: 

Algebra (Chairman, A. A. Albert): 1, Groups and universal algebra; 
2, Structure theory of rings and algebras; 3, Arithmetic algebra; 
4, Algebraic geometry. 

Analysis (Chairman, Marston Morse): 1, Algebraic tendencies in 
analysis; 2, Analysis and geometry in the large; 3, Extremal methods 
and geometric theory of functions of a complex variable. 

Applied Mathematics (Chairman, John von Neumann): 1, Partial 
differential equations; 2, Statistical mechanics; 3, Random processes 
in physics and communication. 

Topology (Chairman, Hassler Whitney): 1, Homology and homot- 
opy theory; 2, Fibre bundles and obstructions; 3, Differentiable 
manifolds; 4, Topological groups. 

The Sections for the presentation of short contributed papers will 
be as follows: I, Algebra and Theory of Numbers; II, Analysis; 
III, Geometry and Topology; IV, Probability and Statistics, Actu- 
arial Science, Economics; V, Mathematical Physics and Applied 
Mathematics; VI, Logic and Philosophy; VII, History and Educa- 
tion. Each member of the Congress may present only one contributed 
paper and the time allotted for each paper will be ten minutes. Ab- 
stracts for such papers should not exceed 400 words in length and 
must be submitted on blanks which may be secured from the Secre- 
tary of the Congress. Abstracts must be in the hands of the Organiz- 
ing Committee not later than May 15, 1950. The Organizing Commit- 
tee has decided that contributed papers must be presented in person. 

The official languages of the Congress are English, French, Ger- 
man, Italian, and Russian. 

Entertainment. There will be many interesting entertainment fea- 
tures, including a reception, teas, a symphony concert, and a ban- 
quet. 

Membership in the Congress. Membership in the Congress will be 
open to all qualified persons, whether they are able to be present in 
person or not. For regular members of the Congress the fee is $15.00; 
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these persons will receive the Proceedings of the Congress and will 
be admitted without charge to the various entertainment functions 
mentioned above. Members of, families, accompanying Congress 
members and not participating in the scientific meetings, may be- 
come associate members, for whom the fee is $7.50; they will not 
present papers or receive the Proceedings, but will be entitled to 
many of the other privileges of membership. Only members and asso- 
ciate members of the Congress will have the privilege of residing in 
the Harvard dormitories. 

Financial Suppori. Besides the support from Harvard University, 
generous subventions have been subscribed for the Congress by Bell 
Telephone Laboratories, Carnegie Corporation, General Electric 
Company, Institute for Advanced Study, Massachusetts Institute of 
Technology, National Research Council, Rockefeller Foundation, 
Standard Oil Development Company, and several private donors. 


Committees. F . 

Organizing Commiitee: Garrett Birkhoff (Chairman), W. T. Martin 
(Vice Chairman), A. A. Albert, J. L. Doob, G. C. Evans, T. H. Hilde- 
brandt, Einar Hille, J. R. Kline, Solomon Lefschetz, Saunders Mac- 
Lane, Marston Morse, John von Neumann, Oswald Veblen, J. L. 
Walsh, Hassler Whitney, D. V. Widder, R. L. Wilder. 

Financial Committee: John von Neumann (Chairman), W. L. G. 
Williams (Vice Chairman), J. L. Coolidge, B. P. Gill, M. H. Ingra- 
ham, A. E. Meder, Jr. 

Editorial Committee: L. M. Graves (Chairman), Einar Hille, P. A. 
Smith, Oscar Zariski. 

Secretariat: J. R. Kline (Secretary), R. P. Boas (Associate Secre- 
tary). 

Subcommittees of the Organizing Commttiee: 

Budget Committee: W. T. Martin (Chairman), J. R. Kline, A. E. 
Meder, Jr., G. B. Price, Oswald Veblen, Oscar Zariski. 

Cooperation Commitee: Samuel Eilenberg (Chairman), E. F. Beck- 
enbach, Hassler Whitney, S. S. Wilks, J. W. T. Youngs. 

Entertainment Committee: L. H. Loomis (Chairman), C. R. Adams, 
Mrs. L. V. Ahlfors, Mrs. G. D. Birkhoff, J. A. Clarkson, Mrs. W. C. 
Graustein, F. B. Hildebrand, J. R. Kline, E. R. Lorch, Mrs. W. T. 
Martin, E. B. Mode, G. A. O'Donnell, Mrs. H. B. Phillips, Helen G. 
Russell, J. H. Van Vleck, Mrs. J. L. Walsh, Mrs. D. V. Widder, Mrs. 
Norbert Wiener. 

Program Committee: E. G. Begle (Chairman), A. A. Albert, Garrett 
Birkhoff, R. P. Boas, Richard Courant, J. L. Doob, Sampel Eilen- 
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berg, G. C. Evans, J. R. Kline, L. H. Loomis, Marston Morse, John 
von Neumann, C. V. Newsom, H. A. Rademacher, Alfred Tarski, 
Hassler Whitney. 

Publicity Committee: R. P. Boas and G. W. Mackey (Co-chair- 
men), A. A. Bennett, J. A. Clarkson, C. O. Oakley, R. M. Thrall. 

Committee on Transportation Grants: Garrett Birkhoff (Chairman), 
Samuel Eilenberg, J. R. Kline, W. T. Martin, J. L. Walsh. 

Committee on Conference in Algebra: A. A. Albert (Chairman), 
Richard Brauer, Nathan Jacobson, Saunders MacLane, Oscar Za- 
riski. 

Committee on Conference in Analysts: Marston Morse (Chairman), 
L. V. Ahlfors, Salomon Bochner, G. C. Evans, Einar Hille. 

Committee on Conference in Applied Mathematics: John von Neu- 
mann (Chairman), Walter Bartky, R. V. Churchill, Richard Courant, 
G. C. Evans, William Prager, Mina Rees. 

Committee on Conference in Topology: Hassler Whitney (Chairman), 
Deane Montgomery, N. E. Steenrod. 

Chairmen of Sections: 

Section I, Algebra and Theory of Numbers: H. A. Rademacher. 

Section II, Analysis: G. C. Evans. 

Section III, Geometry and Topology: Samuel Eilenberg. 

Section IV, Probability and Statistics, Actuarial Science, Eco- 
nomics: J. L. Doob. 

Section V, Mathematical Physics and Applied Mathematics: 
Richard Courant. 

Section VI, Logic and Philosophy: Alfred Tarski. 

Section VII, History and Education: C. V. Newsom. 


THE GEOMETRY OF FINSLER SPACES 
HERBERT BUSEMANN 


The term “Finsler space” evokes in most mathematicians the pic- 
ture of an impenetrable forest whose entire vegetation consists of 
tensors. The purpose of the present lecture is to show that the asso- 
ciation of tensors (or differential forms) with Finsler spaces is due to an 
historical accident, and that, at least at the present time, the fruitful 
and relevant problems He 4n a different direction. 

Finsler spaces were discovered by Riemann in his lecture [1]:! 
Über die Hypothesen, welche der Geometrie zu Grunde liegen (1854). 
The goal which Riemann set for himself was the definition and. dis- 
cusston of the most general fintte-dimenstonal space 4n which every curve 
has a length derived from an infinitesimal length or line element. In 
modern terminology Riemann's approach is this: Let a differentiable 
manifold M of a certain class be given. In any local coordinate sya- 
tem (x1, - - - , £a) = (x) a length F(x, dx) must be assigned to a given 
line element (x, dx) (x © © © , Zn; dx, - - - , dx.) with origin x. If 
x(t) is a (smooth) curve in M then f F(x, $)di is its length. 

In order to insure that the length of a curve is positive and inde- 
pendent of the sense in which the curve is traversed, Riemann re- 
quires F(x, dx) >0 for dx 240 and F(x, dx) = F(x, —dx). 

Next Riemann assumes [1, p. 277] that the length of the line ele- 
ment remains unchanged except for terms of second order, if all points 
undergo the same infinitesimal change. This amounts to the condition 
F(x, kdx) =kF(s, dx) for k>0. Nowadays we rather justify this con- 
dition by requiring that a change of the parametrization of the curve 
does not change its length. 

Riemann then turns immediately to the special case where F(x, dx) 
= [ ogu(x)dxidex,]/2, that is, to those spaces which are now called 
Riemann spaces. The general case is passed over with the following 
remarks: the next simplest case would comprise the manifolds, in 
which the line element can be expressed as the fourth root of a bi- 
quadratic differential form. The investigation of these more general 
types would not require any essentially different principles, but it 
would be time consuming and contribute comparatively little new to 
the theory of space (verhültnismüssig auf die Lehre vom Raume wenig 


An address delivered before the Los Angeles Meeting of the Society on November 
27, 1948, by invitation of the Committee to Select Hour Speakers for Far Western 
Sectional Meetings; received by the editors December 8, 1948. 

1 Numbers in brackets refer to the references cited at the end of the paper. 
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neues Licht werfen), because the results cannot be interpreted geo- 
metrically (see [1, p. 278]). 

Here is one of the few instances where Riemann's feeling was 
wrong.! Nevertheless the passage had a great influence: the general 
case was for a long time entirely neglected, and when it was taken up 
the principles of Riemannian geometry were applied. The results 
thus obtained are not different enough to enrich geometry materially, 
moreover they frequently do not lend themselves to a nalve geo- 
metric interpretation. | 

The following is a brief sketch of the history. The integral f F(x, 2)dt 
is the subject of the Weierstrass theory in the calculus of variations. 
Therefore it is not surprising that the first contributions are due to 
workers in this field. The pioneers are Bliss [2, 3] and his students 
(in particular Underhill [4]) in this country and Landsberg [5] in 
Germany. To develop a geometry it is necessary to have extremals or 
geodesics whose subarcs furnish locally unique shortest connections. 
'The Legendre or Weierstrass conditions of the calculus of variations 
suggest to require that F(x, dx) is for fixed x a convex function of dx: 


(1) F(x, dx) + F(x, $x) 2 F(x, dx + ôx) 


or, which is the same, that F(x, y) 21 is a convex surface in y-space. 
(1) will be assumed henceforth.’ 

Bliss’ approach is as follows: the homogeneity of F(x, dx) in dx 
permits to write F(x, dx) in the form 


(2) F(x, dx) = [3 Er (9, dz)dz da, |! 


where the ga(x, dx) are homogeneous of degree 0 in dx. 

If a field of curves is distinguished and 6(x) is tangent to the field 
at x, then > gi(x, o(x))dx,dx, is the line element of a Riemann 
space. The methods of Riemannian geometry are applicable, but the 


3 Jt is probable that he did not give the matter much thought. The lecture [1] 
was to give him the privilege to teach at the University of Gdttingen. The candidate 
had to propose three topics, and the faculty selected one of them. Riemann had put 
the present topic last. He did not expect to work it out and was pressed for time, 
when it was selected, This is evidenced by the following passage from a letter to his 
brother Wilhelm, dated December 8, 1853:... und musste dabei drei Themata zur 
Probevorlesung vorschlagen, von denen dann die Fakult&t eins wählt. Die beiden 
ersten hatte ich fertig und hoffte dass man eins davon nehmen würde; Gauss aber 
hatte das dritte gewahlt, so bin ich wieder etwas in der Klemme, da ich dies noch 
ausarbeiten muss. 

? On the other hand, many results hold without Riemann's condition F(x, dx) 
= F(x, —dx). The present lecture supposes, however, that this relation holds. In the 
sequel it will be convenient to use the term line element both for ds = F(x, dx) and 
for dst. 
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results depend on the chotce of the field. For instance, the Gauss-Bonnet 
Theorem has been investigated by Bliss [3] from this point of view. 

Finsler was the first who studied the general spaces systematically 
in his thesis [6] written under Carathéodory’s guidance. His main 
idea is this: if a curve is given, then a field which contains the curve 
defines a Riemann metric as above. Those results which are inde- 
pendent of the choice of the field are the real geometric properties of the 
curve. In this way Finsler succeeded in developing a theory of curves, 
and also the foundations for a theory of surfaces. This is the reason 
why the name Finsler space was generally accepted for the general 
class of spaces first defined by Riemann. 

Then a new line of thought developed in the geometric school at 
Prague with Berwald, Funk, and Winternitz as principle representa- 
tives.‘ A Finsler space ts not considered as a point space but primarily 
as a sei of line elements in which a Riemannian metric ts associated with 
each line. element. The main emphasis in this theory lies on the defini- 
tions and properties of parallelism and similar questions. The whole 
development culminated in Cartan’s monograph [8], which is con- 
sidered to have given the theory of Finsler spaces its final form 
(endgültige Gestalt, see [7, p. 1]). 

Under the restriction to use nothing but Riemannian methods it 
may be true that the theory has reached its limits. However, as soon 
as this restriction is dropped it appears that the surface has hardly 
been scratched. 

A first, but not the most interesting or decisive, step beyond the 
mentioned results consists in extending the resulis of Riemannian 
geometry rather than tis methods. 

As an example consider the following statement: In a Riemann 
space R with nonpositive curvature there is exactly one geodesic arc 
connecting two points within a given homotopy class. A real geometer 
will be convinced that such a nice geometric property must have a 
simple geometric core which has nothing to do with the Riemannian 
character of the metric. Guided by this conviction he soon finds that 
a Riemann space has nonpositive curvature if and only if in small 
geodesic triangles abc the (shortest) geodesic connection of the mid 
points b’, c’ of the sides ab and ac is at most half as long as the third 
side be: 


(3) 2'e X be. 
This inequality makes sense in any Finsler space. If it is assumed 
* For the rather volumjnous literature see the excellent report [7] of Berwald. 
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(locally) then it turns out, see [9], that not only the mentioned 
theorem, but the whole beautiful theory of spaces with nonposttive 
curvature holds as it was developed by Hadamard [10] and Cartan 
[11, Note III]. The proofs are, however, quite different, for instance 
properties of convex functions replace the Gauss-Bonnet Theorem. It 
should also be noted that (3) does not pressuppose differentiability 
properties, and that, in fact, the theory holds without them. 

This is only one example among many. Very frequently, when the 
conclusion of a theorem on Riemann spaces is a simple geometric 
fact, the hypothesis can be freed of its Riemannian character and the 
theorem then carries over to Finsler spaces. 

But investigations of this type yield nothing but direct analogs to 
Riemannian results and are not fundamentally new. Poincaré said 
somewhere® on the subject of generalizations: On ne fait pas un 
grand voyage pour ne trouver que ce qu'on a chez soi. In the case of 
Finsler spaces a long trip will pay, because they are really funda- 
mentally different from Riemann spaces. Just now we have reached 
a stage where we begin to understand the problems. 

Let us start with volume and area. The problem how to define these 
concepts was among the first which attracted the attention in Finsler 
spaces. The approach was as follows: 

The volume element of a Riemann space is | ga (x)] U3 dy +++ dita, 
where lea] is the determinant of the ga(x). We wish to find an 
expression in the derivatives of F(x, dx) which reduces to | gue(x) | 1/2 
in the Riemannian case. This turns out to be possible in infinitely 
many ways. Consequently there seemed to be many possible defini- 
tions of volume, and the problem was considered as fruitless. 

Is this conclusion justified? An unprejudiced attack on the prob- 
lem would doubtless begin with the question: Why are the definitions 
of volume and area unique in the Riemannian case? The answer is 
simple, but rests on two fundamental principles which are usually not 
formulated explicitly. Let G be a bounded domain in a Riemann space 
R whose volume is to be determined. Guided by the procedure em- 
ployed in integration, we divide G into small domains G,. In each 
G, select a point x” and replace ga(x) in G, by g(x’). With this metric 
G, is euclidean. We know what volume in a euclidean space means. 
Its value for G, is |ga(v)| V2/fo duxi - - + dx,. By the usual limit 
process of integration we find ff e| ga(x)| Vids ... dx, as Rieman- 
nian volume of G. The principle which underlies this procedure is 
clearly this: A Riemannian metric is locally euclidean. At every potini 


* The author forgot where he saw this remark and was unable to locate it, but 
would be grateful for a reference. 
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the volume element of the space must coincide with ihe volume element of 
the local geomeiry. 

Turning to area we observe: If xi(si, +--+, ux) —x(u) is a k-dimen- 
sional submanifold M of R, then the metric R induces on M the 
metric 


Ox; Ox 
de? = Y ga(s(u)) — — dudur = D yalu)du,dun. 
dde fh Ou; OU. Lh 


With this metric M becomes a k-dimensional Riemann space. Its 
volume must be the area of M as manifold in R. This statement is 
based on the principle that area must be intrinsic, that is, depend only 
on the ya(u). 

We now try to treat volume and area in a Finsler space R with 
line element F(x, dx) by using the same principles. We divide a given 
domain G in R into small domains G,. In C, we select a point x". In 
G, we replace F(x, dx) by F(x’, dx). But there it seems to end, because 
the space with F(x’, dx) = F(dx) as line elements £s not euclidean, but 
is a Minkowsktan (or finite-dimensional Banach) space S. 

If dx is replaced by x the distance of two points x, y in S is given by 

— 4% 
(0  F»-22-l|y»-«x| A 


HIERRO 


where y is a unit vector in the direction of the vector y —x. Therefore 
the Minkowski distance originates from the euclidean distance y —x 
by multiplying it with a factor which depends only on the direction 
of the segment from x to y. The triangle inequality holds because of 
(1). The euclidean segments are also shortest connections for the 
Minkowski metric, and the only ones when the unit sphere F(x) —1 is 
strictly convex. The same Minkowski space can be derived from 
different euclidean spaces (x) in the form (4). All these spaces are 
related by nondegenerated affine transformations and are called 
associated to the Minkowski space, compare [13, $2]. 

Obviously the Minkowski distance (4) is invariant under the trans- 
lations x' —x--a. Since these operate in a simply transitive way on 
the space, the theory of Haar measure shows that up to a constant 
factor at most one measure exists which ts invariant under the iransla- 
tions. One such measure is the Lebesgue measure | M|¥ of a set M 
in the euclidean space (x) with distance | y —x|. This measure itself 
cannot be used because it depends on the choice of the associated 
space. Thus the question reduces to determining À such that 


t For these statements compare [12, § II.1]. 
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| M |. = Al M|I is an acceptable measure in S. 


Several possibilities suggest themselves: the distance F(y—x) or 
one-dimensional measure can be interpreted as follows: The Minkow- 
skian unit sphere V: F(x, y) —-1 is convex and has O as center. For 
given points x, y let ziz be the diameter of V parallel to the line xy or 
the intersection a of the line parallel to xy through O with the solid 
sphere W: F(x)S1. Then F(a—2)-2 and since (y—x)/| y—x| 
= (za — #1) /| 2,—21| 


ly — «| 


F(y ~ x)= F(s: — 2) =7——— |y- «| 
|s: — s| Iz — z1 | 
(5) n 
dI 


Observing that 2 is the volume of the one-dimensional euclidean unit 
sphere and keeping the principle of intrinsiqueness in mind, we are 
led to the following choice of ^: Let N be a set in a k-dimensional, 
0<k <n, linear space L. Let a k-dimensional space parallel to L 
through O intersect W in the set a and define in analogy with (5) 
(6) N; = ai [N] m- Mac t i 

lal: 2 

On the other hand Hausdorff measure could be used. In fact there 
are two Hausdorff measures: in one definition the set N is covered by 
spheres of diameter less than e, and in the other by arbitrary sets of 
diameter less than e. The equality of these measures in the euclidean 
case depends on the fact that the sphere maximizes the volume among 
all sets with a given diameter (see, for instance, [13, p. 239]). 

Since the Minkowski spheres also maximize the volume among all 
sets of a given Minkowski diameter [13, pp. 243-246], the two k- 
dimensional Hausdorff measures are equal for the above set N. 
What is more, they also yield the value Q/ lelz for A. There are 
other cogent reasons [13, pp. 242, 243] which lead to the same choice 
of A. Consequently, measure in Minkowski spaces ts just as uniquely 
determined and therefore as interesting as in euclidean spaces. 

The principle that the volume element of a space at a point must 
coincide with the volume element of the local space then determines 
volume in Finsler spaces. Area is defined by the same procedure as in 

7 So that 0, is the volume of the k-dimensional euclidean unit sphere. It should be 


shown that | N | ais independent of the associated metric, but this is contained in what 
follows. 
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Riemann spaces using the principle that area is intrinsic. 

Hence, there is just as little choice for the definition of volume and 
area in Finsler spaces as there is in Riemann space. How could this 
definition then have been missed by others?! The volume element 
corresponding to (6) is an integro-differential expression, and the 
preconceived idea that it must be a differential expression barred the 
way. 

In order to discover what volume and area in Finsler spaces are, 
Minkowski spaces had to be investigated, just as euclidean geometry 
furnished the clue for Riemann spaces. But euclidean geometry does 
more for Riemann spaces, not only volume and area, but all the basic 
concepts of Riemannian geometry like angle, curvature of curves and 
surfaces are dictated by the corresponding euclidean concepts. Cartan's 
approach to Riemannian geometry in [11] is based on this idea. 
Clearly the step from no geometry to euclidean geometry is incom- 
parably much wider than that from euclidean geometry to Rieman- 
nian geometry. 

The volume problem makes it more than probable that an analogous 
situation exists for Finsler spaces. Therefore the study of Minkowskian 
geometry oughi to be the first and matn step, the passage from there to 
general Finsler spaces will be the second and simpler step. 

What has been done in Minkowskian geometry, what are the diffi- 
culties and problems, and which tools will be necessary? Little has 
been done, but the field is quite accessible. The main difficulty comes 
from our long euclidean tradition, which makes it hard (at least for 
the author) to get a feeling for the subject and to conjecture the 
right theorems. 

'The type of problem which faces us is clear: A Minkowskian geom- 
etry admits in general only the translations as motions and not the 
rotations. Since the group of motions is narrower we expect more in- 
variants. By passing from euclidean to projective geometry, ellipses, 
parabolas, and hyperbolas become indiscernible. The present case 
presents the much more difficult converse problem, io discern objecis 
which have always been considered as tdentical. 

An example will make this clearer. A sphere V(, p) in the euclidean 
or Minkowskian space is defined as the locus of those points x whose 
distance px from p equals p. Let W(p, p) denote the set of points x 
with px Sp. In the euclidean case the sphere has the following other 


® Actually Choquet gave this definition in [14], but only as one possibility among 
several, so that the uniqueness properties of this area were not noted, nor are there 
any theorems on this area. I also heard that C. Loewner proposed in conversations the 
use of this area. 
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properties: 

(1) W(p, p) maximizes the volume among all sets of diameter 2p. 

(2) V(b, p) solves the isoperimetric problem. 

(3) Spheres lead io the area A(s) of a convex or sufficiently smooth 
non-convex simple closed surface S bounding a set K through the 
relation 


(7) A(s) = limp (| K,|; — | K |.) 


where K, 2 U,cx W(x, p). 

(4) V(p, p) is envelope of planes normal to the rays with origin f. 

It was already mentioned that Minkowski spheres have property 
(1) which is decisive for measure theory. But a Minkowski sphere 
does, tn general, not solve the isoperimetric problem for the area defined 
above. The solutions are found by applying the Brunn-Minkowski 
theorem, see [15]. They are homothetic to each other. It is convenient 
to single out one of them 7'— T(o, 1), by the requirement that it has 
o as center and that its Minkowski area is s times its Minkowski 
volume.? 

The relation (7) does not hold for the Minkowski area A,(s) of S 
and the Minkowski spheres W(p, p). However, if T(5, p) denotes the 
surface obtained from T(o, 1) by the dilation x’ —px followed by the 
translation x'/—x'--p and W*(5, p) is the closed set bounded by 
T(p, p), then (7) holds in the form 


(8) A«(S) = limp (| £z]. - | Eh) 


where K¥=U.sex W*(x, p), see [15]. 

Thus T(p, p) has two properties of the euclidean sphere. 

Property (4) proves particularly illuminating. A line Z in euclidean 
or in Minkowskian geometry is normal to a set M at a point fEM 
if L contains f and every point x of L has f as foot on M, that is, if 
xyzxf for xCL and y C M. In euclidean geometry normality of a line 
to a line L’ or a hyperplane H at f implies normality at f of L' to L 
or normality to L of every line in H through f. It is well known from 
the calculus of variations (where the word transversality is used) and 
from the theory of Banach spaces that this is not so in Minkowski 
spaces. 

If H is a supporting plane of the Minkowski sphere V(5, p) at a 
point f, then L — pf is normal to H and to every line in H through f. 


* The area of the euclidean unit sphere is 10,. The corresponding relation is not 
true for the Minkowskian V(o, 1) and W(o, 1). 


1950] THE GEOMETRY OF FINSLER SPACES 13 


Therefore a Minkowski sphere és still envelope of planes to which the 
radii are normal. 

Is it also the envelope of planes normal to the radii? Normality of 
a plane to a line is as yet undefined, but it is easy to see how it can be 
defined. That L is normal to H may be expressed as follows: if Hi, Hs 
are any two planes parallel to H, then the segment intercepted by 
Hi, Hx» on L is not longer than a segment intercepted on any other 
line L* or also: the one-dimensional measure of a set on a straight 
line L* not parallel to His at least as large as the measure of its pro- 
jection parallel to H on L. 

It is then natural to call the hyperplane H normal to the line L if the 
(n —1)-dimensional Minkowski measure (6) of a set in a hyperplane 
H* not parallel to L is at least as large as the measure of its projection 
parallel to Z on A. 

The existence of a hyperplane normal to a given line L is trivial 
and not very interesting. But the converse question, whether for a given 
hyperplane H a line L exists to which H is normal, $s very interesting, 
since a positive answer implies among other things that hyperplanes are 
minimal (in the sense of area minimizing) surfaces. 

The question turns out to be equivalent to the following problem 
on convex bodies: Let W be a convex body with center o. For any 
hyperplane H through o lay off on the normal to H at o (in both 
directions) the (n —1)-dimensional volume | HA W|2_, of HOW. Is 
the locus Y of the points thus obtained a convex surface? 

The answer is positive, but not trivial, unless the proof in [16] can 
be considerably simplified. This whole discussion shows, what should 
have been a truism from the beginning, that the theory of convex bodies 
ts one of the essential tools for Finsler spaces. 

Returning to property (4) we ask: what are the envelopes of the 
planes normal to the rays issuing from a fixed point p? They are found 
to be the solutions T(p, p) of the isoperimetric problem. The deeper 
reason for this surprising fact is that for W = W (o, 1) the above con- 
structed surface Y is related to T(o, 1) by a polar reciprocity with 
respect to a euclidean sphere 2x =r? with a suitable radius r>0. 

Thus property (4) divides into two properties, the spheres V(p, p) 
have one of them and the solution T(p, p) of the isoperimetric problem the 
other. 

If the definition and four properties of euclidean spheres had all 
led to different Minkowskian surfaces, the theory would be too dis- 
organized to be interesting. Had they all led to the Minkowski sphere, 


19 These and some of the following statements will be proved in The foundations of 
Minkowskian geometry, which is going to appear in the Comment. Math. Helv. 
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the above quoted aphorism of Poincaré would apply. The fact that 
just two surfaces emerged seems to promise an interesting future. 

The properties of Minkowskian geometry hitherto discussed are of. 
the most primitive nature. This reflects the actual state of the theory, 
with one exception: the differential geometric results connected with the 
sphere as carrier of the spherical image have been extended to Minkowski 
spaces in so-called relative differential geometry. Since this branch is 
almost unknown in America, a digression on its origin and nature 
may be useful. Minkowski [17, §24] observed that (7) yields 


(9) A(S) = nVi(K, W(o, 1)) 


where V,(Lı, La) denotes generally the mixed volume of 5 —1 times 
the convex body L; and ¢ times the convex body Ls (compare [19, 
$829 and 30]). Guided by (9) he defined [17, $27] for an arbitrary 
convex body L 


AlS) = nVi(K, L) 


as area of S relative to L. Minkowski showed moreover [18, 84] 
that the mixed volumes V,(K, W(o, 1)) are in E? closely related to the 
elementary symmetric functions of the principle radii of curvature 
of S, and that similar statements apply to V,(K, L). This theory was 
continued by others, in particular extended to E^ (see [19, §38]). 
Thus a differential geometry relative to L was developed. 

It was not recognized that its results contribute to Minkowskian 
geometry because they do not yield theorems on the Minkowski 
geometry M with V(o, 1) as unit sphere if applied to W(o, 1) as L. 
However (8) shows that 


Am(S) = nVi(K, T). 


Therefore the differential geometry relative to T belongs to M. 

A typical result, contained in Duschek [20] and derived under the 
usual unspecified differentiability assumptions of differential geom- 
etry, is the following: 

Map a given surface S in a three-dimensional Minkowski space on 
T by associating points x of S and x’ of T where the tangent planes 
are parallel. At any point x of S there are exactly two directions dı, ds 
which are parallel to the corresponding directions 61, 8s at x’, so that, 
corresponding to the formula of Olindes Rodrigues in ordinary differ- 
ential geometry, dı% = R,0;x'. The R; do not depend on the associated 
euclidean metric and have therefore a Minkowskian meaning. 


1t A complete list of the literature until 1934 is found in [19, p. 65]. 
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Duschek shows that several of the usual interpretations of R; can be 
extended to the present case and proves moreover: S 4s a minimal 
surface, that is, the first variation of the Minkowski area of S vanishes, 
if and only if R - R33 20. 

Reassuring as these results are, they bypass technically simpler, 
but much more basic, questions which ought to be answered first. 
The first theorem of ordinary differential geometry is the statement 
that the curvature determines a plane curve. More explicitly: if 
p(s), p'(s), o Ss So, are arcs in E? with the arclength s as parameter 
and equal curvature for equal s, then a motion of E? exists which 
carries p(s) into p’(s) foro Es Sa. In E! this is equivalent to 


(10) BG)s(s) = 2'()2'() foro S s, S a. 


In a Minkowski plane the relation (10) may hold for arcs for which 
no motion of the plane exists which carries p(s) into p’(s).. 

The first problem of Minkowskian differential geometry is therefore, 
clearly, to discuss the meantng of the statement that an arc ts determined, 
and then to find curvature functions which determine the arc in some . 
sense, for instance (10). But the problem has never been treated.!* 

This confirms that in spite of all the work on Finsler spaces we are 
now at a stage which corresponds to the very beginning in the de- 
velopment of ordinary differential geometry. Therefore the mathe- 
matician who likes special problems has the field. After sufficiently 
many special results have been accumulated someone will create the 
appropriate tools. At the present time it is difficult to guess what 
they will be beyond a vague feeling that some theory of integro- 
differential invariants will be essential. 


REFERENCES 


1. B. Riemann, Uber die Hypothesen, welche der Geometrie zu Grunde liegen, 
Mathematische Werke, Leipzig, 1892, pp. 272-287. 

2. G. A. Bliss, A generalization of the notion of angles, Trans. Amer. Math. Soc. 
vol. 7 (1906) pp. 184-196. 

3. , Generalizations of geodesic curvature and a theorem of Gauss concerning 
geodesic iríangles, Amer. J. Math. vol. 37 (1915) pp. 1-18. 

4. A. L. Underhill, Invariants of the function F(x, y, x’, y") in the calculus of varia- 
tions, Trans. Amer. Math. Soc. vol. 9 (1908) pp. 316—338. 

5. G. Landsberg, Ueber die Krümmung in der Variationsrechnung, Math, Ann. 
vol. 65 (1908) pp. 313-349. 

6. P. Finsler, Ueber Kurven und Flüchen in allgemeinen Radumen, Dissertation, 





12 While this paper was in print the author has discussed the problem in the paper 
quoted in footnote 10 with the result, that two curvatures, instead of one, determine 
a curve in a sense which is stronger than (10) but a little weaker than mobility of 


p(s) into p’(s). 


16 HERBERT BUSEMANN 


Göttingen, 1918. 

7. L. Berwald, Ueber Finslersche und verwandte Raume, Comptes Rendus du 
deuxiéme congrés des mathematiciens des pays slaves, Prague, 1935, pp. 1-16. 

8. E. Cartan, Les espaces de Fénsler, Exposées de Géométrie, vol. 2, Paris, 1934. 

9. H. Busemann, Spaces with non-positive curvature, Acta Math. vol. 80 (1948) 
pp. 259-310. 

10. J. Hadamard, Les surfaces à courbures opposées et leur lignes géodésiques, J. 
Math, Pures Appl. (5) vol. 4 (1898) pp. 27-730. 

11. E. Cartan, Leçons sur la géométrie des espaces de Riemann, Paris, 1928. 

12. H. Busemann, Metric methods in Finsler spaces and in the foundations of 
geometry, Annals of Mathematics Studies, no. 8, Princeton, 1942. 

13. ; Intrinsic area, Ann. of Math. vol. 48 (1947) pp. 234—267. 

14. G. Bouligand and G. Choquet, Problèmes liés à des métriques variationnelles, 
C. R. Acad. Sci. Paris vol. 218 (1944) pp. 696-698. 

15. H. Busemann, The isoperimetric problem for Minkowski area, Amer. J. Math. 
vol. 71 (1949) pp. 743-762. 

16. | A theorem on convex bodies of the Brunn-Minkowski type, Proc. Nat. 
Acad. Sci. U.S.A. vol. 35 (1949) pp. 27-31. 

17. H. Minkowski, Theorie der konvexen Körper, Gesammelte Abhandlungen, vol. 
2, Leipzig, 1911, pp. 131-229. 

18. , Volumen und Oberfläche, ibid. pp. 230—276. 

19. T. Bonnesen and W. Fenchel, Theorie der konvexen Körper, Berlin, 1934. 

20. A. Duschek, Ueber relative Fldchentheorie, Sitzungsberichte der Akademie der 
Wissenschaften, Wien vol. 135 (1926) Abteilung IIa, pp. 1-8. 


Tue UNIVERSITY or SOUTHERN CALIFORNIA 











TOPOLOGICAL METHODS IN THE THEORY 
OF LEBESGUE AREA 


J. W. T. YOUNGS 


1. Introduction. In conformity with the title of this address, the 
principal objective is the consideration of topological techniques 
which have been employed in the theory of surface area initiated 
by Lebesgue [15]! in his thesis. 

It may appear strange that topology is required at all in a disci- 
pline classified in the field of analysis—certainly Lebesgue in 1902 
gave little hint of what was to come. On the other hand, it cannot 
be claimed that this sort of thing is an isolated phenomenon, and 
perhaps one may be permitted to argue that one of the beauties of 
mathematics is the presence of such mixtures between fields. 

Historically speaking, it was de Geócze who called attention to cer- 
tain phenomena—in a series of highly significant papers written dur- 
ing the years 1908 to 1914— and, in attempting to fit these phenomena 
into the framework of the theory, first noticed the need for topology. 
(For a partial list of these papers see de Geócze [12]. A more de- 
tailed bibliography at this point, and elsewhere throughout the 
paper, is found in Radé [26].) 

In discussing this matter let it be said, even at the risk of consider- 
able over-simplification, that the significant problems in Lebesgue area 
have their source $n the attempt to find 2-dimenstonal analogues for four 
classical results $n the theory of length. In any event, with an eye on 
cohesion, it is here planned to consider only those topological tech- 
niques which have bearing on what might be called the analogy 
problem. 

In consequence of this general plan of attack it is not only appro- 
priate to sketch these classical results, but fortunately in so doing one 
automatically gains a measure of intuition by analogy and adequate 
motivation is provided for the 2-dimensional theory. 

Before plunging into the discussion, however, a remark should be 
made as to the manner of presentation in contradistinction to the 
plan of attack. Matters of analogy leading to intuitive understanding 
are considered important enough to develop so as to be practically 
self-contained. (For example, during the first part of this paper every 

An address delivered before the Summer Meeting of the Society on September 9, 
1948, by invitation of the Committee to Select Hour Speakers for Annual and Sum- 
mer Meetings; received by the editors De.omber 8, 1948. 

! Numbers ín brackets refer to the bibliography at the end of the paper. 
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effort will be made to define the principal concepts involved.) Con- 
sequently, it is to be hoped that a substantial portion of the subject 
matter will be followed readily by all. This plan must, of course, be 
abandoned in those sections dealing with specific topological tech- 
niques—this is certainly not the place to consider such matters in 
any detail. 


2. Coordinate functions. For the purpose of considering the previ- 
ously mentioned four classical results for curves, suppose f is a map- 
ping, that is, a continuous transformation, from the unit interval X! 
into Euclidean 3-space E*. It is assumed that coordinate axes Y!, Y3, 
and Y? have been selected in E3. If pt: E1—Y' is the notation for the 
perpendicular projection of E? onto Y*, while f! is the composition pY, 
then fi: X !— Y*, $—1, 2, 3, and in analysis the mapping f is usually 
given by the so-called coordinate functions: 


yofitz), y-f(x), y = f(x), ee X. 


3. Classical formula. The classical integral formula fx:[(J2)1 
-F(J2)3-- (J3)1] dx, where J* —df*/dx, $1, 2, 3, is to be designated 
by I!(f). This formula will not generally provide the length of the 
“curve given by f.” Indeed, even if Lebesgue integration is used—and 
this will invariably be the case—the formula will generally be a mean- 
ingless collection of marks, since there is no guarantee that the inte- 
grand exists almost everywhere and is summable. In this connection 
it is to be understood, however, that 4f the symbol (f) appears in a 
statement then tt has meaning; in other words, the integrand in 
question does exist almost everywhere and, indeed, is summable. 


4. Representation. Before going any farther, it is advisable to make 
some comment on the phrase “curve given by f” used in $3. 

The mapping f is simply a representation for a curve and the con- 
cept of changing the representation is common, even in elementary 
mathematics, though it is subject to many interpretations. For a 
number of reasons the most convenient interpretation for present 
purposes is due to Fréchet [11]. Accordingly f: X!—E* and g:X!—E? 
are said to represent the same curve, or, to use the modern terminology, 
are said to be Fréchet equivalent (notation: f~g), if and only if for 
every €»0 there is a homeomorphism A:X!eX! such that 
d{ f(x), gha(x) ] «e x € X1. A formal definition for a curve can now be 
offered in terms of this equivalence relation. (See Youngs [31] where 
the matter is considered in detail for both curves and surfaces.) 

It is well known that the length of a curve is initially defined in 
terms of a given representation as the limit of the lengths of any 
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sequence of inscribed polygonal mappings which converge uniformly 

to the given representation. It is easy to see, however, that the length 

of a curve is—as it should be—t(dependeni of the representation. (For 

greater detail see Radó [26].) The notation L!(f) is here employed 
\ for the length of the curve given by the mapping f: X!—E*. 


` 5. Classical theorems for curves and future criteria for surfaces. 
It is now possible to state three of the promised classical results: 
C;:LY(f) < eft is BV(=of bounded variation), $—1, 2, 3. 
CiLi(f) < e L'(f) z I(f),and L'(f) - D(f)efiss AC (absolutely 
continuous), $— 1, 2, 3. (In conformity with the convention in $3 the 
first statement means: L'(f) < œ —I(f) exists and L'(f) z I(f).) 
Cy: LI(f) < o — there is a representation g~f such that I(g) =L'(g) 
zLYf) 


6. Interval function. It would be presumptuous to define the con- 
cepts BV and AC except for the fact that a record of these defini- 
tions affords both an insight into the 2-dimensional case and a con- 
siderable economy in the sequel. 

For convenience suppose ¢:X!—£! is a mapping from the unit 
interval into a line. (The mapping 6$ is of the same type, therefore, as 
the coordinate functions ft, f?, and f* of $2.) 

The key to the definitions of BV and AC is a certain interval func- 
tion now to be considered. Suppose that r is a closed interval a Sx Sb 
in X1, while +=aUb. Then v,(r), the interval function in question, is 
simply the length of the interval from $(a) to $(b) in Et. 


7. An alternative interpretation. For ihe sake of insight into the 
. 2-dimenstonal case another interpretation of v,(r) ts important. 
Consider the components (maximal connected subsets) of E! 


—(?), and to avoid trivialities assume there is a bounded component 
K. Then 


* vs(r) =|K| 


where | K| is the 1-dimensional Lebesgue measure of K; in this case, 
simply the length of the open interval K. 
Let I' be the family of those mappings y:r—E! which agree with 
$ on f. Then 
DEVIJE), vET, 
but there is a mapping 'yoCT' (for example the unique linear mapping 
in I) such that 


yor) = KU o(f). 
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Hence 


n y(r) = y(r). 


Therefore, [E'—$(#) Jv (9) = [E'- 6) ]Nv0(r) =Y) -6() =K, 
and one has the interpretation 


v(r) = | [E — $] A n y(r) |. 


8. Bounded variation and absolute continuity. If R is a closed 
interval in X, let o(R) be the notation for a subdivision of R; that is, 
a finite collection of r's, whose union is R and whose interiors are dis- 
joint in pairs. Define 

Va(R) = sup 2j w(n. 


e(R) rGe(R) 
The number V,(R) is called the variation of $ on R, and 
$ is BV means V4(X!) < o. 
As for the concept of AC, to do minor violence to the customary 
definition: 
$ ts AC means: (a) for every e>0 there is a 6(e) such that if 


+++, f. is a set of closed intervals with interiors disjoint in pairs 
did lr <8(e), then >> V(r.) <e. 


(b) V,(R) = à, V(r), for any o(R). 
rGo(R) 


It is well known, however, that (b) is always true, hence it is re- 
dundant in this definition and is here displayed only for future use. 


9. Final classical theorem for curves and future criterion for sur- 
faces. Now that these definitions have been recorded it is important 
to observe that in the case of a mapping f: X1—E?, if c is a subdivision 
of X! and 


e) = E Lea) + 0 v], 
then g,(f) is the length of the $nscribed polygon determined by c. 
Moreover, if 
G(f) = sup g.(f) 


then one has the final classical result: 
Cy: Lf =G(/). 
(Notice that C, implies L!($) 4 G($) = V,(X).) 


uv 
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10. Surfaces. In now considering the situation for surfaces, the same 
general outline is employed except that f is now a mapping from the 
unit square X? into Euclidean 3-space F’, and in contradistinction to 
the earlier convention, it is now assumed that Y!, Y?, and Y are co- 
ordinate planes in E*. If pi: EY! is the perpendicular projection, 
then let f*—p*f as before. The mapping f*: X?—Y* is a so-called flat 
transformation from the unit square into a plane, £—1, 2, 3. 

The classical integral formula (see $3) remains unchanged except 
that J*is now the Jacobean of the flat transformation f* and, of course, 
2-dimensional integration is understood. The formula will be desig- 
nated by J*(f) and the earlier conventions concerning its use apply. 
(See $3.) 

It has been stated that outstanding problems in Lebesgue area arise 
in the search for definitions of BV and AC for flat transformations 
which will provide results analogous to the classical theorems Ci, Cs, 
Cs, and C, (see $85 and 9). These theorems thus become criteria for the 
susiabslty of proposed concepts of BV and AC. 

Initial attacks on the problem were made by de Geócze, and though 
he was far from being entirely successful in his venture, it came to be 
considered a safe judgment—even in a field where history has shown 
the most plausible conjectures to be fraught with disaster—that 
modifications of his ideas would stand the test of these criteria. In a 
sense, appropriate concepts have long been available—the difficulty 
has been in providing proofs. 

In defining BV and AC for flat transformations, the development 
will be by analogy from the 1-dimensional case and it must be stated 
that considerable expository license will be taken with the ideas of 
Cesari [3, 4, 5, 6, 7], Radó [18, 19, 20, 24, 25, 26, 27], and Reichel- 
derfer [27, 28]. 

In accord with the modifications introduced above, the mapping 
$ (cf. $6) is now considered to be a flat transformation from the unit 
square X? into a plane E?. (It is therefore of the same type as the 
mappings f* found above.) The interval function of the 1-dimensional 
case is to be replaced by a function of the closure r, of a Jordan regson 
bounded by a simple closed polygon +C X3. 

In the case for curves v,(r) was interpreted as the 1-dimensional 
measure of a certain set in E! —$(?) (see $7). By direct analogy, v4(r) 
is now defined to be the 2-dimensional measure of the corresponding 
set [E*—9(7) ] Wy (r) where T is the family of mappings y:r—E! 
which agree with ¢ on f. 

The variation V,(R) of $ on R is defined in exactly the same manner 
(see §8) and there is no change in the definitions of BV, AC, and G(f). 


ob e (fs «x 
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(See §§8 and 9.) In view of this fact these definitions are not recorded 
anew. It is to be noted, however, that item (b) in the definition of AC 
is not redundant. In other words, what was really a theorem in the 
1-dimensional case now becomes an essential portion of the definition 
of AC. (See Cesari [6].) 

It should be noted that the functional g,(f) can no longer be inter- 
preted as the area of an inscribed polyhedron even if v is a triangula- 
tion of X*. The functional G(f), however, may be interpreted as one 
of the possible definitions for the de Gedcze area of the surface repre- 
sented by f. 


11. Lebesgue area. Prior to considering how these concepts fit 
into the framework of the criteria Ci, Cs, Cs, and C, (see $85 and 9), 
it is proper to define L'(f), the Lebesgue area of the surface repre- 
sented by f. A mapping p: XE? is said to be polyhedral (quasi 
linear, see McShane [16]) if there is a triangulation T' of X with the 
property that p‘= p is linear on each triangle of T. (See $10.) The 
elementary atea E(p) of the polyhedron given by p is simply the sum 
of the areas of the triangles p(A), AC T, and 


IXJ) = int [tim int E» |, 


where the infimum is taken for all sequences p, converging uniformly 
to f. It is not difficult to see that if f and g represent the same surface 
(see $4) then L*(f) — L(g). (There is an obvious lack of analogy here 
between the definitions of length (see $4) and area. In point of fact, 
length could equally well have been defined by 1-dimensional con- 
siderations precisely analogous to the 2-dimensional considerations 
above. This was not done since the definition of $4 is better known. 
It is not to be supposed, conversely, that area can be defined by con- 
siderations precisely analogous to those employed in the definition 
of length given in $4. For a discussion of this matter see Youngs 


[31].) 


12. Generalized Jacobians. In addition to the definition of Le- 
besgue area, it is necessary to say a word about the classical integral 
formula J?(f), where the symbols J* now stand for the Jacobian of 
fi, $51, 2, 3. (See $83 and 10.) For a variety of reasons it is necessary 
to generalize the concept of Jacobian. 

It will be recalled that the absolute value of the ordinary Jacobian 
of a flat transformation $: X*—E? measures the local “ratio of magni- 
fication? accorded by the mapping. By analogy from the 1-dimen- 
sional case (see end of $9) one can hope that V,(r) = L'(o|r)—where 
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4| ris the mapping ¢ considered only on r. Hence a natural generaliza- 


tion is to define 
‘ Vels) 
F(x) = lim 


le]+0 | s | 





where s is a square with sides parallel to the axes of X? and xGs°. 
(If the ordinary Jacobian J(x) exists almost everywhere then the same ts 
true of (x), and | J(x)| = (x) almost everywhere; see Cesari [4] and 
Radó [26].) 

If the ordinary Jacobians in the classical integral formula I*(f) 
are replaced by the generalized Jacobians, then the new formula is 
designated by S3*(f) and the earlier conventions concerning its use 
apply (see $83 and 10). 


13. Results for surfaces. As to the four criteria (see $85 and 9) 
ii is now possible to state that these statements all hold sf I! is replaced 
by 33 and L! by L’. 

This simple assertion is by no means simple to prove. It represents 
the concerted efforts of many mathematicians over approximately 
half a century and, in point of fact, Cs has only recently been an- 
nounced by Cesari [8]. 

In proving these theorems one must naturally work with the basic 
function v,(r), and it must be stated that an equivalent definition in 
terms of the degree of a mapping is employed. (See, for example, Cesari 
[3] and Radó [26].) This equivalent definition need not concern us. 
The point is that in consequence of this fact, it is only to be expected 
that standard theorems on the degree will be encountered. What is 
perhaps unexpected is that further topological methods, to be known 
in this context as topological adventures, must be brought to bear on 
the situation. In any event it is the topological adventures alone 
which will be the center of attention. 

It should also be stated that in view of technical complexities in- 
volved in the proofs and, indeed, the sheer lengths of the proofs 
themselves, no details can be undertaken, and the application of the 
topological adventures to be considered can at best be implied. 


14. Inequality of Cesari and criterion C,. Of the four theorems Ci 
perhaps deserves special attention in view of its difficulty and the 
bearing its solution has on some of the others, notably C4. 

That L*(f)« o implies ft is BV was shown independently by 
Cesari [3] and Radó [24] during the war years. Cesari, however, 
proved both parts of C; using an argument which culminated in the 
basic inequality, 
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Vg(X*) S L(f) S Va(X*) + Va(X*) + Vel’), t= 1, 2, 3. 


From this inequality the issue is settled at a glance. This superb re- 
sult must certainly rank as an accomplishment of the first magnitude. 

The right half of the Cesari inequality is much more difficult to 
prove than the left. On the other hand, it will follow immediately 
from the definition of L?(f) if it can be shown that for each integer n 
there is a polyhedral mapping pa: X —E? such that 


(a) d(f(x), pa(x)) < 1/n, x cx. 
(b) Elpa) S Va(X?) + Va(X9) + Va(X?). (See $11.) 


To obtain (a) by itself is a triviality, but to obtain it in conjunc- 
tion with (b) is no easy task and involves carefully fitting together a 
polygonal mapping by a highly delicate argument. A salient step 
deeply imbedded in the chain of reasoning is concerned with a prop- 
erty of Euclidean 3-space which should be of some interest. 

In E? let M consist of the coordinate axes X, Y, Z. With 6>0, de- 
fine M; to be the union of the four lines: 


Xsy=0,5= —6. Y3iz =0,2= 6, 
Ziz =, y= ò. Ziz = — ô, y= — ò. 


Now suppose that one is given a closed path in E? — M at a distance 
greater than 8 from M. A lemma of Cesari [2] states that 4f the path is 
contractible in E3 — M, then tt ts also contractible in E! — M and con- 
versely. (This form of the statement is due to Eilenberg [10] who has 
also considerably shortened the original proof.) 

The inequality of Cesari shows, by the way, that 


(a) I*(f9 = Vg(X3), i= 1, 2, 3, 
and hence 
(b) Lf s LXf) S Lf) +E) +E), i = 1, 2, 3. 


But (a) can be proved independently, and hence the Cesari in- 
equality follows if the same is true of (b). 

The first half of (b) is obvious and the second has the deceptive 
air of appearing to be simpler to prove than the Cesari inequality 
since the functional L? alone appears. However, it is not known 
whether (b) can be proved directly or not. 


15. Middle space topology. It is not to be supposed however that 
Cı was proved without further topological adventures. For example a 
close scrutiny of the character and disposition of the inverse sets 
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fy), EE’, was required. Since studies of this character also appear 
in connection with the other theorems, and here analytic topology 
plays a major role, the matter cannot be dismissed with cursory 
mention. (For reasons which will become apparent this whole branch 
of the theory has aptly been called middle space topology by Radó 
[23].) 

The basic concept involved is that of a monotone-light factorization 
of a mapping. If f: X—Y is a mapping from a compact space into 
a metric space, then the Eilenberg-Whyburn Factor Theorem 
(see Whyburn [30]) states that there is a pair of mappings m: X—X 
and /:X—Y such that: 

(a) f «Im. 

(b) m is monotone (=m—!(x) is a continuum, x € X), and m(X) X. 

(c) Zis light (=no component of /-'(y) consists of more than one 
point, y€ Y). 

The space X is called the middle space of the monotone-light fac- 
torization lm of f. 

In the study of Lebesgue area it became evident that the structure 
of the middle space ¥—the image of the monotone factor—was of 
considerable importance in contradistinction to the apparently 
paradoxical fact that the structure of f(X)—the image of f—had 
relatively little to do with the matter. 

For example, it was observed by Morrey [17] that sf X is a 2-cell 
and L*(f)« œ then it is possible to find a new representation g: XE} 
such that the Lebesgue area ts given by the classical integral formula I*(g). 


16. Representation problem. This is perhaps as good a time as 
any to state that the general problem of finding new representations 
for a surface had earlier attracted the attention of Kerékjártó [14]. 
He considered the case in which X is a 2-sphere while fi: X—E! and 
J1: X E? are representations of the same surface, that is to say, are 
Fréchet equivalent (see $4). Under these conditions, Kerékjártó 
showed that there is a monotone-light factorization lm; of f; with com- 
mon middle space X, $—1, 2. (Note that the factorizations also have a 
common light factor.) 

It was tnittally supposed that the converse of thts theorem is true. 
This is not the case (see Youngs [32]), and it should be mentioned 
that it is the converse which is important in these problems. How- 
ever, Kerékjártó's work initiated the search for conditions which are 
both necessary and sufficient for fi~fs. (See $4.) This is the repre- 
sentaiton problem for surfaces. The solution requires the use of alge- 
braic topology—in this presentation the Cech cohomology theory 
with the additive group of integers as the coefficient group will be 
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employed. The result in question is the following and is initially 
stated for the case X is a 2-cell with boundary X. 

Ji~ fa if and only tf: 

1. There ts a monotone-light factorization Im; of f; with common 
middle space X, +=1, 2. 

2. If ti; =mi| X then there is a monotone-light factorization Nu of 
i common middle space E, $—1, 2. (This implies mi(X) —ms(X) 
sx. 

3. If mt: H(X, X) oH*(X, X) and uf: HE) —H'(X) are the homo- 
morphisms induced by the mappings m; and m; respectively, $1, 2, 
then there is an automorphism n: P(X, X)~H*(X, X) such that 
with respect to the following diagram 





H(z) 
i us 
HŽ) HY(X) 
5 | | : | P 
H*(X, X) H*(X, X) 
my, ma 
H*(X, X) 


one has Out -—6ul and mi umi. 
In the event X is a 2-sphere, X —0, and the statement of the result 
is simplified in the obvious manner (Youngs [32]). 


17. Additivity theorem. The first active use made of the solution 
of the representation problem was in the proof of an additivity theorem 
for the Lebesgue area. Suppose f: X —E* represents a surface with X a 
2-sphere, and Im is a monotone light factorization of f with middle 
space X. (See $15.) The collection of true cyclic elements of X is at 
most denumerable. (See Whyburn [30].) Let them be represented by 


€, GC, Gs, ---.It is well known that there is a unique monotone 
retraction r4:X—(,, n—1,2,3,- -«. 
If f. —ir,m, n=1, 2, 3, - - - , then this class of mappings is said 


to be the cyclic decomposition of f, and the cyclic additivity theorem 
for Lebesgue area states that 


Lf) = 25 LN fs): 


where the symbols on the right are interpreted to mean 0 if there are 
no true cyclic elements. 
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It should be stated that the theorem is also true in the event X is a 
2-cell as has been shown by Radé [26] and Helsel [13]. 

The cyclic additivity theorem shows that L*(f)=0 sf the middle 
space has no true cyclic elements, that is to say, if X is a dendrite. Radó 
[22] has also proved the converse of this theorem thus providing an 
elegant characterization for surfaces of zero area. 


18. Criterion C,. It can be shown that the Geócze area is also 
cyclicly additive, and hence the equality of the two definitions 
of area, that is, a solution of C, (see $9) follows if G(fa) =L?( fa), 
n=1,2,3,--+-. This has been done independently by Cesari [5, 7] 
and Radó [24, 26] in the event L(f,) < «—it is topologically inter- 
esting to note that the proof depends heavily on the fact that the sur- 
face represented by f, can also be represented by a mapping ga 
which is light on the interior of X?, n=1, 2, 3,---. 

In the event L?(f,) = œ Cesari completed the solution of this cele- 
brated problem by employing his inequality (see $14) together with 
the obvious fact that 


VEG?) S GC), i= 1,2, 3. 
For now 
La) S VAX’) + VAX’) + VAX") s 362). 
Consequently L'(f,) — © implies G(f,) =. 


19, Criteria C, and C, The lack of récent specific mention of 
C; and C; (see $5) may lead one to suppose that here, at any rate, no 
topological adventures are required. While, relative to the other 
theorems, there is a certain element of truth to this surmise, it is 
not to be supposed that Cs or C4 can be proved in the body of an- 
alysis. For example, a basic step in the proof of Ci is the fact that C4 
is true in particular if L'(f)« e. (See Cesari [4] and Radó [26].) 
Hence indirectly at least the most powerful methods of middle space 
topology are required. As for Cs, Cesari's announcement shows that 
be proves this by first generalizing the result of Morrey already 
stated in part. (See 815 and Cesari [8, 9].) The argument again may 
be based upon middle space topology. Hence in a certain sense the 
most that can be said is that no topological adventures are required 
which are spectacularly different from those already employed in the 
proofs of C; and C. 

Relative to Cs, a portion of the results of Cesari shows that £f 
L*(f) € o then there is a closed set HCX and a representation g of the 
surface such that L*(g) = f[a[(J1)3-- (72)*2- (J2)?]!/!dx. (See $3 and 
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Cesari [8].) The subscript s is here employed to indicate that the 
ordinary Jacobians are taken relative to the representation g but 
that the concept of differentiation is appropriately generalized using 
the work of Stepanoff. 

To date this result is the closest approach to an unsolved problem 
of obvious interest. If L*(f)< v is there a representation g~f (see $4) 
such that L*(g)=J*(g)? In other words is every surface of finite 
Lebesgue area so representable that the ordinary classical integral 
formula applied to this representation yields the Lebesgue area? 
Radó [21] has shown that if I*(f) has meaning, then L*(f) z I*(f), 
and it is known that every surface, regardless of its Lebesgue area, 
has a representation g for which I*(g) 20. (See Youngs [33].) If the 
above question is answered in the affirmative it will certainly provide 
a beautiful link between the classical ideas of the last century and the 
modern theory of Lebesgue area. (Added in proof: Cesari has re- 
cently shown that such representations exist.) 


20. Generalizations. The statement of this unsolved problem con- 
cludes this survey of some of the topological adventures forced by 
these classical problems. However, a few concluding remarks will be 
made on generalizations in two directions: 

1. The problem of mappings from cells of dimension higher than 2. 

2. The problem of mappings from compact connected 2-manifolds. 

The first problem has attracted the attention of Federer who has 
reported (in correspondence) a fruitful generalization of the concept 
of BV for mappings from an n-cell into Euclidean n-space. His con- 
cept is, in point of fact, a modification of the method by which Radó 
defines BV in the 2-dimensional case; namely by using the concept of 
essential multiplicity which he brought to bear on these problems 
twenty years ago. (See Radó [18].) 

Without going into details, Federer's ideas may be sketched as 
follows: 

Suppose $: X*—E* is a mapping from an n-cell into Euclidean 
n-space. For y E* let S,(y) be the open sphere of radius e about y, 
and Ui, Us, Us, - + - be those components of $7!(S.(y)) =W having 
the property that U;/AX* —0, $51, 2, 3, - - - (X* is the boundary 
of X*). 

If ` =¢|W then $9:W—S,(y) and induces a homomorphism 
$*:H*(S(y))—H*(W) between the Lefschetz groups. (See Cartan 

[1].) But H*(W) is naturally isomorphic to the weak direct product 
PwH*(U,). If this isomorphism is denoted by 7, and generators s and 
u; are selected for the infinite cyclic groups H*(S,(y)) and H*(U;) 
respectively, $1, 2, 3, - - - , then 
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Fi (e) = (Eius, kiun kets, + ~~) 


where k; is an integer and different from zero for only a finite number 
of subscripts x.(y). 

Now x,(y) is independent of the selection of generators and does 
not decrease as e0. If x(y) =lim x,(y), then in case »=2, Radó de- 
fines it to be the essential multiplicity of y under 9. He further defines 
V4(X3) = fgix(y)dy and shows that 


1) = J. (y)dy. 


If n>2 then L*(¢)2fex(y)dy and the equality need not hold 
even if n=3. (L'(ó) is the n-dimensional Lebesgue “area” of the 
“surface” represented by $ and is defined by obvious modifications 
of $11) >- 

On the other hand, Federer defines X((y) 2 Ð | k:|, and (y) 
=lim A,(y). He then proves the fundamental equality: 


L^($) = fo» 


The publication of this beautiful result will certainly be awaited with 
interest. 

It should be mentioned, under this first direction of generalization, 
that results for mappings—even from 3-cells—comparable in scope 
and importance with those results in the 2-dimensional case which 
are concerned with middle space topology lead immediately to basic 
unsolved problems; for example, the characterization of a 3-cell. One 
is perhaps permitted, therefore, to take a dim view of the possibility 
of startling developments along the lines of middle space topology in 
the immediate future. 

The second direction along which generalizations may be made, 
especially insofar as the corresponding representation problem is con- 
cerned (see $16), has been of personal interest during the past few 
years. This general representation problem has been solved and uses 
the fundamental work done by Roberts and Steenrod [29] in char- 
acterizing the monotone image of a 2-manifold. 

This is hardly the place for a discussion of the solution, but it may 
be of interest to note that a theorem corresponding to the cyclic 
additivity theorem goes through, and yields a generalization of the 
theorem of Radó concerning surfaces of zero area. (See $17.) Spe- 
cifically, 4f f: X XE! ts a mapping from a compact connected 2-mantfold 
and lm is a monotone-light factorization of f with middle space X (see 
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$15), then L*(f)=0 if and only if H*(X) =0; or alternately, L*(f) «0 
tf and only if dim X «2. A certain “slenderness” of the middle space 
is thus a necessary and sufficient condition for the Lebesgue area to 
be zero. 


BIBLIOGRAPHY 


1. H. Cartan, Méthodes modernes en topologie algébrique, Comment. Math. Helv. 
vol. 18 (1945) pp. 1-15. 

2. Lamberto Cesari, Su d$ un problema d$ analysis situs dello spazio ordinario, 
Rendiconti del Istituto Lombardo di Scienze e Lettere vol. 74 (1941) pp. 267-291. 

3. , Carattersszazione analitica delle superficie continue di area finita 
secondo Lebesgue, Annali della R. Scuola Normale Superiore di Pisa (2) vol. 10 
(1941) pp. 253-294 and vol. 11 (1942) pp. 1-42. 

4. , Sut fondaments geometrici dell integrale classico per l'area delle superficie 
tn forma parametrica, Memorie Reale Accademia d'Italia vol. 13 (1943) pp. 1323-1481. 

5. , Sulle superficie d$ area finita secondo Lebesgue, Rendiconti Reale Acca- 
demia d'Italia (7) vol. 3 (1941) pp. 350-365. 

6. , Sul concetto di trasformasione assolutamente continua, Bollettino della 
Unione Matematica Italiana (2) vol. 5 (1943) pp. 5-10. 

7. ; Una uguaglianza fondamentale per l'area. delle superficie, Atti della 
Reale Accademia d'Italia vol. 14 (1944) pp. 891—950. 

8. , Rappresentazione quasi conforme delle superficie continue, Rendiconti 
dell'Accademia Nazionale dei Lincei (8) vol. 1 (1946) pp. 509—514. 

9. , Sulla rappresentazione delle superficie continue di area finita. secondo 
Lebesgue, Rendiconti del Istituto Lombardo di Scienze e Lettere vol. 79 (1945) pp. 
1-31. 

10. S. Eilenberg, On a linkage theorem of L. Cesari, Bull. Amer. Math. Soc. vol. 53 
(1947) pp. 1192-1195. 

11. M. Fréchet, Sur la distance de deux surfaces, Annales de la Société Polonaise 
Mathématique vol. 3 (1924) pp. 4-19. 

12. Z. de Gedcze, Recherches générales sur la quadrature des surfaces courbes, part I, 
Math. Naturw. Berichte Ungarn vol. 27 (1909) pp. 1-21; part II, ibid. pp. 131-163; 
part III, ibid. vol. 30 (1912) pp. 1-29. 

13. R. G. Helsel, A theorem on surface area, Trans. Amer. Math. Soc. vol. 61 
(1947) pp. 443453. 

14. B. v. Kerékjártó, Involutions et surfaces continues, Acta Univ. Szeged. vol. 3 
(1927) pp. 49-67. 

15. H. Lebesgue, Intégrale, longueur, aire, Ann. Mat. Pura Appl. vol. 7 (1902) pp. 
231-359. 

16. E. J. McShane, On the semi-continutty of double integrals in the calculus of 
variations, Ann. of Math. vol. 33 (1932) pp. 460—484. 

17. C. B. Morrey, Jr., An analytic characterization of surfaces of finite Lebesgue 
area, part I, Amer. J. Math. vol. 57 (1935) pp. 692~702. 

18. T. Radó, Über das Flachenmass rektifisierbarer Flächen, Math. Ann. vol. 100 
(1928) pp. 445-479. 

19. , On continuous transformations in the plane, Fund. Math. vol. 27 
(1936) pp. 201-211. 

20. , On absolutely continuous transformations in the plane, Duke Math. J. 
vol. 4 (1938) pp. 189-221. 





























1950] . TOPOLOGICAL METHODS IN LEBESGUE AREA 31 














21. , On the semi-continuily of double integrals in the parametric form, Trans. 
Amer. Math. Soc. vol. 51 (1942) pp. 336-361. 

22. —— —, On continuous path-surfaces of zero area, Ann. of Math. vol. 44 (1943) 
pp. 173-191. 

23. , On continuous mappings of Peano spaces, Trans. Amer. Math. Soc. 
vol. 58 (1945) pp. 420-454. 

24. , On surface area, Proc. Nat. Acad. Sci. U.S. A. vol. 31 (1945) pp. 102- 
106. 

25. , Two-dimensional concepts of bounded variation and absolute continuity, 


Duke Math, J. vol. 14 (1947) pp. 587-608. 

26. , Length and area, Amer. Math. Soc. Colloquium Publications, vol. 30, 
1948. 

27. T. Radó and P. V. Reichelderfer, 4 theory of absolutely continuous transforma- 
tions in the plane, Trans. Amer, Math. Soc. vol. 49 (1941) pp. 258-307. 

28. P. V. Reichelderfer, On bounded variation and absolute continuity for parametric 
representations of continuous surfaces, Trans. Amer. Math. Soc. vol. 53 (1943) pp. 251- 
291. 

29. J. H. Robertsand N. E. Steenrod, Monotone transformations of two-dimensional 
manifolds, Ann. of Math. vol. 39 (1938) pp. 851-862. 

30. G. T. Whyburn, Analytic topology, Amer. Math. Soc. Colloquium Publications, 
vol. 28, 1942. 

31. J. W. T. Youngs, Curves and surfaces, Amer. Math. Monthly vol. 51 (1944) pp. 
1-11. i 











32. , The topological theory of Fréchet surfaces, Ann. of Math. vol. 45 (1944) 
pp. 753—785: 

33. ——, On surfaces of class Kı, Bull. Amer. Math. Soc, vol. 51 (1945) pp. 669- 
673. 


INDIANA UNIVERSITY 


THE OCTOBER MEETING IN NEW YORK 


The four hundred fiftieth meeting of the American Mathematical 
Society was held at Columbia University on Saturday, October 29, 
1949. The attendance was about 270, including the following 230 
members of the Society. 
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Landers, J. P. LaSalle, V. V. Latshaw, Solomon Lefschetz, Marguerite Lehr, Ben- 
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M. A. Woodbury, D. M. Young, J. W. Young, J. A. Zilber, H. J. Zimmerberg, Leo 
Zippin. 

At 1:30 p.m. there was a business meeting of the Society. At this 
time the Secretary presented certain changes in the By-Laws which 
had been recommended by the Council at the Summer Meeting. These 
changes were concerned with the time of the annual meeting of the 
Board of Trustees, the method of arranging for temporary replace- 
ments on editorial committees, the requirements for implementation 
of the publication of the Proceedings of the Society and the Memoirs 
of the Society. The changes were unanimously approved. President 
J. L. Walsh presided at the business meeting and the address which 
followed. 

At 1:45 p.m. Professor R. H. Fox of Princeton University gave 
an address on Covering spaces. 

'There were two sessions for contributed papers at 3:00 p.m., one 
for papers in analysis, applied mathematics, and logic in which Dr. 
Mina S. Rees presided and one for papers in algebra, geometry, and 
topology in which Professor G. E. Schweigert presided. 

Abstracts whose numbers are followed by the letter 4;? were pre- 
sented by title. Paper number 15 was read by Professor Seidel, and 
paper number 36 was read by Professor Cohen. Professor Milkman 
was introduced by Professor L. T. Wilson. 


ALGEBRA AND THEORY OF NUMBERS 


1. H. E. Campbell: An extension of the "principal theorem” of 
Wedderburn. 


An ideal J of a linear associative algebra A over any field is called a first sero-trace 
ideal if the first trace of every element of J is zero. Every such J is contained in a 
unique maximal first zero-trace ideal T, called the first liberal. The difference algebra 
A/T, is separable and A is separable if and only if T,=0. If A7:T| there exists 
SıxA/T such that 4 =S,-+T;. Similar results follow for second traces. Let N be the 
radical and T” the first (and second) liberal of A/N. Then the unique ideal T of A such 
that T/N =T” is the kiberal. Both traces of every element of T are zero and A/T is 
separable. If AT there exists Sa@A/T such that A*S--T. The decomposition 
based on Ty is the same as the well known theory based on N for fields of character- 
istic p=0 or p>n (n order of A). If p Sn there may be decomposition on Ti but none 
on N or vice versa, Since T =N when A/N is separable, the decompositions on T and 
N are the same when there is one on N. Also there may be a decomposition on T 
when there is none on N. Moreover, if T is an ideal of smallest order such that A/T 
is separable and S@A/T such that A =S-+T7, then Tis the liberal. (Received June 15, 
1949.) 


2t. A. H. Clifford: Extensions of semigroups. 
If S is an ideal of a semigroup 3, that is, SECS and ZSCS, D. Rees (Proc. Cam- 
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bridge Philos. Soc. vol. 36 (1940) pp. 387-400) defines the difference semigroup Z —S 
to be essentially that obtained by collapsing S into a single zero element, while the 
remaining elements of Z retain their identity. Starting with given semigroups 5 and 
T, the latter having a zero element, the corresponding “extension problem" is to find 
every possible semigroup Z containing S as an ideal such that Z— S&T. A solution 
is given in terms of homomorphisms of T into the semigroups of left and ici trans- 
lations of S, (Received August 16, 1949.) 


3. Benjamin Lepson: Certain best possible results in the theory of 
Schnirelmann density. 


The a+8 hypothesis, conjectured by Khintchine and proved by Mann, is dis- 
cussed. This states that y ze min (1, a-+8), where o, B, and y are the densities of the 
sets A, B, and A+B respectively, whenever both A and B contain zero. It is shown 
that, for any pair (o, B), there are sets A and B, each containing zero, for which the 
equality holds. If the above inequality holds for all sets 4 and B, where 4 and B 
contain fixed finite sets E and F respectively, then E and F both contain zero, in 
which case the same inequality is still best possible for every pair (a, B). (Received 
September 13, 1949.) 


4i. F. I. Mautner: Irreducible $nfinite-dámensional representations of 
certain groups. 

There are groups every one of whose elements has only a finite number of distinct 
conjugates, which have infinite-dimensional irreducible unitary representations. (Re- 
ceived July 12, 1949.) 


5i. Eugene Schenkman: A theory of subinvariant Lie algebras. 
Preliminary report. 

A theory of subinvariant Lie algebras over a field of characteristic 0 is developed 
analogous to Wielandt's theory (Math. Zeit. vol. 45 (1939) pp. 209—244) of subin- 
variant subgroups (that is, subgroups that occur in a composition series of a given 
group). The concept of subinvariance is used to prove the following main theorem: 
Let A be a Lie algebra over an arbitrary field with center zero; let B=«(\,A* where 
Ate [4/31, A], and let d denote the dimension of the derivation algebra D(B) of B, 
c the dimension of the center of B. Consider the chain of algebras Do=A, D, 
-D(Do),-**,D.-D(Ds4a),* ++. Then for all s, dim D, &d-1-c. Since D, has no 
center for all z, the dimension of D, is nondecreasing as a function of s and it is im- 
mediate from the theorem that for some # the only derivations of D, are inner. This 
latter result was announced by Chevalley for characteristic 0 (Proc. Nat. Acad. Sci. 
U.S.A. vol. 30 (1944) p. 274). It is also evident that the main theorem is applicable to 
the tower of automorphism groups of a Lie group. (Received September 12, 1949.) 


6. Ernst Snapper: Completely primary rings. I and II. 


Ring means commutative ring with unit element. A completely primary ring R 
is a ring whose radical N(R) is a maximal ideal. Algebraic and trasncendental exten- 
sions RC R’ have been defined and investigated. The definitions are generalizations of 
notions studied by A. Frankel and W. Krull. The investigation is based on the ideal 
theory of R[x]. First, all rings A with the property that 4/N(A) is a principal ideal 
ring are studied. (Rie ] has this property.) It is shown that the not nilpotent elements 
of A permit a unique factorization. Then, polynomial rings B [x], where B is any ring, 
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are investigated. To every nondivisor of zero f of B[x] an integer O(f), called the 
order of f, is associated. O(f) is at least as important as the degree of f; a side result 
is that the radical and Jacobson radical of B[x] always coincide. The theories of the 
rings A and B[x] are then applied to R[x]. The ensuing theory of algebraic and 
transcendental extensions will be used in further papers to derive structure theorems 
for completely primary rings. (Received October 29, 1949.) 


ANALYSIS 


7i. P. R. Garabedian (National Research Fellow): A remark on 
the moduli of Riemann surfaces of genus 2. 


Let S be a closed Riemann surface of genus 2, and let w:(s) and ta(s) be a pair of 
normal integrals of the first kind on S. These integrals have about one set of canonical 
cuts on S the periods 0 or v$, and about the remaining canonical cuts they have the 
periods Gn, Gn, dai, as, With @2=¢n. It is shown that the three complex quantities 
G11, Gus, Gu are a set of conformal moduli of the Riemann surface S. The proof is based 
on Riemann's relations Vi ewi(s), Vi=1,(s), 3€, for the zeros Vi, Vs of the theta- 
function 0(w1, #4) associated with S. Special symmetric cases are treated which are 
related to a paper of Ahlfors and Beurling (Comptes Rendus du Dixiéme Congrés des 
Mathématiciens Scandinaves; Copenhagen, 1947, pp. 341-351). (Received July 25, 
1949.) 


8t. E. R. Lorch: The fundamental theorem for self-adjoint trans- 
formations. 


A brief proof is given of the fundamental theorem for self-adjoint transformations 
H (most general case) in Hilbert space Q. The structure theorem is established in the 
following form: Let {X,} be a monotone increasing set of real numbers, 50, +1, 
+2, +» - , without limit point; hence the set “covers” the real axis. Then there exist 
in $ closed linear manifolds 22, which are orthogonal in pairs, which span $, and 
such that on Ma, H is bounded and satisfies Asl SH Sdayil. The key to the proof is 
the improper Cauchy integral Kiy(m, m)* (2x3) !1fo(t—N)* (a D*GI— H) d. 
Here à and y are real numbers, A< u; m and » are positive integers; and C is a simple 
closed contour containing À and pu. The properties—principally of a multiplicative 
character—of the transformation Kj, (m, #) are derived with the help of the functional 
equation of the resolvent of H and the elements of the classic Cauchy theory. (Re- 
ceived July 26, 1949.) 


9. Joseph Milkman: Note on the functional equations: f(xy) =f(x) 
fO», f(x*) =nf(x). 

Augustin-Louis Cauchy (Cours d'analyse de l'école Royale Polytechnique, part I, 
1821, p. 109) gives a beautiful proof that the only continuous solution of the func- 
tional equation f(x) --f(y) = f(xy), where f(x) is defined for all real numbers x, is the 
function f(x) =a In x. Paul Erdós (Ann. of Math. (1946)) proved by analytic number 
theoretic methods that if f(m) is additive and f(m+1)2f(m), f(m) =c in m. This 
implies the theorem, “If f(m--1)/(m) and f(mn) —f(m) --f(n) hold for all positive 
integers m and n, then f(m)=c In m,” which the author proves by showing that any 
solution f(m) can be imbedded in a continuous solution f(x), thus rendering the 
theorem a corollary of Cauchy's solution of f(xy) f(x) -f(y). The author also proves 
that if f(r) is a monotonically increasing function on a set S which is everywhere dense 
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among the positive real numbers and contains all positive integral powers of all 
members of the set S, for example, the rational numbers, and f(r?) =pf(r) for any 
prime p, then f(r) € k In r. (Received August 17, 1949.) 


10. K. S. Miller: On sterative methods in linear differential equations. 


The problem treated in this paper is that of estimating rates of convergence in 
solving homogeneous linear differential equations by an interative process. Let L bean 
ordinary linear differential operator of order n. It is shown that two operators M and 
N exist such that L= M-I-N and (under certain restrictions on the boundary condi- 
tions) Tz —MN- is an integral operator with a symmetric kernel. [N~ is a “partial 
inverse" of N defined in terms of a Green's function.] In Theorem 2, it is proved that 
if e (x) = Lus(x) where (x) is the mth iterant, then en(x)=Ten(x). Theorem 3 
states: as m approaches infinity, #=(%) approaches a solution of the equation Lu=0 
satisfying the specified boundary conditions. Considered as a linear transformation 
in Hilbert space, T is self-adjoint with finite norm. Hence if (y4(x)] is a complete 
orthonormal set associated with T with characteristic values ^, As, © * + (multiplicities 
included) and if &(x) = 375.4 bava(x) then ||em(x)||*= 322... 5242". Estimates of the 
rapidity of convergence can be drawn from the values of the Aq. Applications to 
machine methods are discussed. (Received June 15, 1949.) 


11. M. H. Protter. On a boundary value problem for an equation of 
mixed type. Preliminary report. 


Consider the equation K(y)tes—tyy=0 (*) with K(y) a nondecreasing function 
defined for y $0, continuous at y=0 and with K(0) =0. Let D be the domain bounded 
by the interval [a, b] along the x-axis and the characteristic curves, x= g;(y), x= gs(y), 
through the end points of [a, b]. Suppose Fo(x), a Sx €5, and Gely) are given suffi- 
ciently well-behaved functions. The existence and uniqueness of the solution #(x, y) 
of (*) for (x, y) in D, satisfying the conditions u(x, 0) = Fo(x), #(g:(y), y) =Go(y), are 
shown. The method consists of approximating K (y) by a step-function and then solv- 
ing the corresponding purely hyperbolic equations. Bounds are obtained for the solu- 
tion in terms of the given data; proceeding to the limit yields the result. (Received 
July 20, 1949.) 


124. Herman Rubin and M. H. Stone: Postulates for generalizations 
of Hilbert space. 


The aim of this paper is to reduce the postulates of Jordan and von Neumann for 
Hilbert space. This is done by eliminating the triangle inequality from the assumed 
properties of the norm-function. (Received August 29, 1949.) 


131. I. E. Segal: The class of functions which are absolutely convergent 
Fourier transforms. 


The set of functions on a locally compact abelian group G which are absolutely 
convergent Fourier transforms is dense (in the uniform topology) in the space of con- 
tinuous functions on G which vanish at infinity (a function does this if the set where 
its absolute value exceeds any given positive number has compact closure), and is 
either all of that space, or of first category in it, according as G is finite or not. A corol- 
lary which is classical, but which is obtained here in a purely existential and non- 
computational fashion, is that not every continuous function on the reals which tends 
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to zero at infinity is an absolutely convergent Fourier transform, and similarly for 
Fourier series. (Received September 14, 1949.) 


14t: I. E. Segal: The two-sided regular representation of a unimodu- 
lar locally compact group. 


If G isa unimodular locally compact group, then every bounded linear operator on 
the space H of functions on G square-integrable relative to Haar measure which 
commutes with all left translations f(x)-f(ax) (aCzG; JER) on IC is in the weak 
closure of the algebra generated by the right translations f(x)—/f(xa) on JC. The 
special case of this theorem in which G is discrete was established by Murray and von 
Neumann, whose proof made essential use of discreteness. It follows that the lattice 
of all closed linear subspaces of JC which are invariant under both left and right 
translations is a Boolean algebra. A second corollary is that if G is separable, then there 
exists an element of 3C whose (left and right) translations span JC, (Received Septem- 
ber 14, 1949.) 


15. Wladimir Seidel and Otto Szasz: On positive harmonic functions 
and uliraspherical polynomials. 


In a forthcoming paper E. F. Beckenbach, W. Seidel, and Otto Szasz have studied 
recurrent determinants of ultraspherical polynomials and have shown, among other 
things, that the quadratic forms Jor s0 [Pt ~ PY, (1) Justin, where P? (x) i is the 
ultraspherical polynomial of degree s and order A, are positive definite for A>0, 
n z0, 1,2,+-+,and rol In the present paper it is shown that the hermitan forms 

P e [P,, (x)/P&.,(1) up, are positive definite for A>0,#=0, 1, 2,+++,and 
—1 cect, a result conjectured 3 G. aS This result follows from the Jatt that 
the harmonic function, 1/2+{ (29 qe] lis positive in the unit 
circle |z| «1 for 15x31 and >0. s the special case A=1 this result was proved 
earlier by G. Szegó. (Received September 16, 1949.) 


16. I. M. Sheffer: On ihe solution of sum-equaitons. 


Consider the system of Süm-quations (1) Er Onia 65. (n=0, 1,* * * ). Let 
(2) A(t) = Dos ün (n=0, 1, * - - ) beanalytic in fi <R. There is a sequence sof poly- 
nomials {Fat /)] in 1/8, blocthosonsl to the set {4,(t)}. Let (3) &(u, 1/8) 
= Dp H«/t)u*, (4) V4 /u, t) v 275 G/u)nA«Q), (5) Alu, 1/1) = 27, Ha(1/0u*As(u). 

Itis shown how convergence properties of series (3), (4), (5) and of series 225 c Ha(1/1) 
determine solutions of system (1). In particular, if the analytic continuation of (3) (in 
the variable u) assumes the form (6) ®(u, 1/t)= 27» , Rí(1/2)8,(u) 3- 229 Hs (1/0w^, 
with appropriate conditions (too lengthy to cite here) on the functions that appear on 
the right-hand side, then the homogeneous system (1) (that is, with c,=0) has solu- 
tions determined by the functions R,(1/t). Examples are given in the way of illustra- 
tion. (Received September 9, 1949.) 


.17t. G. M. Wing: The mean convergence of orthogonal series. 


The mean convergence of Fourier-Bessel series is studied. The functions $«(x) 
215 J, (ux) / Ju ius), where »21/2 and [n] is the sequence of successive positive 
roots of J,(x), form an orthonormal set on (0, 1) with weight function x. Let 
Sif) [pede < * for some p, 4/3« p «4, and define ax e finls) f (x)xdx. It is proved 
that limyse flf) — ors Gas (x) |?xdx 0. The methods used are similar to those 
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of M. Riesz (Sur les fonctions conjugées, Math. Zeit. vol. 27 (1927) pp. 218-244) and 
H. Pollard (The mean convergence of orthogonal series, Trans. Amer. Math. Soc. vol. 
62 (1947) pp. 387-403; vol. 63 (1948) pp. 355-367). An example is given to show 
that the theorem fails for 1 $p<4/3 (or p>4). It is also proved that if [| f(x)|"dx< 0 
for some p>1 and b,— f f(s)&«(x)x!Idx then limy.» f| f(x) — 27. Y bob (2) | ade 
10, These results are used to study the more general problem in which the un are the 
zeros of xJ, (x) J-HJ,(x) =0 (H a real number). Similar theorems are established in 
this case. Polynomials orthogonal on the interval (—1, 1) are also investigated and 
some results of Pollard on mean convergence of Jacobi series are generalized. (Re- 
ceived August 17, 1949.) 


APPLIED MATHEMATICS 


18%. Hilda Geiringer: Linear differenital equations of the plane siress 
problem for a perfect plastic body. 


For the perfect plastic body the state of stress is restricted to a manifold 
Flor, o2, a3) =0 (o; principal stresses). The nonlinear plane stress problem, es 0, de- 
termined by two equilibrium conditions and F(o;, «s, 0) == F(o1, e2) =0 has been linear- 
ized by v. Mises. With £, s denoting principal stress directions he introduced 6 = (x, £) 
and some parameter s for which F(o:(s), o2(s))=0 as coordinates in a “stress graph” 
and derived (if j=0(s, 0)/5(£, ) 40) linear differential equations for x and y de- 
pendent on s and 6. Much simpler equations hold for X =x cos 8+y sin 8, Y «y cos 0 
—x sin 0. With c, do, /ds, f()- (e—0)/e, g(s)= (0:—01)/o,, and subscripts de- 
noting partial differentiation: Xs—YegY,, YetX=mfX., Xse—fgXa—-—X-rX, 
*(fetf—g), and Ya—fgYao- —Y-- Y, (g'f-Ff—g). These equations which are 
hyperbolic, parabolic, elliptic according as fg is greater than, equal to, or less than 0, 
form the basis of the linearized theory. After choice of a specific yield condition all 
methods for linear equations, for example, Bergman's operator method, or expansion 
in series of functions are available. For the slope of the characteristics in the “physical 
plane? (the images of the fixed characteristics in the stress graph for which ds/d0 
= (fg)!/*) there holds dy/dx tan (8-9) with tan? ¢=//g. By means of this mapping 
the initial value problem is solved approximately by a simple graphic procedure. (Re- 
ceived September 8, 1949.) 


19%. Hilda Geiringer: Parabola-yield-condition for the perfect plastic 
body. 


For the “parabola-limit” (v. Mises, 1949) Foi, 2e:)*(oi--o:)!* —4a.K (o1 — o1) 
—4o!K1w0, 2514243, the plane stress problem becomes hyperbolic throughout, 
exhibiting remarkable mathematical simplifications. With notations of the preceding 
abstract, and g(s)5'(s) --h(s) 70, X /gh yu, V/h=yo, j-:0(s, 6)/A(E, 9) 50, a linear 
equation of the problem is L =W, — gis — V (fg! —f —g) =0, satisfied, for the parabola- 
limit, by products of trigonometric and hypergeometric functions. The fixed char- 
acteristics in the "stress graph” are circles (congruent sin-lines) for s and 0 polar 
(rectangular) coordinates; for the characteristics in the "physical plane" dy/dx 
=tan (0--9), where tan? ¢=(¢—s)/(a+s). With s=a sin t, L reduces to ys —v« 
+HYbe (cos 1)71— 0, Li «x/2, to which, for example, Bergman's operator method can 
be applied. With a view to more general use a space generalization is derived: With 
Jieo ooi, Ja 0103-0301 -0301, Flor 03, e) = (4a1K1 —,)1— 168K) —4J3) 
for |Ji| S2eK, while F=(o1—01)?+(o:—o1)?-+(o1—01)?—40*K? for | J| 220K. 
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For o;=0 this reduces to F(o1, ox) 0, it intersects each “ray” in centric symmetric 
points and approximates well the v. Mises (1913) limit. (Received September 8, 
1949.) 


20t. Hilda Geiringer: Simple wave solutions for the plane stress prob- 
lem of the perfect plastic body. 


Solutions of the plane plasticity problem (two equilibrium conditions, one yield 
condition, F(o1, ex) =0) are studied such that each straight line of a continuous one- 
dimensional set in the x-y-plane carries a constant value of the stress tensor X. It 
follows that such solutiore exist only in the hyperbolic domain, that these straight 
lines form a family of characteristics, {C,}, that each C; is mapped onto a point (s, 0) 
of the "stress graph," all points lying on a characteristic curve T', and that all *cross 
characteristics," [C1]—end consequently the entire "simple wave"—are likewise 
mapped onto T. It can be shown that Z is the same function of the slope m=tan 5 for 
all sets of straight lines. For the “elliptic limit,” Fug} 3-0, —2101—4K1, the wave ex- 
tends over 180°. The solution is (upper sign for «ey, lower for ex»): ota 
= K (3m T (&-1-m3)!4/9)/(3 --3m1)!/2, 6—x/4--arctan m—2^! arctan m/2 (—x/2s5 
7/2). The cross characteristics, (ai , in the case of the *centered wave," have the 
polar equation r? cos =r} For the “parabola-limit” Fe (o,+01)?—4aK(o,—o1) 
—4a!K* the wave extends over 270°: e13*2Ka (2 cos 23/3 sin? 28/3), 0225/3 
(0 $8 $3x/2). For the centered wave the { Ca} have the equation r=ro (sin 28/3) 3, 
while for the principal stress lines r ero(sin 3/3)? and r =79 (cos 2/3)? respectively. 
(Received September 8, 1949.) 


21. Fritz John: On the motion of floating bodies. II. 


Uniqueness and existence proofs are given for the simple harmonic motion of a 
heavy liquid of constant depth h in the presence of a partly immersed obstacle. Let 
R be the region in xyz-space bounded by the average free surface Sz, the average im- 
mersed obstacle surface Sr, and the bottom surface Sp. It is assumed that no point of 
Sr lies vertically above a point of Sz. The motion is described by the complex velocity 
potential W. W satisfies Laplace's equation in R, W,-0 on Sg, W, —AW on Sr, and 
We WHW”, where W' is the “primary” wave which is regular everywhere, and W” 
satisfies Sommerfeld's radiation condition. It is proved that W is uniquely determined 
by W” and by the normal derivative W, of W on Sr. Conversely, there exists a motion 
for given W, on S; and given W”, if it is assumed that Sr is convex and that Sr and Sr 
intersect at right angles. (Received September 8, 1949.) 


. 224, R. R. Reynolds: A note on orthogonalization. 


Let fand v be column matrices of functions fa, which are complete and orthonormal 
with respect to a metric [ ] in a space S, and vm, which are only complete in S. A tri- 
angular matrix T exists such that f= I'v; from the orthonormality relation [/f*] =I 
(f* is the transposed conjugate of f) it follows that Z= r[vs*]r*, or (a) [w*] D 
**AA*, (b) T—A7!, (c) D3— T*T. Thus the orthonormaljzation coefficients are de- 
termined from an auxiliary matrix T' appearing in the so-called square root method of 
inverting D; this is accomplished in the steps (a), (b), (c), and was noted by Schur 
(J. Reine Angew. Math. (1917)) and applied by Banachiewicz (Bulletin International 
de l'Académie Polonaise des Sciences et des Lettres. Ser. A (1938)). (Received Sep- 
tember 16, 1949.) 
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23. D. M. Young: Iterative methods for solving the finite difference 
analogue of the Dirichlet problem. 


The finite difference analogue of the Dirichlet problem with N interior mesh points 
can be solved systematically either by: (i) replacing the trial value at each point by 
the average of the values at four adjacent points and iterating (uft! (u1, t, * * * , uw) 
= R(u*)); or (ii) traversing the points in a prescribed order « and averaging as in (i) 
except that new values are used as they are obtained (u5*!« L,(u*)). It is proved for 
the symmetric transformation R that if R(v)=yv there exists v* such that R(v*) 
—(—u)v*. Although the matrix of the Liebmann operator Le is non-symmetric, 
under the usual choice of e the N-dimensional function space S consists of: an in- 
variant subspace So, associated with the eigenvalue 0, of dimension N —5s/2 (where s 
is the number of nonzero eigenvalues of R); and a complementary subspace S, such 
that the normal form of the corresponding submatrix is diagonal. To each pair v, v* 
corresponds vy == u?*ty as (—y)Ptey*such that Lo(vi) utei, wherex — ph, y = gqh, h = mesh 
size, and the ordering o is taken with increasing (x+y). The rate of convergence of Le 
is twice that of R. Moreover the eigenvalues of Le are all real. A counterexample is 
given to show that there exists an ordering o for which the results are not valid, 
(Received September 14, 1949.) 


GEOMETRY 
241. M. C. Foster: Transformations on rectilinear congruences. 


Each line of a congruence is associated with that point on the unit sphere at which 
the normal is parallel to the line. Accordingly, a congruence is defined by the co- 
ordinates (a, b) of the point in which an arbitrary line pierces the tangent plane at the 
associated point. A second congruence (A, B) is associated with the original by various 
transformations on (a, b), such as the affine transformation and inversion. The condi- 
tions are developed whereby a congruence of one type is transformed into another. 
(Received September 16, 1949.) 


25. T. S. Motzkin: The dual curve for p0. Preliminary report. 


While much of the classical theory of algebraic plane curves subsists for an alge- 
braically closed coordinate field of nonzero characteristic, three main new features 
appear. 1. Duality is no longer a contact transformation. Every (irreducible) curve is 
the dual C’ of infinitely many curves C. C'' e C if (I): the duality C—C’ is birational. 
(1) holds if and only if 22 and C has not an inflexion everywhere. 2. If (1) is not true 
then the order of contact of the tangent P’ at a general point P is some f* —1, and P’ 
may have more than one point of contact. Plucker’s formulae change accordingly. 
3. The tangent P, slim P’ of a branch with origin Po may differ from its quasitangent 
P,*=lim PoP, and Py from the quasiorigin P, *»lim P{P’. A branch has four inde- 
pendent characteristic numbers and, for curves fulfilling (I), together with the dual 
branch six or five (for p=0 two, its cusp number s and the dual s^). For 5 3, s=s’; 
the dual of a cusp is a cusp, of an inflexion a triple cusp. For p =2, se=0; every cusp is 
to be counted twice. (Received September 6, 1949.) 


261. H. P. Mulholland: On Geàcze's problem for nonparameiric sur- 
faces. 


While previous solutions of this problem, by A. Mambriani (Annali della Scuola 
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Normale Superiore di Pisa vol. 13 (1944) pp. 1-17) and by the author (Proc. London 
Math. Soc., forthcoming) are independent of earlier restricted solutions, in the present 
paper the author settles the problem comparatively shortly by following up an earlier 
approach due to T. Radó, Let f(x, y) be everywhere continuous, R be an oriented 
rectangle, A(R) the Lebesgue area and Ay(R) the W. H. Young area of the surface 
S(R): zef(x, y)[(x, YER], A*(R) the lower limit of the areas of polyhedra 
s=p(x, ¥)[(x, YER] inscribed to S(R) as the maximum face-diameter tends 
to 0, 2-7 hké(x, y; h, k) the area of the triangle with vertices (x, y, f(x, y)), 
(x-+h, y, fh, y), (£, 9+k, f(x, y - E), and I*(R, g) be lim sup [fn®(x, y; h, k)dxdy 
as k, k0, b/k«q (a constant). The desired proof that A*(Q)=A(Q), where Q is 
[0, 1; 0, 1], rests on lemmas: (i) 4*(R) SI*(R, q) (cf. T. Radó, Length and area, New 
York, 1948, V. 3.53, pp. 548-549); (ii) I*(R, ge) -A(R) £ (84 (R) [A(R) — Y(R)] i1, 
where Y(R) is the magnitude of the vector-area of the curve bounding S(R) and ge 
depends on its direction; (iii) A*(R) almost always increases by subdivision; (iv) 
A(R) — Ar(R) (a known result). (Received September 6, 1949.) 


27. Walter Prenowitz: Spherical geometries and mulisgroups. 


Spherical geometries are defined by postulates similar to those of J. R. Kline (Ann. 
of Math. (2) vol. 18 (1916)) in terms of point and between, but involving no continuity 
or dimensional restriction. Let an abelian multigroup be called regular if (1) it basan 
identity 0 satisfying o-+0=a, (2) each element a has an inverse —a satisfying 
a-+(—a)_)0, (3) subtraction is related to addition in the usual way, a —b =a -+( —b). 
The theory of regular multigroups which bears very strong analogies to that of abelian 
groups is outlined. A spherical geometry G is converted into a regular multigroup M 
by adjoining an “ideal point” o and properly defining +, the join of two points. The 
geometry of G is reduced to the algebra of M, for example spherical subspaces cor- 
respond to submultigroups, halfspaces to cosets. Spherical geometries are character- 
ized by the fact that their associated multigroups satisfy (4) the idempotent law 
a-+o=a and (5) each element other than 0 has order 3. (Received September 15, 
1949.) 


28. W. G. Wolfgang: On the construction of the- equation of ihe 
n-dimensional analogue of the conic sections. 


The author generalizes to » dimensions a method given by Brink in his book, 
Essentials of analytic geometry, of constructing the equation of the conic passing 
through five given points. Given [n(s-4-3)]/2 points in n-space such that no #-+1 of 
them lie in an (s —1)-space, construct the equation of the n- dimensional analogue of 
the conic (the locus of an equation of the second degree in s variables) passing 
through them as follows. (i) Choose any 25 of the given points and group them in 
n(n —1)--2 groups of s points each, then write the equations, II, —0, of the s-dimen- 
sional linear forms passing through each of these groups. (ii) Pair these equations so 
that neither member of a pair intersects the other member in any of the given points. 
Relabel the equations so that these pairs are denoted by: Day‘ IIa, —0. (iii) Form 
the equation: 27725 ^ A (IaIIs41) 0, 371. (iv) Substitute the remaining (n —1)/2 
points in this equation and obtain n(n —1)/2 equations in n(n —1)/2 unknowns. (v) 
Solve these equations simultaneously and denote the values by ay. (vi) Then 
ot ds Gy (Ha, * D) 0, 0:771, is the equation of the nondegenerate analogue of 
the conic passing through the given points. (Received October 5, 1949.) 
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LOGIC AND FOUNDATIONS 
29. S. C. Kleene: A symmeiric form of Gàdel's theorem. 


It has been remarked that recursively enumerable sets behave surprisingly simi- 
larly to analytic sets and general recursive sets to Borel sets. There is a theorem which 
says that two disjoint analytic sets can always be separated by a Borel set. In this 
note, two disjoint recursively enumerable sets Co and C; are constructed which cannot 
be separated by a general recursive set. Hence there is no exact parallelism between 
the two theories. Given any two disjoint recursively enumerable sets Do and D; such 
that C/C. Ds and C/C Di, a number f can be found such that f E Do-4-D,. The sets Cy 
and C, are obtained by rearranging Rosser's proof of Gódel's theorem, in which the 
existence of an undecidable proposition is inferred from simple consistency only in- 
stead of w-consistency. The rearrangement makes the treatment of the proposition 
and of its negation symmetrical. (Received September 18, 1949.) 


301. A. R. Schweitzer. An analysis of Sir James Jeans! Physics and 
philosophy. I. 


Jeans’ treatise, Physics and philosophy (Cambridge and New York, 1943; re- 
printed, 1946) has to do with nature, events of nature and their pattern; pictorial 
representation and mathematical] description of this pattern. Two such descriptions 
which, in Jeans’ view, are believed to be “complete and perfect" are provided by Ein- 
stein's generalized theory of relativity and the new quantum theory due to Heisein- 
berg; de Broglie and Schrédinger, and Dirac (ibid. pp. 12, 68, 118; pp. 158, 174). Rela- 
tivity is approached by discussing space, time and space-time historically and 
critically. As a basis for criticism Jeans introduces (ibid. pp. 42, 43) a doctrine of three 
worlds of modern science: the world of the electron or the minute-scaled world of 
atomic physics; the “man-sized” world; and the world of the nebulae or the vast- 
ecaled world of astronomy. Jeans assumes (ibid. pp. 43, 70) that the same laws of 
nature prevail throughout the range of phenomena of the three worlds. (Received 
September 13, 1949.) 


311. A. R. Schweitzer: An analysts of Sir James Jeans’ Physics and 
philosophy. II. 


Jeans’ view of space associated with the concepts “right” and “left” (ibid. p. 65) 
is discussed by the author in detail by referring to the author's foundations of geom- 
etry. Transition to philosophy is effected by Jeans by recognizing that in modern 
science certainty must be replaced by probability. Much use is made by Jeans of 
analogy in the course of his exposition and prominence is given to simplicity asa work- 
ing hypothesis in the evolution of physics. Philosophically, Jeans is committed to 
positivism. The author refers to Sir A. S. Eddington's combination of a modification 
of relativity (“intermediate” relativity) and quantum theory: Fundamental theory 

(posthumous volume, Cambridge, 1946). (Received September 13, 1949.) 


32i. A. R. Schweitzer: An examination of Whitehead's Process and 
reality. I. 

Whitehead’s Process and reality (New York, 1929) representing the “philosophy 
of organism” is classed among treatises having a heraclitean motive including Schleier- 
macher's philosophy of dependence and Bergson’s philosophy of movement. More 
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specifically, Whitehead's philosophy ia interpreted as a theory suggested by mathe- 
matics as a science of extension (space, time, space-time) and by mathematical physics 
(including atomic physics). The latter subject is considered mainly in Part II, 
Chapter III: The order of nature; the former is treated in Part II, Chapter IT: The 
extensive continuum and in Part IV: The theory of extension. Both aspects are recog- 
nized by Whitehead in his theory of prehension (Part III: pp. 337, 365; compare Part 
II, p. 227 and Part IV, p. 433). This generalization leads to Whitehead's cosmology 
(ibid. p. 365). (Received September 13, 1949.) 


331. A. R. Schweitzer: An examination of Whitehead’s Process and 
reality. II. 


Geometry is described by Whitehead philosophically as the "investigation of the 
morphology of nexus"; subsequently geometry is discussed in a sense familiar to 
mathematicians. Arithmetical theorems seem to Whitehead the “most obviously 
metaphysical” among propositions. Historically, Whitehead regards his philosophy as 
a continuation of Plato and Locke and the inversion of Kant's philosophy. A conclud- 
ing part of the author's paper is concerned with Whitehead's theory of orientation and 
his doctrine of relations. Whitehead's references to orientation include opposites; 
discrimination between positive and negative applied to prehension; polarity applied 
to actual entity (actual occasion), becoming, concrescence and creative urge; order 
applied to society and nexus. Whitehead describes relation as a genus of contrasts or 
modes of synthesis of entities in one prehension. The author discusses Whitehead's 
essay, An enquiry concerning the principles of natural knowledge (Cambridge, 1919) as 
a preliminary to Process and reality. (Received September 13, 1949.) 


STATISTICS AND PROBABILITY 


34. E. J. Gumbel: Orthogonal least squares applied to probability 
papers. 

A probability paper for a continuous unlimited statistical variate x which permits 
a linear reduction x =u -+y/æ is a rectangular grid for the observed variate x, and the 
reduced variate y, where the probability F(y) is written instead of y. The simplest 
plotting procedure is the use of the mean frequency m/(n-+1) for the mth among n 
observations. The tiresome calculation of the cross product (xy). may be avoided by 
minimizing the orthogonal distances which leads to the equations #=4—9,/a and 
a=o,/se, where 2 and s, are the observed mean and standard deviation, and Jw, on 
are the corresponding theoretical values. These two moments may be calculated as 
functions of n from a table of y(¥). For symmetrical distributions, Ja vanishes, and 
u is estimated as the observed mean. For the standardized normal distribution, the 
expression z;4 defined by F(s:.)os approaches quickly a linear function of f, 
where fj. is defined as the solution of F(f.) —5/(5-4-1). For the asymptotic distribu- 
tion of extreme values of the exponential type z;,4 defined by F(zı.n)=Ja/y and zs,» 
defined by F(z,4) —c46!/2/x- are also linear functions of fa. These relations simplify 
the calculations of J, and ey as functions of n. (Received September 19, 1949.) 


35. B. O. Koopman: Necessary and sufficient conditions for Poisson's 
distribution. 

An infinite sequence of sets of n independent trials (s —1, 2, 3, - - - ) is considered; 
f» is the probability that, in the sth set of trials, the kth trial shall succeed. It is 
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proved in this paper that a necessary and sufficient condition for obtaining the Poisson 
distribution (of given total numbers of successes in the sth set of trials) as a limit 
(n— 9) is that: (a) paat -+ * +s,. approach a limit, and (b) the maximum pn,» 
(1 Sk 3n) approach zero (as n— «). The special case in which the probabilities are in 
fixed ratios (Pai PaaiPn.a: * * * ) independent of s is considered and connected with 
certain divergent series of non-negative terms. Applications are given, in some of 
which the ratio of the maximum to minimum f, in the set (14S) increases as 
any given positive power of t as s œ. (Received October 3, 1949.) 


ToroLoGy 


36. L. W. Cohen and Casper Goffman: The metrization of uniform 
space. 

It is shown that a necessary and sufficient condition for a uniform space S to be 
metrizable with distances in an ordered abelian group is that the neighborhood system 
Us), £«£*, «CS, satisfy the axioms 1, 2, 3, 4 in the authors’ paper A theory of trans- 
finie convergence, Trans. Amer. Math. Soc. vol. 66 (1949) pp. 65-74. (Received 
August 15, 1949.) 


37. G. D. Mostow: A theorem on locally euclidean groups. 


The derived subgroup of a topological group is defined as the closure of the com- 
mutator subgroup. If G is a locally compact, connected topological group, then its 
derived series, that is, series of successive derived subgroups, becomes stationary at 
some finite stage. The core of such a group is defined as the subgroup in the derived 
series which coincides with its derived subgroup. Theorem. Let G bea locally euclidean 
group and let C denote its core. Then G/C is a Lie group. In the special case that the 
core consists of the identity element alone, this theorem asserts that a solvable locally 
euclidean group is a Lie group. (Received September 16, 1949.) 


38. Everett Pitcher: A model for the homotopy theory of spheres. 
Preliminary report. 


A model for the homotopy theory of the n-sphere is constructed by use of deforma- 
tions inherent to the theory of critical points of the length integral. Methods based on 
exact homomorphism sequences are used to prove theorems which have the following 
corollaries: (1) it is false that xs4(S") =0 for two consecutive values of n 2&2; (2) it is 
false that wie43(S*) =0 for two consecutive values of 23; (3) itis false that ess 4(5") «0 
for two consecutive values of # 25. Of special interest is a class of homomorphisms 
of «,(.5*) into wp3(SM*-D-), defined for all r, with p determined so that p(n—1)—1 
Er &(p4-1) (n —1) —2 (and believed to be equivalent to the gefieralized Hopf homo- 
morphism of G. W. Whitehead when p=2). (Received September 16, 1949.) 


T. R. HorrcRorT, 
Associate Secretary 


THE NOVEMBER MEETING IN CHICAGO 


The four hundred fifty-first meeting of the American Mathemati- 
cal Society was held at the Illinois Institute of Technology on Friday 
and Saturday, November 25—26, 1949. 

The total attendance was about 175 including the following 151 
members of the Society: 


A. A. Albert, W. R. Allen, W. F. Atchison, W. L. Ayres, Reinhold Baer, R. G. 
Bartle, S. F. Bibb, K. E. Bisshopp, L. M. Blumenthal, D. G. Bourgin, A. J. Brandt, 
Richard Brauer, R. H. Bruck, J. R. Buchi, J. W. Butler, S. S. Cairns, A. P. Calderon, 
R. H. Cameron, C. S. Carlson, S. S. Chern, Herman Chernoff, H. M. Clark, E. H. 
Clarke, M. D. Clement, Harvey Cohn, B. H. Colvin, E. G. H. Comfort, J. J. Corliss 
A. R. Craw, H. J. Curtis, M. M. Day, John DeCicco, R. F. Deniston, D. M. DeWitt, 
Flora Dinkines, N. J. Divinsky, J. M. Dobbie, R. J. Duffin, John Dyer-Bennet, D. 
O. Ellis, R. L. Erickson, M. H. M. Esser, H. P. Evans, R. L. Evans, D. A. Flanders, 
L. R. Ford, Abraham Franck, Evelyn Frank, D. M. Friedlen, C. G. Fry, R. E. 
Fullerton, Albert Furman, J. W. Gaddum, Abe Gelbart, D. G. Gore, S. H. Gould, L. 
M. Graves, Harold Greenspan, M. M. Gutterman, P. R. Halmos, Charles Hatfield, 
E. D. Hellinger, I. N. Herstein, G. P. Hochschild, C. C. Hsiung, H. K. Hughes, 
Herbert Jehle, Ralph Hull, W. E. Jenner, M. M. Johnsen, L. H. Kanter, Irving 
Kaplansky, L. M. Kelly, D. E. Kibbey, Jacob Korevaar, W. C. Krathwohl, M. Z. 
Krzywoblocki, H. G. Landau, E. P. Lane, R. E. Langer, K. B. Leisenring, Howard 
Levin, D. J. Lewis, Saunders MacLane, H. M. MacNeille, W. H. Marlow, M. S. 
Matchett, C. W. Mathews, A. E. May, Karl Menger, J. M. Mitchell, J. T. Moore, 
C. W. Moran, K. A. Morgan, D. R. Morrison, Leopoldo Nachbin, M. J. Norris, Daniel 
Orloff, E. H. Ostrow, Gordon Pall, M. C. Peixoto, M. M. Peixoto, Sam Perlis, D. H. 
Potts, G. B, Price, L. E. Pursell, A. L. Putnam, W. P. Reid, W. T. Reid, Haim Rein- 
gold, L. G. Riggs, A. E. Ross, J. M. Sachs, R. G. Sanger, A. C. Schaeffer, K. C. 
Schraut, W. T. Scott, I. E. Segal, B. R. Seth, S. S. Sha, J. H. Siedband, G. F. Sim- 
mons, I. M. Singer, M. L. Slater, D. M. Smiley, M. F. Smiley, Albert Soglin, Daniel 
Sokolowsky, E. H. Spanier, E. J. Specht, C. E. Springer, Marvin Stippes, E. B. 
Stouffer, A. F. Strehler, T. T. Tanimoto, C. J. Thomas, E. F. Trombley, H. L. 
Turrittin, J. L. Ullman, F. A. Valentine, Bethuhne Vanderburg, Robert Wasserman, 
André Weil, George Whaples, L. R. Wilcox, A. W. Wundheiler, J. E. Yarnelle, T. W. 
T. Youngs, R. K. Zeigler, Daniel Zelinsky, Antoni Zygmund. 


By invitation of the Committee to Select Hour Speakers for West- 
ern Sectional Meetings, Professor R. H. Bruck delivered an address 
entitled An extension theory for a certain class of loops. 

Sessions for the presentation of contributed papers were held at 
10:30 a.m. on Friday and Saturday and at 3:15 p.m. on Friday. 

Presiding officers for the various sessions were Professors Reinhold 
Baer, L. M. Blumenthal, L. R. Ford, Gordon Pall, and Dr. H. M. 
MacNeille. 

On Friday afternoon there was a tea for the Society in the Metal- 
lurgical and Chemical Engineering Building. 
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Abstracts of papers read follow below. Papers read by title are 
indicated by the letter “#.” Paper number 46 was read by Mr. Cal- 
deron and paper number 51 by Dr. Slater. 


ALGEBRA AND THEORY OF NUMBERS 


39. Richard Brauer: On the seta functions of algebraic number 


fields. YI. 


Consider algebraic number fields K of degree s over the field of rational numbers 
and denote the discriminant by d, the class number by k, and the regulator by R. 
In an earlier paper (Amer. J. Math. vol. 69 (1947) pp. 243-250) the asymptotic rela- 
tion log (AR)~log |d|"? was proved for fields of a fixed degree n. This result is now 
extended to sequences of fields normal over the field of rational numbers for which 
log Jal /n log n— « (where s is not fixed). A weaker result is obtained for fields which 
are not normal. (Received October 13, 1949.) 


40. M. M. Day: Amenable groups. Preliminary report. 


The definitions of amenable and strongly amenable groups were given in Bull. 
Amer. Math. Soc. Abstract 55-11-507. Theorem 1. If G is (strongly) amenable, so is 
every subgroup of G and every factor group of G. Theorem 2. G is (strongly) amenable 
if and only if every finitely generated subgroup of G is (strongly) amenable. Corol- 
lary. No amenable group has a free subgroup on more than one generator. (Received 
October 14, 1949.) 


41. D. O. Ellis: Autometrized Boolean algebras. 


Let B be a Boolean algebra with meet, join, and complement denoted by ab, a+b, 
and a’ respectively. Defining “distance” of a and b by d(a, b) a'b--ab', we call such a 
system an autometrized Boolean algebra. The notions of betweenness, congruence, 
superposability, and free mobility are defined in terms of this “distance” analogously 
to the definitions of these concepts in a metric space. It is shown that betweenness is 
equivalent to general lattice betweenness (Pitcher and Smiley, Trans. Amer. Math. 
Soc. vol. 52 (1942) pp. 95-114), and that B has the property of free mobility. A B- 
metrized space is any abstract set with symmetric "distances" in B which satisfy the 
vanishing condition. It is shown that if each three points of an arbitrary B-metrized 
space are congruently contained in B then the space is congruently contained in B, 
and that three is the smallest number with that property. (Received September 30, 
1949.) 


42t. Marshall Hall: A basis for free Lie rings and higher commuta- 
tors in free groups. 


E. Witt has found the number ¥n(q) of linearly independent elements of degree » 
in the free Lie ring with q generators but his method gives no way of finding a basis. 
By an isomorphism, ¥n(q) is also the number of independent commutators of weight 
n modulo weight n+1 in the free group with g generators. An explicit construction is 
given in this paper for a basis of the Lie ring and the corresponding higher com- 
mutator groups. The commutators are precisely those which arise in Philip Hall's 
collecting process as given in A contribution to the theory of groups of prime power order, 
Proc. London Math. Soc. vol. 36 (1934) pp. 29-95. (Received September 25, 1949.) 
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43t. Irving Kaplansky: Topological representation of algebras. II. 


The previous paper by Arens and the author was devoted mainly to the study of 
commutative algebraic algebras. In the present paper commutativity is weakened to 
the assumption of a polynomial identity. Such algebras are shown to be built out of 
certain uniquely determined homogeneous parts, and the latter are determined if a 
countability assumption is satisfied. There are applications to Kurosch's problem of 
determining whether algebraic algebras are locally finite: (1) the answer is affirmative 
for the case of a polynomial identity, (2) if the answer is affirmative for primitive 
algebras and nil algebras, then it is affirmative for all algebraic algebras. (Received 
September 20, 1949.) 


44i. B. E. Meserve: A note on polynomial equations and inequalities. 


Methods for the determination of the number r of n-tuples of real numbers satis- 
fying the System (A) <fi G=1, 2, DET, 2) 0f, (i—5-H1, er m) where the f; 
are polynomials in xj, xs, * * * , x4 with real coefficients have been given by A. Tarski 
(A decision method for elementary algebra and geometry, Report 109, Project Rand) 
when ris finite. If  — m, the resulting system (B) 0 «f; ($—1,2, +++, m) is either in- 
consistent or r is infinite. In the latter case the system is satisfied for n-tuples lying 
in a certain umber k of n-dimensional maximal open segments. These segments form 
the content of the system (B). The determination of k constitutes an extension of 
Sturm's Theorem to polynomial inequalities and has not in general been solved. 
Solutions have been given by the writer for the case of one unknown (Amer. J. Math. 
(1947) pp. 357—370) and, in this paper, for the system (C) 0<0,E; ($—1,2, - - -, 2) 
where E, is the elementary symmetric polynomial of degree $ in xj, X4 * * * , Xs. 
The system (C) is consistent if and only if 05sbib, - - - ba and if consistent has 
kb nl/[Vl(n—V)!] where V is the number of variations of sign in the sequence 
1,5, ds, - +>, ba. Using extensions of Descartes’ rule of signs the content of (C) is 
explicitly given for all cases in which &»1 or s. (Received October 11, 1949.) 


45. Gordon Pall: Simultaneous representation by adjoint quadratic 
forms. 


An algorithm is given for constructing all simultaneous solutions of a 
mf, x), 0mm +++ Haya b gu +++, Yn), in integers x; y, such that 
(x1, ssa X) = (Yu ttt, Ya) 51. Here f is any real nonsingular quadratic form, and g 
is its adjoint form. In general, there is a precise formula connecting the number of 
“sets” of solutions by the system of classes of a genus, and certain classes of quadratic 
forms in 5 —2 variables along with the numbers of solutions of certain systems of 
quadratic congruences. The results are especially simple if f is in a genus of one class, 
and if a and b are relatively prime integers. Thus, to state the simplest example, if a 
and b are positive and relatively prime, the number of solutions of a x ERE 
O0 xv H-xsys tty PRESA ,in integers such that x, xs, x3 are relatively prime 
and 5, Yn Jı are relatively prime, is equal to 24kk’, where k denotes the number a 
solutions of #=:—b mod a, and &' is the number of solutions of u*e —a modyb. 
(Received October 11, 1949.) 


ANALYSIS 


46. A. P. Calderon and Antoni Zygmund: Note on the boundary 
values of functions of several complex variables. 
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(i) Let f(z;, * - ^, 23) bea function regular in the polycylinder Iz «ds, | se «1, 
and satisfying the condition /?* - - - f/?* log +|f|d, - - - d6,—- O(1), where f stands for 
f(nefi, + ++, ries), Then f has a finite limit as (zn ++ - , zy) tends nontangentially to 
almost every point (el, -- + , ef), provided all the ratios (1—r,)/(1—ra) are con- 
tained between two positive numbers. (The nontangential approach just quoted 
means that each z, tends nontangentially to e*®°.) The proof of (i) is based on the 
following theorem. (ii) Let f(a, * - © , zı) be regular for EA «1,***, |z] <1, and 
suppose a set E situated on the distinguished boundary (Dy) s1=e"1, +++, sees of 
the unit A tee hig has the following property: as (a1, * * * , zy) approaches any 
point (ei, -  - , eif) C D; nontangentially and so that all the ratios (1—r,)/(1 —ri) 
are contained between two positive numbers, the function f remains bounded. Then, 
under the same circumstances, the function f tends to a finite limit for almost every 
point (el, .  - , ef) E. (Received October 13, 1949.) 


47. R. H. Cameron: The first variation of an indefinite Wiener inte- 
gral. 


It is shown in this paper that if G(u) is the Wiener integral of the functional F(x) 
over the set S(u) of continuous functions x(t) on 0:51 which vanish at £20 and 
satisfy for all t the inequality x(/) Su(é), then under suitable smoothness conditions 
on F(x) and u(i) and 3u(/) we have 8G(u) equal to the Wiener integral over S(#) 
of the expression 8F(x) —2 F(x) f,3u'(f)dx(i). Here it is understood that the variation 
éF(x) is to be based on the independent variation 3x(#) when the latter is put equal 
to éu(é). (Received October 13, 1949.) 


48. R. L. Evans: Asymptotic solutions of some linear ordinary dif- 
ferenisal equations containing a parameter. Preliminary report. 


A method of solution used earlier by R. E. Langer (Trans. Amer. Math. Soc. vol. 
36 (1934) pp. 90—106) is generalized. Asymptotic solutions with error terms of the 
order (1/A2**)'^* have been found for the equations y''—A*( Pe (Px)! dui 
2 tp ty Nd VOS x) 70 in which the indices are integers such that m=1, 
$22, J 71, and kozÜ or that m=2, p —1, and J — bo 0, in which latter case a specific 
relation must exist among the coefficients of the ¢’s. The $'s are analytic functions of x, 
énp(0) 40, and V4, is such that MP**o- ya, is an analytic function of x for sufficiently 
small |x| and bounded for all sufficiently large |A|. The method can be extended to 
certain equations in which the order is larger and/or the indices m and p have values 
other than 1 and 2. As m is increased the number of supplementary conditions on the 
$ coefficients is also increased, (Received October 22, 1949.) 


49. Abraham Franck: On analytic funcitons of bounded type. 


Extending results of A. Wishard (Duke Math. J. vol. 9 (1942) p. 663) the author 
obtains criteria for an analytic function to be of bounded type (B.T.) in 8t(z) =x>0: 
f(e) is of B.T. in x>0 if and only if there exists either (i) a sequence of circles Cy 
which exhausts x>0 such that ffc,(log *+{f(z)| /| 1i2-z| 2dxdy S MR», M=const., Re 
radius of Ca; or (ii) a sequence of circles C, center on x-axis passing through x= ps, 
3 1/ps, lim pa» © such that ffot(log *|f(z)| /| 1--z| (dxdy/x) S M log pn. By means 
of these results, extensions of criteria of A. Ostrowski and R. Nevanlinna are obtained 
for an analytic function to be of B.T. in a simply-connected region R possessing the 
following property: if 10—4(z) maps R conformally onto [se] « 1, two positive con- 
stants c; and ¢ exist such that as|e'()| S Cs. The analytic function f(s) is of B.T. 
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in R if and only if there exists either (i) some sequence of regions D, which exhausts 
R and a point z*a on the boundary of R such that //»,(log +|f(@)|/|a—s| 3dxày 
S M/d,, d, the Fréchet distance of the boundary of D, to the boundary of R; or (ii) 
some sequence of regions D* which exhausts R auch that f//ps(log *|f()| /da(z))dxdy 
S M/d,, d.(z) is the distance of the point z from the boundary of R. Several applica- 
tions are given. (Received October 13, 1949.) 


50. Jacob Korevaar. A theorem on power series with partial sums 
which are free of zeros $n a sector. 


If no partial sum of a formal power series (1) 2,63" has a zero in the sector largs] 
Sa (a>0), then (1) represents an entire function of order zero. This theorem extends 
and improves results of L. Weisner for «7 x/2 (Bull. Amer. Math. Soc. vol. 47 (1941) 
pp. 160-163) and of O. Szász for am x/2 (Bull. Amer. Math. Soc. vol. 49 (1943) pp. 
377-383, Theorem II). It is first proved that (1) converges for some s £0. Suppose that 
on the contrary lim sup (Cp | al Wk) = c, For the values of s for which Ca & Calk <n), 
fal) (14 +++ an pa, CP +++ Haoa, Ca) unl, boundedly and hence uni- 
formly in larg tl Sa-—n, &« |i] Xd (n, 9, d 50). In particular | {fa(t) }*<2"(n> no 

on the interval 1 $2 $10 of length 9. Hence by Tchebycheff’s inequality inf eoi 
S2-121(4/(b—a)]" sup lec] , applied to g(t) » Re HAOS i and Im {fat}, a=1, 
b=10, as must be zero, which is absurd. But if (1) converges for some 20, R. 
Jentzsch’s theorem on the zeros of partial sums implies that (1) converges every- 
where. Finally, F. Carlson's results on the zeros of the partial sums of entire functions 
of positive or infinite order (Arkiv. fór Matematik, Astronomi och Fysik vol. 35A 
(1948) no. 14) imply that (1) represents an entire function of order zero. The theorem 
remains true if for every n there is a sector larg 2—¢n| Sa (a0 independent of s) 
in which 91a 13 has no zero. (Received October 13, 1949.) 


51. M. J. Norris, M. L. Slater, and C. J. Thomas: Funcitonal in- 
equalities suggested by game theory. Preliminary report. 


The main results are: 1. If (1) f(x) is nondecreasing and continuous in (— c, œ), 
(ii) p() is nondecreasing in [0, 1], (iii) a(£)C- LO, 1), (iv) fidt — b, and F(x) denotes 
fof da, then Sof 'cbdidt e; F[p(0-4-)& ]/ e (0 4-) when £(0+) +0 and 2@&f(0) when 
p(0+) 0. 2. If (i) f(x) is continuous and /tfdx/x is nondecreasing in (— ©, œ), (ii) 
P) is nondecreasing in [0, 1] and 20, (iii) a(C-L(0, 1), (iv) ffadt=0, then 
Sef Sebdiat20. 3. H (3) f(x, y) is continuous in the (x, y)-plane (ii) f(x-+h, y-+k) 
—f(x--h, y) f(x, y--E) +f, y) 20 for all x, y, h k, (ii) p(s) nondecreasing in [0, 1] 
and q(f) nondecreasing in [0, 1], (iv) a())C Z(0, 1), BELO, 1), (v) f ads= f, pdi 
=0, then. /Uffa(s)BOFUapds, fpqdt)dsdt=0. Continuity restrictions on f(x) and 
J(x, y) can in general be weakened, but with a loss in compactness in stating the final 
results. Various partial converses have been proved. (Received November 2, 1949.) 


52. W. T. Scott: The reciprocal of a continued fraction. 


In this note it is shown that the power series-continued fraction correspondence 
P(x) 21+ D caz’ --K(a4x*»/1), where am-1=@m, a positive integer, implies the 
correspondence 1/P(x)~1+K(b,x%/1) if and only if there exist parameters hp such 
that 3; «255, den = Jas i(Pas — 1), Gonzi (ra 3-1). In this case the 6, are obtained 
from the a, by replacing each hp by —Ay. The result, which includes a theorem of 
Stieltjes, yields several new continued fraction expansions. (Received October 13, 
1949.) 
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53. I. E. Segal: An extension of Plancherel’s formula to separable 
unimodular groups. 


Any complex-valued function on a separable unimodular locally compact group 
which is square-integrable relative to Haar measure has the integral of the square of 
its absolute value equal to the integral over a certain measure apace of the square of 
the relative norm (at each point of the space) of the Fourier transform of the function. 
The “relative norm” referred to is that defined by von Neumann for operators in 
factors, and the Fourier transform is defined through the use of the von Neumann 
reduction theory, together with a limiting process. The measure space in question has 
its measure ring isomorphic to the Boolean ring of closed linear manifolds in L(G) 
invariant under both left and right translations, and the measure on it is unique 
modulo the normalization of the relative norms. Use is made of a certain countably- 
additive unitarily-invariant non-negative-valued function t defined, on the projec- 
tions in the weak closure L of the algebra generated by the left regular representation, 
by the equations w(P) = ||f||? if P is convolution by the element f of L4(G), and w(P) 
x: c) otherwise. Any projection in L is the least upper bound of projections in L on 
which w is finite, and it results that factors of type III do not occur in the reduction 
of L with respect to its center, (Received October 12, 1949.) 


54. E. F. Trombley: Extension of M. Riesz’s theorem on Hilbert 
transforms to functions of two varsables. 


Here the methods of K. Sokól-Sokolowski (Fund. Math. vol. 34 (1947) pp. 170- 
177) are used to show that if f(x, y) is a function in L(— « «x, y< œ) (p>1), then 
the Hilbert transform Hf of f satisfies a relation of the form || Hfll, s X;||f||» where Kp 
is a function of p alone. In the course of the proof it is shown that: If f(x) is a function 
in L(— o «x« «)(p»1), then the function f(x) esup s> | [-2--/,) (x -0/0)di| 
satisfies the inequality: ||7 ||» s 45]|/|l» where Ap is a function of alone. This result is 
extended to functions of two variables and then used to obtain the above result on 
Hilbert transforms. (Received October 13, 1949.) 


55. J. L. Ullman: A mapping property of schlicht functions. 


The mapping property that is proved in the article holds for the normalized ex- 
terior mapping function of a simple analytic curve. Let C be a simple analytic curve 
in the s plane and designate its exterior by D. The normalized exterior mapping 
function of C is the analytic function w=f(s) which is uniquely determined by con- 
ditions that (i) it is regular in D except for a simple pole at s= ©, (ii) its power series 
expansion about s= œ has the normalization ww 2--a--b/z-- - - * ; and (iii) it maps 
D ina 1-1 manner onto the exterior of a circle Z, |w| =p. Theorem I. Let C bea simple 
analytic curve, and designate its exterior by D. Let f(z) be the normalized exterior 
mapping function of C. Let o be a circle whose interior lies in D and with center at so. 
Then F(z) =f(s)/(s—s0) maps e onto a curve in the w plane that is star-shaped from 
the point w=0, If o is a circle containing C, then the function f(s) maps o onto a curve 
in the w plane that is starshaped from the point #=0. The first part of this theorem 
gives part of the domain in which the ratio of two schlicht functions is again schlicht. 
The second part provides a complement to the result stated in problem 317, section 
III of Aufgaben und Lehrsüize aus der Analysis by Pólya and Szegd. (Received October 
13, 1949.) 
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56. Bethuhne Vanderburg: A linear combination of Cesdro and 
Holder summability methods. Preliminary report. 


Let Ha, Ca denote the Holder and Cesàro summability methods of order a, H%, 
C? the nth Hilder and Cesàro transformations of any sequence [sit 'The following 
are proven. First, for real values of a> —1 excepting 0 and 1, the summability method 
[Ca— T(a-+1)He |] [1 — T(a--0]^ is equivalent to the method Hay. Secondly, if 
a —1 and if {sa} is limitable-Hay to s, then lim sup... (inf) [Cz—3] 
»]im sups.« (inf) T(a-4-1) [H2 —5]. (Received November 18, 1949.) 


APPLIED MATHEMATICS 
57. Herbert Jehle: Two component wave equations. 


In the case of vanishing electromagnetic potentials d, «0, the relativistic second 
order Schroedinger-Klein-Gordon equation can be satisfied by iterating the equation 
y'(8/8x* — tox) =ny*, Y*=conjugate complex of y, » is a real constant, where the 
‘have tosatisfy (yy) /2 = — g^ 1 with gas 41, gH = gt gan — 1, The latter 
equation has, apart from equivalence transformations, two essentially different types 
of solutions by 2X2 matrices, that is, y°, the matrix with first row 0, —1 and second 
row 1, 0; y!, the matrix with first row 7, 0 and second row 0, 4; y?, the matrix with 
first row 0, 1 and second row 1, 0; 4?, the matrix with first row 1, 0 and second row 
0, —1; and the conjugate complex of these matrices. If the potentials 4$, »*0, such a 
Lorentz covariant two-component wave equation is no longer covariant with respect 
to coordinate reflections. If the first type of solutions y* describes the motion of a 
positive charge in a given potential ¢,, the second type describes that of a negative 
charge. The equation permits the definition of a real current four vector whose 
divergence vanishes identically by virtue of the wave equation. Gauge invariance is 
satisfied, and the superposition principle holds, but with arbitrary real coefficients. 
The relation of this equation to a real 4 component equation is analyzed by J. Serpe, 
Physical Review vol. 76 (1949) (in print). (Received October 25, 1949.) 


58. M. Z. Krzywoblocki: On the extension of the Kolmogoroff theory 
of turbulence to compressible fluids. 


Kolmogoroff's theory of locally isotropic turbulence proposed originally for an 
incompressible fluid was extended to flows of a compressible fluid. The following four 
equations were taken into account: equation of motion, conservation of mass, state, 
and energy. The first and second similarity hypotheses were extended to cover the 
domain of compressible fluids. The conclusions derived from the reduced equations of 
motion and energy show a full agreement with the similarity hypotheses. (Received 
October 10, 1949.) 


59. B. R. Seth: Finite elasto-plastic rotation of a cylinder. 


In a previous paper it has been shown that, for a first approximation, both the 
plastic flow and deformation theories give similar results for the torsion of a circular 
cylinder. A second approximation, obtained by using finite deformation, has revealed 
that, unlike the plastic flow theory, the deformation theory gives discontinuities in the 
stresses across the elasto-plastic boundary, and hence cannot be expected to give satis- 
factory results. This method is now extended to treat the finite elasto-plastic rotation 
of a circular cylinder, (Received October 7, 1949.) 
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60. S. S. Shü: On Taylor-Maccoll's equation. II. An analytic for- 
mula of the solution $n a series form. 


The existence theorem of conical flows with an attached conical shock wave was 
established mathematically some time ago by the author. The present note is to give 
an analytic solution of Taylor-Maccoll’s equation when the tangential component of 
the flow velocity at the solid cone is prescribed. Because of the singularity inside 
the solid cone, a series expansion in terms of the semi-apex angle from the axis of the 
solid cone in general does not converge in the whole domain concerned. A transforma- 
tion is performed so that the solution in series form is valid for the whole domain 
between the solid cone and the shock wave. Explicit formulas up to seven terms are 
worked out. Results are compared with Kopal's recent refined numerical calculations 
for the cone at Massachusetta Institute of Technology in excellent agreement. (Re- 
ceived October 13, 1949.) 


614. L. A. Zadeh: An application of Fourier transformation to the 
solution of linear differential equations with variable coefficients. 


A method developed by the author for the analysis of linear variable networks 
(Frequency analysts of variable networks, Dissertation, Columbia University, 1949) can 
be applied with advantage to the solution of a wide class of linear differential equa- 
tions. Consider L(5;2)y(1) = K(p;Hx() where p=d/dé; L and K are linear operators; 
x() is a prescribed function of time (x(t) = 0 for 1 «0), and y(#) and all of its derivatives 
are zero for #<0. Define W(, £) as the solution corresponding to x(t) = 6(¢—£) (Dirac's 
delta function). We have WG, £) - K*(5; QG(I, £) (p=d/dt, K* adjoint of K) where 
G(t, £) is Green's function for L(5; #) corresponding to the above conditions on y. De- 
fine the system function of the given equation as H(jw; 1) «f^ WE Dew Hag, 
Define the bi-frequency system function as T(jw; ju) =f" (ju; t)e dt. It is shown 
that y() = Q)71/7 H(jw; 1) X (jw)ei*tdw and- Y(jw) — f T (iw; ju)X(ju)du where 
AX(fw) and Y(fw) are the Fourier transforms of x(t) and y(t), respectively. It is also 
shown that H(jw; i) satisfies a linear differential equation in ¢ of the same order as 
L(p; t). This equation is formally solved for cases where the coefficients of the given 
equation are either slowly varying functions of time or where they oscillate in the 
neighborhood of their mean values. (Received October 10, 1949.) 


GEOMETRY 
62. M. H. M. Esser: Self-dual posiulates for projective geomeiry. 


Usually projective geometry is founded on non dual postulates, in which points and 
lines are fundamental concepts, whereas planes are defined as certain loci of points. 
Thus the duality between points and planes, which is to be so important later on, is 
not apparent in the postulates. The author gives a self-dual system of five postulates 
for n-dimensional geometry, in which points and hyperplanes are fundamental, 
whereas lines and planes of less than #—1 dimensions are defined in a self-dual defini- 
tion. For a space of three dimensions, the number of postulates reduces to four, and 
they form a system equivalent to the system of postulates found on pages 16 and 24, 
vol. I, of Projective geometry by O. Veblen and J. Young. The author has simplified 
certain results by Karl Menger. The details will be published in Duke Math. J. (Re- 
ceived October 13, 1949.) 
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LOGIC AND FOUNDATIONS 
63t. A. R. Schweitzer: Concerning insirumenis and insirumenialism. 


The author describes “instrument” as a means used to attain an end. Discrimina- 
tion is made between natural and artificial instruments (extension of natural instru- 
ments). The hand is a natural instrument for grasping (prehension). From the hand 
as an instrument of prehension transition is made to discrimination between right and 
left hands with application, by abstraction, to the foundations of geometry. Any 
theory dealing with instrument as a leading concept is termed “instrumentalism.” In 
this connection reference is made to Bergson’s creative evolution, Whitehead's process 
and reality, and John Dewey’s empiricism as revealed in his Studies tn logical theory 
(Chicago, 1903), Essays in experimental logic (Chicago, 1916), Creative intelligence 
(New York, 1917), and The quest for certainty (Gifford Lectures, New York, 1929). 
Reference is also made to the Bridgewater Treatises, Treatise IV: The hand by Sir 
Charles Bell (London, 1834). (Received October 17, 1849.) 


64t. A. R. Schweitzer: On a relation between relativity and quantum 
theory. 


After a survey of treatises on relativity and quantum theory the author concludes: 
relativity and quantum theory represent, at least in their present state, divergent 
lines of development in the evolution of physics; these lines may, however, be so inter- 
preted as to permit motivation by a common concept of energy. (Received October 
7, 1949.) 


TOPOLOGY 


651. R. H. Bing: A necessary and sufficient condition that a topologi- 
cal space be metrizable. 


A regular topological space S is metrizable if and only if there is a sequence Gi, 
Gs, * * * such that (1) Gs is a collection of open subsets of S such that the sum of the 
closures of any subcollection of G; is closed and (2) for each point p and each open 
set D containing $ there is an integer n(5, D) such that an element of Gap, p) contains 
p and each element of Gap. p; containing p is a subset of D. Arn example is given show- 
ing that condition (2) above cannot be changed to (2^) for each point $ and each open 
set D containing f there is an integer n(p, D) such that an element of G,(,5) contains 
f and is a subset of D. The above result is a generalization of the notions of perfect 
screenability [Bull, Amer. Math. Soc. Abstract 55-7-421] and perfect separability. 
(Received October 11, 1949.) 


66i. S. S, Chern and S. T. Hu: Parallelisability of principal fibre 
bundles. 


A necessary and sufficient condition is given that a principal fibre bundle is 
parallelisable. The method is based on the examination of the parallelisability of the 
parts of the bundle over the skeletons of successive dimensions of the base space. If 
the bundle is (s—1)-parallelisable, the »-dimensional obstruction elements form a 
coset W^(W)C- HMB, «v 3(G))/ P*(B, «,1(G)), where B is the base space, G the refer- 
ence group, and P^(B, ms_1(G)) the presentable subgroup of the cohomology group. 
W*(8)-0, 5:52, -**, dim B, are then the conditions in question. (Received Sep- 
tember 25, 1949.) 
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671. S. S. Chern and Y. F. Sun: The tmbedding theorem for fibre 
bundles. 


The imbedding theorem of Whitney-Steenrod for sphere bundles is generalized to 
fibre bundles as follows: Let § be a fibre bundle over a finite polyhedron B of dimen- 
sion # as base space. If a principal fibre bundle over A is such that the homotopy 
groups of its total space vanish up to the dimension s inclusive, the bundle is uni- 
versal in the sense that the bundles over B are in one-one correspondence with the 
homotopy classes of maps of B into A. This imbedding theorem is also true, if B is 
a compact metric ANR. It is also extended to the product of fibre bundles, useful for 
the description of the position of one fibre bundle in another. Discussions are given 
for the cases that the reference group is a classical group. (Received September 25, 
1949.) 


68. R. F. Deniston: On the theory of limsis. Preliminary report. 


Application of Zorn's lemma to a partially ordered set, X, which is inductive and 
has the composition property of Moore-Smith (Amer. J. Math. vol. 44, p. 102) as- 
sures that X has at least one maximal element, Wr. A set X having only one maximal 
element will be called an eventual set and said to converge to the limit, Wr. If for 
each point x of a set E is given a nonvoid family of eventual sets = {X} having xas 
the Wy point, a structure is defined by using as an arbitrary neighborhood Ny (x) 
the set of all points y for which y az >ay for each ay and XE X. If all eventual sets on 
E are isomorphic each to each, the structure given is a uniform structure. Derived 
eventual sets not originally given may be constructed as follows: For families of points 
(a,] in E and such that to any a, are related an X1 and Xz such that 3a, C Xi, 
Gg! Xs, Gy 2 x,0. 71,05. Then the eventual set Y given by {+++ Dap: >x, Gs 
>x, 4r >- } has a Wy (by Zorn's lemma), which may correspond to no point in 
E. Regarding a point as given by the collection of eventual sets having it as a W- 
point an extension of the original space is obtained. (Received October 22, 1949.) 


69. F. A. Valentine: Arcwtse convex sets. 


An arc is said to be convex if it lies in the boundary of its convex hull. A set S is 
said to be arcwise convex, if each pair of points in S can be joined by a convex arc in S. 
Theorem 1. Each component of the complement of a bounded closed arcwise convex set in 
Es (the plane) is arcwise convex. Let x be a point in aset TC Es which has the property 
that each point in T can be joined to x by a convex arc lying in T. Designate the set of 
all such points x by K. Theorem 2. If T is a simply connected continuum in Es, then 
K ds a simply connected arcwise convex set. Let C be a continuum in Es such that each 
pair of points x and y in C lies in a subcontinuum of C contained in one of the half- 
planes determined by the line passing through x and y. Then Theorem 1 holds for C. 
Theorem 1 is a generalization of a corresponding theorem proved by Horn and 
Valentine for L sete. (Received October 12, 1949.) ’ 


J. W. T. Younes, 
Assoctate Secretary 


THE NOVEMBER MEETING IN PASADENA 


The four hundred fifty-second meeting of the American Mathe- 
matical Society was held at the California Institute of Technology, 
Pasadena, California, on Saturday, November 26, 1949. Approxi- 
mately 130 persons attended, including the following 98 members of 
the Society: 

W. G. Bade, M. M. Beenken, E. F. Beckenbach, E. T. Bell, Richard Bellman, 
H. F. Bohnenblust, S. G. Bourne, Herbert Busemann, W. D. Cairns, A. B. Coble, 
F. E. Cothran, F. G. Creese, J. H. Curtiss, Tobias Dantzig, P. H. Daus, J. E. Denby- 
Wilks, C. R. De Prima, R. J. Diamond, S. P. Diliberto, R. P. Dilworth, Avron 
Douglis, Roy Dubisch, C. L. Dunsmore, L. K. Durst, R. H. Edwards, Arthur Erdélyi, 
Harley Flanders, G. E. Forsythe, A. L. Foster, W. B. Fulks, W. H. Glenn, G. E. 
Gourrich, J. W. Green, Hugh Hamilton, A. R. Harvey, E. M. Henderson, M. R. 
Hestenes, P. G. Hoel, Alfred Horn, D. G. Humm, H. D. Huskey, D. H. Hyers, Rufus 
Isaacs, E. H. Jacobs, Glenn James, R. C. James, P. B. Johnson, William Karush, 
Samuel Karlin, A. J. Kempner, R. M. Lakness, Cornelius Lanczos, G. E. Latta, 
M. B. Lehman, D. H. Lehmer, Jack McLaughlin, A. B. Mewborn, C. B. Morrey, 
J. W. Odle, L. J. Paige, R. P. Peterson, R. S. Phillips, W. T. Puckett, H. R. Pyle, E. 
S. Quade, W. C. Randels, I. S. Reed, Julia Robinson, R. M. Robinson, E. B. 
Roessler, J. B. Rosser, Herman Rubin, Abraham Seidenberg, Max Shiffman, Harold 
Shniad, I. S. Sokolnikoff, R. D. Specht, D. V. Steed, Robert Steinberg, E. G. 
Straus, Irving Sussman, J. D. Swift, A.E. Taylor, F.G. Tricomi, A. W. Tucker, R. L. 
Vaught, S. S. Walters, Morgan Ward, W. R. Wasow, W. W. Weber, P. A. White, R. 
L. White, A. L. Whiteman, W. M. Whyburn, R. L. Wilder, G. M. Wing, František 
Wolf, J. R. Ziegler. 


'There was a general session in the morning for contributed papers 
and for the invited address On the stability of solutions of differential 
equations, by Professor Richard Bellman of Stanford University. Pro- 
fessor Arthur Erdélyi presided. In the afternoon there were two sec- 
tional sessions, at which Professor D. H. Hyers and A. L. Foster pre- 
sided. 

Following the meetings, those present were guests of the Depart- 
ment of Mathematics of the California Institute of Technology at a 
tea at the Athanaeum. 

Abstracts of papers presented at the meeting follow. Those ab- 
stracts whose numbers are followed by the letter “#” were presented 
by title. Mr. Schweitzer, whose abstract was introduced by Professor 
Gabor Szegó, died on January 28, 1945. 


ALGEBRA AND THEORY OF NUMBERS 


70. Roy Dubisch: A note on isotopy. 


The purpose of this note is to point out that isotopy of algebras may be handled 
from the point of view of a type of equivalence of matrices X = (Xy) where Xj; is a 
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linear form in xy, +++, Xa with coefficients in F. X and Y are called isotopic if X can 
be obtained from Y by a finite sequence of the usual three operations of ordinary 
equivalence theory plus the interchange of x; with x, the replacement of x, by 
2, +x, and the multiplication of x; by any a in F. This technique is applied to show 
that every algebra which is not a zero algebra has an isotope with an idempotent. 
Also, all isotopically commutative and anti-commutative algebras (that is, algebras 
all of whose isotopes are commutative or anti-commutative respectively) are de- 
termined. (Received October 6, 1949.) 


71. L. K. Durst: Apparition of primes in elliptic sequences. Pre- 
liminary report. 


A study of the rank of apparition of primes in elliptic divisibility sequences (Mor- 
gan Ward, Amer. J. Math. vol. 70 (1948) pp. 31-74) was undertaken using lemniscate 
functions. These are the simplest elliptic functions admitting a complex multiplication. 
Computation indicates that for primes of the form p =4k+3 the rank is a divisor of 
+1. This behavior is like that for Lucas’ sequences. But for primes p=4k-+1 no 
simple arithmetical restriction on the rank has yet been found. (Received October 14, 
1949.) 


72. Harley Flanders: Unification of local class field theory. Prelimi- 
nary report. 


The local class field theory is known to be valid for two types of fields: p-adic 
fields and formal power series fields over a finite constant field. In the first case, the 
theory has been developed by both commutative and non-commutative methods; 
however, in the second case, no commutative method has been given. The author 
shows how certain results of Hasse on higher ramification can be used to give a com- 
mon treatment of the fundamental inequality for both cases. Having this, he applies 
the method of Chevalley's thesis to obtain the desired unified treatment. The methods 
are entirely commutative. (Received November 25, 1949.) 


73. Alfred Horn: Sentences which are true of direct unions of algebras 


For the terminology see J. C. C. McKinsey, The decision problem for some classes 
of sentences without quantsfiers, Journal of Symbolic Logic vol. 8 (1943) pp. 61- 
76. ver sentence T corresponding to an algebra may be put in prenex form 
Q, QS es, xn) where the Q'are quantifiers, and the matrix S results from a 
foc mule F in the propositional calculus by replacing in F the variables by equationa. 
We say T' is in prenex conjunctive form if F is in conjunctive normal form. Let 4 bea 
class of similar algebras and suppose T, is an algebra in A for each 4C I. Denote by T 
the direct union of the T,. Theorem: Let T be a sentence which has a prenex conjunc- 
tive form T" in which all equations are negated. Then if T is true of I'; for some 1C, it 
is true of T. If the matrix of T” is a disjunction of inequalities, then T is true of I; for 
some iC T if and only if it is true of T. Theorem: Let T havea prenex conjunctive form 
T' in whose matrix each disjunction contains at most one non-negated equation. Then 
if T is true of T; for each £C I, it is true of T. If the matrix of T” is a conjunction of 
equations, then T is true of T; for each (CC Jif and only if it is true of F. Theorem: If for 
all C71, the algebras T, are the same algebra I" and if T has a prenex form in which no 
universal quantifiers occur, then if T is true of I" it is true of T. These are the only 
results of their kind. (Received October 14, 1949.) 
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74. Robert Steinberg: A geometric approach to the representations 
of the full linear group over a Galois field. II. 


In part I of this paper, a basic set of p(s) irreducible representations of LE (n, q), 
the group of all n-ary linear homogeneous nonsingular substitutions in the Galois 
field G F(q), was determined through some properties of the associated finite geometry. 
In this part, through an application of the generating function technique used by 
Frobenius (G. Frobenius, Berliner Berichte, 1900, pp. 516—534) in his work on the 
symmetric group, the characters of one of these representations, that of degree 
q^ 72/3 are determined explicitly. (Received October 12, 1949.) 


75t. Robert Steinberg: The representations of LH(3, q), LH(A, q), 
F(3, 4), and F(A, 9). 


In this paper, the representations and characters of LE(3, q) and LH(4, q), the 
groups of all third and fourth degree linear homogeneous nonsingular substitutions 
in the Galois field GF(q), are determined, and, from them, those of F(3, q) and F(4, q), 
the corresponding fractional or collineation groups, are deduced. The method con- 
sists of the application of Frobenius' method of induced representations to linear 
representations of suitably chosen subgroups of LH(3, q) and LH(4, q). (Received 
October 12, 1947.) - 


76. A. W. Tucker: Extensions of theorems of Farkas and Stiemke. 


Let S denote a linear subspace of an n-dimensional Euclidean vector space, S* 
the orthogonal complement of 5, and P the “positive orthant" consisting of all 
vectors with non-negative components. Then the following theorem and its converse 
hold: If S intersects P only in vectors whose first k components are zero, then S* con- 
tains some vector of P whose first k components are all positive. For $ «1 this reduces 
to a fundamental theorem of J. Farkas concerning the dependence of one homo- 
geneous linear inequality on others [J. Reine Angew. Math. vol. 124 (1902) pp. 1-27] 
and for b to a theorem of Erich Stiemke concerning positive solutions of a system 
of homogeneous linear equations [Math. Ann. vol. 76 (1915) pp. 340-342]. Let C 
denote the polyhedral convex "cone" consisting of all vectors that can be expressed 
as linear combinations of certain given vectors (finite in number) using non-negative 
coefficients only, and — C* the negative “polar” cone consisting of all vectors that 
make a non-acute angle with every vector of C. Then the theorem stated above and 
its converse hold also when C and — C* are substituted for S and S*, respectively. 
This theorem on cones is closely related to papers on solutions of two-person games 
by H. F. Bohnenblust, S. Karlin, and L. S. Shapley, and by David Gale and Seymour 
Sherman [in a forthcoming Annals of Mathematics Study |. It also has application to 
econometric problems treated by G. B. Dantzig and T. C. Koopmans [in forthcoming 
Proceedings of Linear Programming Conference, Cowles Commission]. (Received 
October 12, 1949.) 


77, A. L. Whiteman: Theorems on quadratic partitions. 


Let f(k) and g(k) denote the number of distinct solutions of the congruences 
x1 --xsak (mod p) and x*--x*e & (mod f), respectively. In the present paper theorems 
of the following type are proved. (1) If is a prime of the form 3n +1, then the value 
of a in the quadratic partition 4p »a!--35? is given by a= —p+ 2 7 , f(s!). (2) If p 
isa prime of the form 7s 4-1, then the value of & in the quadratic partition 4p = ui--7v1 
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is given by 3u=—p+ D075 g(s"). The formula f(k) -1--((484-1)/2), where (m/p) 

- denotes the Legendre symbol, leads at once to Chowla's formula a=1+¢,(4), where 
yh) = a (m/p) ((mt--5)/p) is the Jacobstahl sum. The formula for g(#) is more 
complicated and does not lead to a simple expression for u in terms of the Jacobstahl 
sum. The methods of this paper are based on the theory of cyclotomy. (Received 
September 20, 1949.) 


ANALYSIS 


78. E. F. Beckenbach: On characteristic properties of harmonic 
Junctions. 


A lemma of L. V. Ahlfors is used in proving the following result: If u(x, y) is of 
class C' in a domain D, and for each (xo, yo in D we have fà* f, [ (80/0) 
-F(9u/3y)1]odpd6 — f?*u(3u/an)rd = o(r?), where the integrals are taken over the area 
and circumference, respectively, of the circle with center at (xo, yo) and radius r, 
then u(x, y) is harmonic in D. (Received October 15, 1949.) 


79. S. P. Diliberto: Systems of ordinary differential equations. II. 
Preliminary report. 


The following theorem is established: Let (1) dx;/di - P;(x:, ss, x1) ($1, 2, 3) 
where the P, are of class CÓ tn a neighborhood of T, a solid torus whose surface, S, ts of 
class Ci. Assume (Hi) the vector V — (Pi, Ps, Ps) has no singular points inside T (or on 
S); (Ha) at each point of S, V points inside T; (Hi) there exist surfaces F(x, xs, x3) 
= constant, whose Gaussian curvature is strictly positive in a neighborhood of T, such 
that grad F=oV. Then there exists a unique periodic solution (closed trajectory) of (1) 
inside T; further if T is the topological product S'XE of the 1-sphere S1 with the disc Et 
of center p, then the closed trajectory ts unknotied and homotopic (even isotopic) (inside T) 
to the “center-line” SUX P. of the torus. This is a partial generalization of the Poincaré- 
Bendixson Theorem. Proof—sketch: (1) The curvature condition implies that the 
distance of nearby trajectories decreases (but not that the flow decreases distance of 
representative points on the trajectories). (2) This implies all trajectories entering T 
have the same limit set, which in turn consists of a single trajectory. (3) The tra- 
jectories themselves are used to construct the homotopy. (Received October 26, 
1949.) 


80. R. C. James: Bases and reflexivity of Banach spaces. 


It can be easily shown that a Banach space having a basis {x,} is reflexive if and 
only if: (1) En ax converges if || 3°? a,x,|] is bounded, and (2) lima. |[f]]. 0, 
where irl. is the norm of f on x, x, D +++. By use of these conditions, it is shown 
that a Banach space with an unconditionally convergent basis is reflexive if no sub- 
space is isomorphic with either (c) or 2“) and that the linear functionals {fẹ} which 
with the basis elements {x,} form a biorthogonal set is a basia for B* if no subspace of 
B is isomorphic with J, A Banach space with a basis is reflexive if relative to any 
norm equivalent to the norm of B each linear functional attains its maximum on the 
unit sphere. (Received October 19, 1949.) 


81. R. M. Lakness: Unnecessary singularities of superharmonic 
functions. 
Let T' be a domain in E* and let F be a closed bounded set of zero capacity con- 
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tained in T. Let «(M) be a function superharmonic and bounded below in 7" — T— F. 
'Then there exists a unique function V(M) superharmonic in T' and agreeing with 
u(M) in T’. The values of V(M) on F are given by V(M) =lim infiy wy «(M*), for 
M' on T", M on F. The above theorem is an extension of the classical theorem on 
removable singularities of bounded harmonic functions. It states a corresponding 
property for superharmonic functions which are bounded below. The main tool 
used in the proof is the extension of Kellogg’s uniqueness theorem, which has been 
proved by Professor G. C. Evans (Proc. Nat. Acad. Sci. U.S.A. vol. 33 (1947) p. 
272). (Received October 13, 1949.) 


82t. M. Schweitzer: On the partial sums of second order of the geo- 
meirsc series. 


Szegü proved (Duke Math. J. vol. 8 (1941) p. 559) that the Cesiro sums of 
second order of the geometric series ?.* have a monotonically decreasing real part 
for s=e, 03$ Sv, where sin? (y/2) 20.7, «/2 «y «x. That is, the sine polynomial 
2 Cra, v Sin »$ is positive in the interval mentioned. In the present paper it is 
shown that the number y can be replaced by 22/3; this is the largest number of this 
kind. (Received October 6, 1949.) 


83t. Otto Szasz: On a summation method of O. Perron. 


The following transform of a series Xo a, has been studied by Perron: és (x) 
735-375 Sole] (4-3) * (EHEH) + * (ey — 1)/ (3r —1)). HE dn (x) s 
as x— œ, then it is said that the series Sas has the dona, The main result of this 
paper is that this summability method is more powerful than Cesàro summability of 
order X, The essential tool is an integral representation of the function da (x). (Received 
October 12, 1949.) 


84t. Gabor Szegó: On certain special sets of orthogonal polynomials. 


F. Pollaczek has introduced in three Comptes Rendus notes (vol. 228 (1949) pp. 
1363, 1553, 1998) various remarkable sets of orthogonal polynomials. In the simplest 
case they can be defined by the generating function (1— 36/9) t/r4(1 — ei$) 12718 
where $ «-$(9) — (2 sin 8)7(a cos 6+b), az |b|. They are orthogonal in the interval 
—1 Sx £1, x=cos0, with the weight function (cosh rọ) exp { (2¢—x)¢}. This weight 
becomes zero like exp (—671) as 6—0 and the asymptotic behavior of the correspond- 
ing orthogonal polynomials is “irregular” in a certain sense. A new proof for the ortho- 
gonality relation is given and asymptotic properties are studied. (Received September 
28, 1949.) 


85. A. E. Taylor: Banach spaces of analytic functions. I. 


The following notations are used. A: the set |s| «1 in the plane; M: the class of 
functions f analytic in A; r: a variable, 0 Sr «1; ta(s)=3%; Usf(s) =f(se) (x real); 
T4 (z) =f (r2); Yaf)  (1/nDf((0); BY, g; s) = Poe v«()v«(g)s*; B: a normed linear 
space whose elements are members of A. B may satisfy one or more of the axioms 
Piiy4C- B* (the conjugate space) and ||y,|| is bounded; Pa: B and ||un]| is bounded; 
P,: Us maps B isometrically into B; P4: T, maps B continuously into B, and IIZ] is 
bounded in r. If B satisfies Pj, 1X £ Sb, B is said to be of type Ws. For B of type $t; 
define N(g; r) 5supy | BY, g; r)|, ||f]| 9 1, fEB, gCC 9t. Define B’ as the class of FEA 
with N(F) —sup, N(F; r) « œ. B’ is a Banach space of type % with norm N(F). 
B’ and B"" coincide. Define B° as the class of FE for which lim... BQ, F; r) exists 
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for each fC: B. If B is complete of type 9, B° is complete of type 9f, and a subspace of 
B'. Let B be complete of type % such that lim, || T«f —f|| «0 for each f. Then 
B’ = B? and B’ is equivalent to B*, (Received October 12, 1949.) 


86. S. S. Walters: The space H? with 0 « p «1. 


The space H? is defined to be the class of all functions f=f(s) which 
are regular on the interior of the unit circle and such that 2» | f(re&)| Pda is 
bounded in r on 0 Sr«1. For arbitrary fC R? the “norm of f," ||/||, is defined to be 
Suposei ((1/2x) fè" | |f(re?) | »d6)!/». For the case 1 & f, it is known that said “norm” 
is a norm in the true sense, and that H? is a Banach space. When 0 « p «1 it is shown 
that H is a complete, perfectly separable, linear topological space under the topology: 
UC. Hr is open in case for arbitrary fC- R? it is true Sr »023E[|/ —f«|| <r] lies in 
U. In fact H? is linearly homeomorphic to a closed subspace of L*[0, 2x]. Thus, since 
(L*[0, 2x])*, the space of linear functionals defined on L7[0, 2x], has no elements save 
the zero element, one might suspect the same to be said of the conjugate space of H?, 
namely (H)*. This, however, is not the case, and in fact there exists a countable set 
in (H»)* which serves to distinguish elements of H?, whence weak convergence in H? 
makes sense when 0<$<1. It is shown that if a sequence of elements in H” con- 
verges weakly, then the sequence converges to its weak limit uniformly on all com- 
pact subsets of the unit circle. (Received October 7, 1949.) 


87. Morgan Ward: Note on real continuous tteration. 


The investigations of Fuller and Ward on the continuous iteration of all functions 
steadily increasing in 0 Sx «a (Bull. Amer. Math. Soc. vol. 40 (1934) pp. 688-690 
and vol. 42 (1936) pp. 393-396) and in C? are extended to functions in C* and C*, 
All continuous iterations for functions in these classes are specified, and it is proved 
that no analytic continuous iterations exist for the sub-class of functions regular in 
2 x-Hy along the positive axis 0 Sx «e which are also regular along the positive 
axis. (Received October 14, 1949.) 


88. Frantisek Wolf: Analytic perturbation of operators 4n Banach 
spaces. Preliminary report. 


Let A(8) be a bounded linear operator in a Banach space $8 which depends 
analytically on 0 in a neighborhood N of 6-0. Suppose that 4(0) =A» has uo for an 
eigenvalue with an m-dimensional eigenspace &(0). Then there exists an analytic 
idempotent E(0) such that the range of E(0) is 6(0). For small enough 0, 4(0) has 
eigenvalues u4(8) in an arbitrary small neighborhood of 8:40. Their corresponding 
eigenspaces generate a space €(6) which is also m-dimensional and is the range of 
£(6). It is possible to find fi(6), +--+, fa(@)EB analytic in 0 which generate G(6). 
In general, for m» 1, it is not possible to define them so that all 7,(@) are all eigenfunc- 
tions of 4(6) corresponding to 1(6). The functions u&(0) have in general a branch- 
point at 0 «0. In some special cases the us(0) are all analytic in 6=0 and their coinci- 
dence at 0 =0 is accidental. This is true in particular wherever it is known from the 
special character of A(6) that us(9) are real for real 9. For self-adjoint operators in 
Hilbert space this has been proved by F. Rellich (Math. Ann. vol. 113 (1936) p. 
600). The author has found some conditions for this to occur in Banach spaces. 
(Received October 12, 1949.) 
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APPLIED MATHEMATICS 


89. H. W. Becker: Planar and nonplanar cadences. 


Where et5 =1/(2—e) and ett —etla70, K,—L, if n<4, otherwise K,>L,. The 
music theoretic interpretation is: that K, is the number of cadences of s notes 
(melodies according to distinction of relative and not absolute pitch); while L, is 
the number of planar cadences (having no crossovers in their Puttenham diagrams). 
Nonplanarities cannot arise, 5 «4; and KaD La. The Ka are sums of differences of 
zero; the L, are Laguerre numbers, and also sums of Stirling numbers of the third 
kind, Bull. Amer. Math. Soc. vol. 42 (1946) p. 826. Various other combinatory inter- 
pretations of K, and L, are tabulated. For example, they are the numbers of distribu- 
tions of # men into externally and internally permutable crews, respectively. That is, 
in Ka, c crews may be ranked c! ways; while in La, m members of a crew may be 
ranked m! ways. Under this interpretation, the only overlap is Ka \La=@n, where 
e!9 — exp (et —1). (Received October 12, 1949.) 


90% H. W. Becker: The theory of the world series. 


“As the first game goes, so goes the series.” The truth of this saying (S) in a four- 
win series is attacked combinatorially, and historically as of the 46 series to date. 
The winner of the first game can go on to win the series in 20 ways, or lose it in 15. 
So with the assumption (A) that the series is contested between teams of about equal 
strength and is won by “the breaks,” (S) is 57% true in theory and 63% true on 
the record. However, the series durations have averaged almost a game shorter than 
they should be. This is attributable to departures from (A), and to “human equation” 
(B): any initial losers have a tendency to fall into brooding, and self-defeatism, though 
their remaining chances are better than they think. On the other hand, most of the 
series which go the limit have been won by the initial loser. That is ascribable to the 
“comeback equation” (C): an initial loser who has grimly fought back to eventually 
even terms, has now the greater momentum of victory. These considerations apper- 
tain to a mathematics, enriched to include all the problems of the mind: those of 
morale and gusto, as well as magnitude and order. (Received October 12 1949.) 


91. G. E. Forsythe: Round-off errors in numerical integration on 
automatic machinery. Preliminary report. 


Adapting numerical integration processes to automatic machinery ordinarily in- 
volves replacing a desired sum Ds M ur by the computable sum pe N (uz), where 
N(x) is the nearest integer to us. Large round-off errors R,« VE { (uz) tty) } 
frequently accumulate near points {%’} of “stationary phase” of N(ux) —ws. (H. D. 
Huskey, National Bureau of Standards Journal of Research vol. 42 (1949) pp. 57- 
62). The present author gives an approximate formula for Ra in terms of ( N(uy) —uy] 
and {|Auy|}, valid whenever Au, is a slowly changing function of k. The formula 
explains a posteriori most of the peculiarities of the round-off errors found in Huskey's 
integration of the system $-«y, j= —x on the ENIAC. Let [u] bé the greatest integer 
not exceeding #. The present author proposes a random round-off, whereby any real 
number s e [u]+ is “rounded up" to [u] --1 with probability v, and “rounded down" 
to [u] with probability 1—v. The error r of random round-off is truly a random vari- 
able. Since E(r)=0 and E(r?) —v(1—7) €1/2, simple probabilistic bounds on the 
accumulated error can be given without assuming a distribution for v. Tests with 
I. B. M. equipment indicate that random round-off probably eliminates a priori the 
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peculiarities of round-off found by Huskey on the ENIAC. (Received October 12, 
1949.) 


92. Rufus Isaacs: Transtabilsty flutter of supersonic aircraft panels. 


For certain aero-elastic configurations it is possible to ascertain critical flutter 
conditions from static considerations alone. When the air speed exceeds a certain 
value, statically stable equilibrium—and sometimes equilibrium itself—is no longer 
possible. Such is the case for an aircraft structure panel, buckled by thermal expansion; 
here “one-dimensionalized” to a buckled beam with clamped ends. With no air 
velocity, the beam is the classical Euler column with its discrete set of possible deflec- 
tions of which the first alone is stable. As the velocity increases the first two deflec- 
tions become more alike until at a certain critical speed they coincide. At higher speeds 
they do not exist. As the only possibilities for the beam to be stationary lie in the un- 
stable higher modes, it is reasonable to assert that flutter now occurs. A rigorous 
proof is impossible without entanglement in the complicated dynamic analysis, but 
strong plausibility arguments exist. For example, if the continuous beam is replaced 
by a discrete model made of hinged bars with only two degrees of freedom, there are 
only two eigenvalues. When the critical speed is exceeded both—and hence all possi- 
bility of equilibrium—disappear. Flutter is certain and this model should behave like 
the continuous one. (Received August 22, 1949.) 


93. Cornelius Lanczos: An iterative solution of Fredholm's integral 
equation. 

Consider Fredholm's integral equation y—AKy=¢. Instead of mere iterations 
which would result in the Liouville-Neumann series, the method of “minimized itera- 
tions" is employed. This process assigns to any given $(x) and K(x, £) a sequence of 
biorthogonal functions ¢; and f (¢.¢7 =0 for $»sk), together with a sequence of poly- 
nomials $,(x), generated by a recursion relation between three consecutive p, The 
roots of these polynomials converge to the reciprocal characteristic values 1/A; if 
these values exist, otherwise they converge to zero. À certain linear combination of 
the ¢,(x) converges to the solution of the given integral equation. The same combina- 
tion, taken for X-1/u; where u, is the jth root of the last polynomial p(x) still 
evaluated (j fixed, m steadily increasing), converges to the characteristic solutions 
(defined by ¢=0) if these solutions exist. Numerical examples demonstrate the excel- 
lent speed of convergence for not too large values of A. The convergence remains valid 
for arbitrarily large 4, although the number of iterations practically demanded be- 
comes eventually excessive. (Received October 11, 1949.) 


GEOMETRY 


94, Abraham Seidenberg: The hyperplane sections of normal varie- 
ties. 


Let V/k be a normal variety in n-space of dimension r 2,2 defined over an infinite 
ground-field &, and suppose further that the field of rational functions on V/k is 
separably generated. Then almost all hyperplane sections of V/k will also be normal, 
that is, the section by the hyperplane aovo+ - - - --Gaxa «0, ask, will be (irre- 
ducible and) normal provided the a; satisfy a certain proper algebraic inequality over 
k. The above separability assumption may be removed upon restricting the a, to k^; 
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also, with appropriate formulation, the finiteness condition on & proves unnecessary. 
The more general case ofan arbitrary linear system of V,.;'s on V/k, which yields 
an analogue to the theorem of Bertini on the variable singular points of a linear system 
of varieties (obtained by replacing the word sssgular with the work non-normal), is 
left to a second paper. (Received October 10, 1949.) 


LOGIC AND FOUNDATIONS 


95. J. D. Swift: Analogues of the Sheffer stroke $n the ihree-valued 
case. 


There are precisely ninety commutative analogues of the Sheffer stroke (binary 
independent generating functions) in the three-valued case. These lie in fifteen classes 
each consisting of six conjugate functions. (Received October 12, 1947.) 


STATISTICS AND PROBABILITY 


96t. C. J. Everett and S. M. Ulam: On an application of a cor- 
respondence between mairices over real algebras and matrices of positive - 
real numbers. 


Since the representation of real numbers by pairs (a, b) of positive reals has an 
essentially matric character under addition and multiplication, it is possible to define 
a (many-one) correspondence from the set of all 25X 25 matrices consisting of n? blocks, 
each of form Gu —an» 0, a: 70570, to the set of all real nx» matrices, which pre- 
serves (+) and (-). Thus, ring operations on matrices whose elements belong to a real 
linear associative algebra admitting a faithful real matrix representation (C. C. 
MacDuffee, On the independence of the first and second matrices of an algebra, Bull. 
Amer. Math. Soc. (1929)) may bereplaced by operations on corresponding real posi- 
tive matrices of higher order. Similar remarks apply to matrix X vector operations. 
The advantage for characteristic vector problems lies in the fact that a positive matrix 
may be realized as the first moment matrix of a multiplicative system (Bull. Amer. 
Math. Soc. Abstracts 55-1-41, 42, 43), and as such, its "first" characteristic vector 
represents the limit population of the system, which may be investigated by “Monte 
Carlo” methods (cf., for example, N. Metropolis, S. Ulam, The Monte Carlo method, 
Journal of the American Statistical Association vol. 44 (1949) pp. 335—341). Re- 
ceived October 13, 1949.) 


971. C. J. Everett and S. M. Ulam: Random walk and the Hamilton- 
Jacobi equation. 


Let v(x) be a continuous function on (— ©, + œ) with 0 <a av(x) €1/2. For every 
subdivision s of norm d, a random walk is defined, in which a particle moves, every d* 
seconds (left or right with equal probability), a distance d: v(x, 1) when on the sub- 
division interval (x,u, x,). The probability W,(s, x, Ax of the particle being in 
(x, x-l-Ax), t seconds after starting from z, has limit W(s, x, t)Ax — [Ax/v(x) Q«i)!!1] 

exp ( —S'(s, x)/21) as d-0, where S(s, x) = | frdy/v(y)| i is the S function of optics satis- 
fying the Hamilton-Jacobi equation 5; — 1/v*(s). Setting W, 0, we obtain S*(s, x) =2. 
Thus, the positions x which are at maximum probability density at time /, in the 
limiting case of random walk with variable length of step, coincide with the positions 
at which light would arrive from the same origin s in time i!/?, Extension to higher 
dimensions, now under way, may open problems of mechanics, via the Hamilton- 
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Jacobi equation, as well as optics itself, to statistical sampling by high speed machine 
techniques. (Received October 13, 1949.) 


TOPOLOGY 
98. R. L. Wilder: Local orsentability. 


Properties called local oriemtability were defined on p. 281 of the author's Col- 
loquium book Topology of manifolds (hereafter referred to as "T. M." The word 
“connected” should be inserted before “neighborhood” in Definition 6.1 and "non- 
empty" before the second “open” in D”). An extensive study of these properties is 
made in this paper, they being found to be equivalent in an s-gm to each of six 
other properties (one of these being an axiom of Cech; cf. T. M., 289 Bibl. Comm, $6). 
Applications are made to orientability of s-gms. For example, in a locally orientable 
"-gm concurrent orientations of the local »-gms may be introduced so as to define 
orientability of an s-gm by means of an indicatrix and chains of ti-gms analogous 
to the chains used by Poincaré in studying torsion (Proc. London Math. Soc. vol, 32 
(1900) pp. 277-308) and in fashion similar to the classical orientability definition. 
From this definition a new proof of Begle's theorem (p. 251, T. M.) may be obtained. 
For connected n-gms, it should be noted that the assumption of local orientability 
implies conditions D and D' of T. M. (pp. 250, 254). (Received October 12, 1949.) 


i J. W. GREEN, 
Associate Secretary 


THE INFLUENCE OF J. H. M. WEDDERBURN ON THE 
DEVELOPMENT OF MODERN ALGEBRA 


It is obvious that the title of this paper is presumptuous. Nobody 
can give in a short article a really exhaustive account of the influence 
of Wedderburn on the development of modern algebra. It is too big 
an undertaking and would require years of preparation. In order to 
present at least a modest account of this influence it is necessary to 
restrict oneself rather severely. To this effect we shall discuss only the 
two most celebrated articles of Wedderburn and try to see them in 
the light of the subsequent development of algebra. But even this 
would be too great a task. If we would have to mention all the conse- 
quences and applications of his theorems we could easily fill a whole 
volume. Consequently we shall discuss only the attempts the mathe- 
maticians made to come to a gradual understanding of the meaning 
of his theorems and be satisfied just to mention a few applications. 

For the understanding of the significance that Wedderburn’s 
paper On hypercomplex numbers (Proc. London Math. Soc. -(2) vol. 
6, p. 77) had for the development of modern algebra, it is imperative 
to look at the ideas his predecessors had on the subject. 

The most striking fact is the difference in attitude between Ameri- 
can and European authors. From the very beginning the abstract 
point of view is dominant in American publications whereas for 
European mathematicians a system of hypercomplex numbers was by 
nature an extension of either the real or the complex field. While the 
Europeans obtained very advanced results in the classification of their 
special cases with methods that were not well adapted to generaliza- 
tion, the Americans achieved an abstract formulation of the problem, 
developed a very suitable terminology, and discovered the germs of 
the modern methods. 

On the American side one has first of all to consider the very early 
paper by B. Peirce, Linear associative algebras (1870, published in 
Amer. J. Math. vol. 4 after his death). In it he states explicitly that 
mathematics should be an abstract logical scheme, the absence of a 
special interpretation of its symbols making it more-useful in that the 
same logical scheme will in general reflect many diverse physical 
situations. Although it is true that he was actually able to introduce 
and treat only the general linear associative algebra over the complex 
field, yet he clearly had in mind much more, and it is his attitude 
which leads to the modern postulational method. In his treatment of 
algebras he gives a rational proof of the existence of an idempotent 
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and employs the well known Peirce decomposition of an algebra rela- 
tive to an idempotent. His results were put in a more readable form 
by H. E. Hawkes, On hypercomplex number systems (Trans. Amer. 
Math. Soc. vol. 3 (1902)). A correct definition of an associative 
algebra over an arbitrary field seems to be given for the first time by 
L. E. Dickson, Definitions of a linear assoctative algebra by inde- 
pendent postulates (Trans. Amer. Math. Soc. vol. 4 (1903)). 

At that time several European mathematicians, Molien, Cartan, 
and Frobenius, had already arrived (always for the special cases of 
the real or complex field) at many of the results of the modern theory. 
The notions radical, semisimple, simple had been found and the de- 
composition of a semisimple algebra into simple components proved. 
Cartan derived the structure of the simple algebras but apparently 
without recognizing the possibility of stating the result in the very 
simple form Wedderburn discovered. It has to be borne in mind 
that all these authors had the complex field at their disposal and 
were therefore never hestitant to use roots of algebraic equations. 
This fact made a direct generalization of their results to arbitrary 
fields very difficult. 

Wedderburn succeeded in a synthesis of these two lines of investiga- 
tion. He extended the proof of all the structural theorems found by 
the European mathematicians for the special cases of the real and 
complex field to the case of an arbitrary field. By the effective use of 
a calculus of complexes (analogous to that which had been used in 
the treatment of finite groups) combined with the Peirce decomposi- 
tion relative to an idempotent, he was able to prove his theorems 
within the given field and in a simpler way. He was the first to find 
the real significance and meaning of the structure of a simple algebra. 
We mean by this the gem of the whole paper, his celebrated: 


“THEOREM 22—Any simple algebra can be expressed as the direct 
product of a primitive algebra and a simple matric algebra.” 


In his terminology primitive algebra means the same thing as what 
we now call division algebra. 

This extraordinary result has excited the fantasy of every algebraist 
and stili does so in our day. Very great efforts have been directed 
toward a deeper understanding of its meaning. 

In the first period following his discovery the work consisted mainly 
in a polishing up of his proofs. But the fundamental ideas of all these 
later proofs are already contained in his memoir. 

In the meantime a great change in the attitude of the algebraists 
had taken place. The European school had discovered the gréat ad- 
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vantage of the abstract point of view which had been emphasized so 
early in the American school. The algebraists began to analyze 
Wedderburn's methods and tried to find an even more abstract back- 
ground. 

'The essential point in the definition of an algebra is that it is a 
vector space of finite dimension over a field. This fact allows us to 
conclude that ascending and descending chains of subalgebras will 
terminate. After the great success that Emmy Noether had in her 
ideal theory in rings with ascending chain condition, it seemed reason- 
able to expect that in rings where the ascending and the descending 
chain condition holds for left ideals one should obtain results similar 
to those of Wedderburn. As one of the papers written from this point 
of view we mention E. Artin, Zur Theorie der hyperkomplexen Zahlen 
(Abh. Math. Sem. Hamburgischen Univ. vol. 5 (1926)). In 1939 C. 
Hopkins showed (Rings with minimal condition for left tdeals, Ann. of 
Math. vol. 40) that the descending chain condition suffices. 

Independently of Wedderburn’s paper, the representation theory 
of groups had been developed under the leadership of Frobenius, 
Burnside, and I. Schur. These mathematicians had been very well 
aware of the connection with algebras, a connection given by the 
notion of a group ring. But little use was made of the theory of alge- 
bras. 

It was Emmy Noether who made the decisive step. It consisted in 
replacing the notion of a matrix by the notion for which the matrix 
stood in the first place, namely, a linear transformation of a vector 
space. 

Emmy Noether introduced the notion of a representation space— 
a vector space upon which the elements of the algebra operate as 
linear transformations, the composition of the linear transforma- 
tions reflecting the multiplication in the algebra. By doing so she 
enables us to use our geometric intuition. Her point of view stresses 
the essential fact about a simple algebra, namely, that it has only one 
type of irreducible space and that it is faithfully represented by its 
operation on this space. Wedderburn's statement that the simple 
algebra is a total matrix algebra over a quasifield is now more under- 
standable. It simply means that all transformations of this space 
which are linear with respect to a certain quasifield are produced by 
the algebra. This treatment of algebras may be found in van der 
Waerden's Moderne Algebra. 

Recently it has been discovered that this last described treatment 
of simple algebras is capable of generalization to a far wider class of 


rings. 
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One considers a ring R and an additive group V with R as left 
operator domain—V playing the role of the representation space and 
called R-space for short. Chevalley and Jacobson proved a direct 
generalization of Wedderburn’s theorem if two simple axioms are 
satisfied: That the ring R is faithfully represented by its action on V 
and that V is irreducible (this means that 0 and V are the only R-sub- 
spaces of V). In these terms the proof is essentially simple and geo- 
metrical, no idempotents being required, and no finiteness assump- 
tion on R. 

In homage to J. H. M. Wedderburn we present in fuller detail this 
modern proof of his theorem. 

Let R be a ring, V an R-space satisfying the two axioms stated 
above.! We shall show that V is naturally a vector space over a certain 
quasifield D and that practically all D-linear transformations of V are 
produced by elements of R. 

To construct the quasifield is easy. Let D be the set of all homo- 
morphisms of V into itself. D is a ring from first principles. Since 
the kernel of a nonzero element of D is an R-subspace of V which is 
different from V, this kernel is zero, and the element is an iso- 
morphism. Since the image of V under this isomorphism is an R-sub- 
space of V which is not zero, it is all of V, and we have an isomorphism 
of V onto V. Such a map has an inverse and we see that D is a quasi- 
field. We have obtained in a natural, invariant manner the quasifield 
which Wedderburn obtained only in a noninvariant way as subring 
of R. 

We denote the typical element of D by d and write these elements 
on the right of V so that our space V becomes now a right vector 
space over the quasifield D. 

If W is a D-subspace of V, then the set of all elements of R which 
annihilate W is a left ideal of R which we shall call W#. If L is a left 
ideal of R, then the set of all elements of V annihilated by L is a D- 
subspace of V which we shall denote by Lh. 

We can now state and prove the fundamental lemma: 

(1) (LC (EDH = LP + ED 
for any left ideal L of R and any element £ of V. 

Proor. The right-hand side is trivially contained in the left. If 
L&=0, the equation becomes LP — I. It remains only to prove that 
the left-hand side is contained in the right under the assumption that 
L£z*0. Since L$ is a subspace of V, and V is irreducible, LE = V: every 
element of V can be expressed in the form /£ where LE V. Let 7 bean 


1 [ follow a presentation given by Mr. J. T. Tate. 
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element of the left side of (1). It is annihilated by L(N(EDYE, hence 
by every LEL which is in (£- Df. 7 is consequently annihilated by 
every LEL for which /£=0. Let now ¢ be any element of V; if we write 
it in the form f —/£ and map it onto the element / of V we have be- 
fore us a well defined map. If indeed {= =/£, then (}—h)E=0 hence 
(}—h)n =0 or Iq — hy. That this map /£—4/9 is a homomorphism of V 
into V follows from the fact that L is a left ideal; as such it is a cer- 
tain element d of D and satisfies (/£)d =Jy for all JC L. The element 
1-—td is therefore annihilated by L and is consequently an element 
of Lb. This shows 


? € I -- ED, 


which is what we were trying to prove. It is of course the construc- 
tion of the element d which is the heart of this method. 

Let W be any D-subspace of V. If we substitute L= W in (1), the 
left side becomes 


(QW? A (ED) HY. 


Since obviously (4 By - AO B for any two D-subspaces A 
and B of V we obtain from (1) 


Q2) (W + ED = wH + ep, 
This we can use to argue in the following manner. 
(3) It W = We then (W + ED) = (W + ED)tth, 
Combining a repeated application of (3) with 
(4) o#> = 0 
we obtain the 
THEOREM. 
(5) Wot? = Wa 


for any finile-dámensional Wo =E DED + - - - +8,D. 


The only gap in the argument was the proof of (4): o#b = (trivially) 
R? =an R-subspace of V (which is not all of V) =0, again using the 
irreducibility of V. 

Now let &, &, - © - , £ bea finite number of elements of V, linearly 
independent over the quasifield D. Let W=£,D+ - . - --E- 4D. Since 
RCGW- W^ it follows that Wt £240. Therefore, as usual, by the 
irreducibility of V we have WË. = V. Consequently there exists an 
element of which annihilates &, $s, © - - , 4 and sends £, into 
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any element of V. Combining such elements together we find an 
element of R which sends the vectors £; independently into any set 
of r elements of V. Viewing the £; as a basis for a finite-dimensional 
D subspace Wo of V we see that any given D-linear map of W^, into 
V can be produced by an element of the ring R. This is what we meant 
by the statement that "practically all" D-linear maps of V were pro- 
duced by elements of R. 

'To specialize this result we must add the axiom that R satisfies the 
descending chain condition on left ideals (this is obviously true if R 
is Wedderburn's simple algebra). An ascending chain W1CWAC --- 
of finite-dimensional D-subspaces of V leads to a descending chain 
WD Wt . . . of left ideals of R because of the statement WH? = W. 
Therefore V must satisfy the ascending chain condition on finite- 
dimensional D-subspaces. This is possible only if V itself is finite- 
dimensional over D. In this case our previous result shows that every 
D-linear map of V is produced by an element of R, and we have there- 
fore obtained Wedderburn's theorem in geometric form. 

As we have stated at the beginning it is not our intention to discuss 
the many applications Wedderburn's theorem has found, for instance, 
the investigations on division algebras by Wedderburn, Dickson, 
and others. They lead finally to a complete description of all simple 
algebras over an algebraic number-field by A. Albert, R. Brauer, 
H. Hasse, and Emmy Noether, or the theory of modular representa- 
tions of algebras and groups by R. Brauer. 

Let us now consider the theorem of Wedderburn concerning finite 
fields (A theorem on finite algebras, Trans. Amer. Math. Soc. vol. 6 
(1905)) and its influence on the development of modern algebra. One 

“sees immediately that the characteristic of such a field K is a prime 
p>O0 and that the number of elements of K is a power p” of p. 

In 1903 E. H. Moore had determined all commutative fields of this 
type. The result was that to a given number p" of elements there exists 
(apart from isomorphisms) only one field, namely, the Galois field of 
degree r and characteristic p. The proof for this fact was simplified 
considerably by Steinitz. It is his proof one finds in modern books on 
algebra. 

In 1905 Wedderburn found the complete answer to our question 
in a paper entitled A theorem on finite algebras, where he proves that 
every field with a finite number of elements is automatically com- 
mutative (under multiplication) and therefore a Galois field. 

Wedderburn introduces the center C of K and also the normalizer 
Na of any element a of K. It is obvious that C and Na are subfields 
and that CCN. for each a. Denoting by q the number of elements of 
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C we find q"« resp. g* for the number of elements in IV, resp. K where 
na and n are the degrees of Na resp. K over C. Since K is an extension 
of Na, the degree na divides s. 

Wedderburn then considers the multiplicative group of K of order 
q^—1. He divides it into classes of conjugate elements and obtains 
an identity of the form: 
qr — 1 
(6) | q-1-2(0-24 à 


nom ngcn q"«— 1 





where he unites the classes with only one element in the term g—1 and 
where the sum runs over certain divisors na of n, the same divisors 
possibly several times. 

In §4 of his paper he shows the impossibility of (6) for n» 1, 
making use of divisibility properties of numbers of the form a*— b^ 
which are hard to establish. In $5 he gives another arrangement of 
this proof, again making use of these divisibility properties. A third 
proof by Dickson is based on similar ideas. 

This result of Wedderburn has fascinated most algebraists to a 
very high degree and several attempts were made to simplify the 
proofs. Artin (Abh. Math. Sem. Hamburgischen Univ. vol. 5) gave 
a proof that did not make use of (6) and the divisibility properties but 
the proof is somewhat lengthy. 

The first really simple proof of our theorem was given by E. Witt, 
Über die Kommutativitat endlicher Schiefkórper in 1931 (Abh. Math. 
Sem. Hamburgischen Univ. vol. 8). Witt starts from (6) and makes 
the following simple remark: 

If @a(x) is the nth cyclotomic polynomial, then each term in the 
sum on the right of (6) and also g*—1 are obviously divisible by ¢,(q). 
Consequently ¢.(q) | q—1. Since ¢,(g) -[ [(q—6) where e runs through 
the primitive nth roots of unity, we have $«(q) >q—1 if n>1, and 
this shows the impossibility of n» 1. 

In 1933 a paper by C. C. Tsen, Divtstonalgebren über Funktionen- 
kürpern (Nachr. Ges. Wiss. Góttingen (1933)) shed a new light on 
the whole question. Tsen did not investigate finite fields, but he 
worked with algebraic fields F of transcendency degree 1 with an 
algebraically closed field of constants. He proved that there does 
not exist any non-commutative extension field of finite degree. The 
method of his proof yielded really a much stronger theorem, namely: 

If N(x, xs +--+, %,)=0 is an algebraic equation in F without 
constant term and if the total degree d is smaller than the number n 
of unknowns x;, there exists a nontrivial solution in F. 

If one knows this theorem for a given field F then F cannot have 
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any noncommutative extension field E of finite degree. To see this 


let E= xw - © - +%,w, be the generic element of E (a, - - - a basis) 
and let N(x1, xs, < ©- , x4) be the reduced norm in E/F. N is a homo- 
geneous form of x1, x3, © + - , x4 of a degree d which is less than s if E 


is noncommutative. The theorem would give the existence of a £0 
whose norm is 0, which is a contradiction. 

: It occurred immediately to the mathematicians that possibly a 
Galois’ feld F would have the same property, so that Wedderburn's 
theorem would appear as a consequence of a much more general 
- theorem on Galois fields.. 

- In 1935 C. Chevalley (Demonstration d'une hypothése de M. Artin, 
Abh. Math. Sem. Hamburgischen Univ. vol. 11) proved this conjec- 
ture. 

. Wedderburn's theorem is therefore the special case of a more gen- 
eral Diophantine property of fields and thus has opened an entirely 
new line of research. 

* EMIL ARTIN 
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Cybernetics. By Norbert Wiener. The Technology Press; New York, 
Wiley; Paris, Hermann, 1948. 194 pp. $3.00. 


As most of the readers of this review are aware, the word cyber- 
netics has been coined to serve as the name of the new branch of 
science which deals with control and communication generally. The 
first problems that were considered in this field were, naturally, prob- 
lems concerning control and communication in the inanimate sys- 
tems of physics and engineering. However, it now appears, more or 
less clearly, that cybernetics may also have important applications in 
biology, psychology, and perhaps other sciences. Before beginning to 
comment specifically on Professor Wiener's book,.it will be well to 
say a little about the subject of cybernetics itself. 

In its present state of development cybernetics is concerned with 
three main themes. 

First, consider the problem of control in its pure form. We desire, 
let us say, to make some physical variable a prescribed function of 
time, or, equivalently, to make some “output signal" equal to a given 
"input signal.” In general it is impossible to achieve the desired 
equality exactly, but we can achieve approximate equality in various 
ways, depending upon the particular case in hand. Now in many cases 
the best way of achieving a good approximation to the desired result 
is by using a system which measures the difference between the input 
and output signals continuously or intermittently, and which oper- 
ates so as to reduce the magnitude of this error. This leads us to the 
first main theme of cybernetics, the subject of feedback control sys- 
tems. Linear feedback systems have a very attractive mathematical 
theory, which depends upon nothing more than the classical theories 
of linear differential equations and analytic functions. 

The physical or other systems with which we deal in practice are 
always subjected to disturbances of one kind or another, and conse- 
quently the signals transmitted through the systems are accompanied 
by more or less troublesome “noise.” The second major theme of 
cybernetics is concerned with the statistical properties of such noises, 
with means for protecting the signals against the noise, insofar as 
that is possible, and with the problem of correctly interpreting a re- 
ceived signal which is seriously perturbed by noise. 

Finally, we have the part of the subject that is concerned with the 
nature of information itself, and with problems of coding, that is, 
with the selection of suitable signals for the most efficient transmis- 
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sion of information. Rather unexpectedly, this part of the subject 
turns out to have striking analogies with thermodynamics. 

In Professor Wiener’s book the reader will find these ideas, which 
we have only sketched briefly, developed at length, with ample indi- 
cations of their applications to many different fields of science. In 
particular, it is shown that many phenomena which are familiar to 
biologists can very probably be explained in terms of the fundamental 
concepts and laws of cybernetics. Furthermore, very persuasive 
arguments are given for thinking that the same may be true of many 
psychological phenomena. 

The book opens with an introduction, running to over thirty 
pages, in which the author gives a detailed account of the successive 
stages through which his own ideas on the subject have developed. If 
cybernetics does In fact come to have the great importance that is 
now predicted, this introduction will be of great interest to future 
historians of science. 

The rest of the book consists of eight chapters, bearing the titles 
I. Newtonian and Bergsonian time; II. Groups and statistical 
mechanics; III. Time series, information, and communication; IV. 
Feedback and oscillation; V. Computing machines and the nervous 
System; VI. Gestalt and universals; VII. Cybernetics and psycho- 
pathology; VIII. Information, language, and society. These titles 
indicate the general character of the contents as well as is possible 
without a very lengthy analysis. 

The most notable feature of the book is the astonishing number of 
diverse and highly suggestive ideas that it contains. It is clear that 
a rich mine has been located here, which will not be fully explored 
and exploited for a long time to come. 

In the opinion of the reviewer the chief adverse criticism that can 
be made of the book is that the author seems not to have formulated 
any reasonable and stable concept of a class of readers for whom he is 
writing. He tries to make the book all things to all men. For the most 
part the exposition proceeds in a pleasant informal non-technical 
style. However, there are several occasions upon which the un- 
suspecting reader suddenly finds himself in the midst of a heavy 
downpour of mathematics, of a far from elementary character. These 
mathematical interludes are so closely connected with the accom- 
panying non-technical material that they will inevitably cause con- 
siderable trouble for the non-mathematical reader. At the same time 
the pieces of mathematical theory are not developed far enough, or 
systematically enough, to be of any very direct benefit to the mathe- 
matical reader. Thus it seems that they can serve only asstrong hints 
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as to directions in which things of value are to be found. 

The second chapter affords a striking illustration of this tendency 
to introduce bits of mathematical theory without any adequate de- 
velopment. Here in the short space of sixteen and a half pages the 
reader is hustled through a discussion which touches upon Lebesgue 
measure, continuous groups (including the theory of group char- 
acters), and ergodic theory. It is hard to see how anyone, unless he 
be an expert in this particular set of subjects, can be expected to get 
much of anything out of this. 

Similar criticisms apply to Chapter III, which deals with the theory 
of information. This new theory is elusive and subtle at best; and the 
hurried and mathematically complicated treatment given here seems 
to the reviewer to verge upon utter unintelligibility. 

In conclusion, simple honesty and a decent regard for good work- 
manship compel the reviewer to remark that someone must bear the 

responsibility for what is truly a wretched job of proofreading. It 
would be hard to find another book having as high an average num- 
ber of errors per page as this one has. The errors run all the way from 
trivialities, which are merely occasions for exasperation, to typo- 
graphical errors in the equations and formulae which seriously im- 
pair the intelligibility of the exposition. Scientists, unlike philatelists, 
do not value documents for the errors they contain, and therefore it is 
to be hoped that in a second edition we shall see most of these errors 
corrected. 

L. A. MacCoLL 


Topology of manifolds. By R. L. Wilder. (American Mathematical 
Society Colloquium Publications, vol. 32.) New York, American 
Mathematical Society, 1949. 10+402 pp. $7.00. 


To give an idea of the scope of this book we shall begin with a brief 
description of a body of theorems in the topology of the euclidean 
plane that are referred to as the “Schoenflies program.” Let M be the 
2-sphere and K a closed subset of M. If K is a simple closed curve 
(=topological image of a 1-sphere) then M—K is the union of two 
disjoint connected open sets A and B such that K=AMB (Jordan 
Curve Theorem). It is further known that each of the sets A and B is 
homeomorphic to a closed disc. Converse theorems which give neces- 
sary and sufficient conditions on the set M—K in order that K bea 
simple closed curve or a Peano space (=locally connected con- 
tinuum) also exist. 

The objective of this book is to extend this program to higher 
dimensions, using homology theory as the principal tool. Thus M is 
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replaced by a generalized n-dimensional manifold (that is, an n- 
manifold in the sense of homology) while K is in general a closed set 
satisfying certain connectedness and local connectedness properties. 
In some cases K itself is a manifold of a lower dimension. 

The first chapter reviews various concepts of general topology with 
special emphasis on connectedness. A topological characterization 
of the closed interval and the circumference are given. The second 
chapter begins with a discussion of local connectedness and then 
shifts to some properties of the n-sphere. The main theorem proved 
here is the Brouwer Separation Theorem which is a generalization of 
the Jordan Curve Theorem to the case when M is an n-sphere and K 
is a topological (5 —1)-sphere. This is achieved by establishing in a 
very elementary manner the Alexander duality relations between the 
mod 2 Betti numbers of K and M—X. Thus the reader gets his first 
glimpse at homology theory. Having thus proved the Jordan Curve 
Theorem the author proceeds to establish Schoenflies’ converse 
theorem. Chapter three has a more detailed discussion of Peano 
spaces, local connectedness, uniform local connectedness, and so on. 
These results are applied to obtain topological characterizations of 
the 2-sphere, of the 2-dimensional disc, and of 2-manifolds. The 
fourth chapter, after some discussion of local connectedness, contains 
some theorems about the positional properties of a closed subset K in 
the 2-sphere S*. In particular, necessary and sufficient conditions 
are given which ?— K must satisfy in order that K be a Peano con- 
tinuum. 

The first four chapters may be regarded as a modernization and 
slight enlargement of the Schoenflies program. However, in a sense, 
these chapters are still introductory, since the tools needed to carry 
out the program in all dimensions have not been yet introduced. This 
begins in chapter five where the Čech homology and cohomology 
theories for topological spaces are introduced. Throughout, the co- 
effcient domain is assumed to be a field; this eliminates certain 
difficulties concerning so-called convergence properties. The chapter 
includes the duality between homology and cohomology and the 
theory of the cap-product. The Cech theory is "localized" in the next 
chapter, thus yielding the homological and co-homological theories 
of local connectedness. Uniform local connectedness and allied topics 
also are discussed. This machinery is applied in chapter seven to the 
study of continua. A substantial part of the Schoenflies program is 
thus given a significant generalization. 

The full scale discussion of manifolds begins in chapter eight. Here 
an “n-dimensional generalized manifold? (abbreviated: n-gm) is 
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defined as a locally compact n-dimensional space which is locally 
connected (in a sense of cohomology) in dimensions 0, - - - , n—1 and 
which at each of its points has the nth local Betti number equal to 1. 
For such manifolds the concept of orientability is defined, and, for 
orientable manifolds, the Poincaré duality theorem is proved. Under 
some additional assumptions the Alexander duality theorem com- 
paring the Betti numbers of a closed subset of an m-gm and those of 
its complement is established. In the next chapter it is proved that a 
separable n-gm is a classical manifold for 5-1, 2. For n>2 the 
result is no longer true. A comparison of the definition of an n-gm 
with another plausible definition is given. 

The last three chapters (X-XII) are devoted to the study of posi- 
tional invariants of a closed subset K of an n-gm M. In the first of 
these chapters the complement M — K is described under the assump- 
tion that K is itself an (5—1)-gm. Conversely, imposing certain 
conditions on M — K, one can assert that K is an (n—1)-gm. The 
last two chapters deal with the case when K is locally connected in 
dimensions, 0, - - - , k (&« n) or is a k-gm. Roughly speaking “local 
duality theorems" are established which translate the smoothness 
property of K at a point x€K into a property of M—K at x. In order 
to achieve such a duality one has to consider concepts of accessibility, 
avoidability, and so on. These chapters constitute properly the gen- 
eralization of the Schoenflies program to n dimensions. An appendix 
on unsolved problems and a detailed bibliography conclude the book. 

One of the chief features of the book is the unity of method. From 
the moment the Cech homology and cohomology are introduced (in 
chapter five) they are used consistently and systematically. In earlier 
chapters this unity is in places sacrificed for pedagogical reasons. An 
effort has been made not to present the reader with elaborate defini- 
tions and concepts without suitable introduction and motivation. 
The book is entirely self-contained and because of that a large portion 
of the space is devoted to the development of machinery. This 
machinery is sometimes quite delicate (for instance: a large number 
of various kinds of local connectedness are introduced, and they are 
compared) but this is necessitated by the fine nature of the problems 
considered. The results of the later chapters are almost entirely due 
to the author and only a small portion of them has been published 
before. Most of the results of the earlier chapters, although known, 
are not too readily available in the literature. The unification and 
systematic exposition of all these results is an immense task and 
should greatly enhance research in this part of topology. 

SAMUEL EILENBERG 
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The geometry of the zeros of a polynomial $n a complex variable. By 
Morris Marden. (Mathematical Surveys, no. 3.) New York, Amer- 
ican Mathematical Society, 1949. 10+-183 pp. $5.00. 


Since the time of Gauss there has been continued interest in those 
problems that center around the location of the zeros of a polynomial. 
Short expositions of the theory have been given, and a lengthier 
one by Dieudonné, but now, with the publication of this work, the 
third in the series of Mathematical Surveys of the American Mathe- 
matical Society, a comprehensive treatise on the subject has been 
made available. The lengthy, 20-page bibliography attests to the aim 
of the author to cover the material thoroughly; and considerable 
work must have been involved to integrate this heterogeneous ma- 
terial into such unity as is possible. Even so, the book could not 
have been kept to 161 pages had the author not adopted the plan of 
putting considerable theoretical material into the problems that ap- 
pear at the end of most sections. Where necessary, hints are given with 
the problems, a wise gesture as readers of the book will see. 

In a well-written preface there is a brief account of the origin of 
the subject, and a statement of the two central problems that the 
book is to treat, together with a declaration of the principal working 
tools. The zeros of a polynomial f(s) are functions of the coefficients. 
Thus one problem is to specify regions, determined by these coeffi- 
cients, in which the zeros lie. Again, with f(s) one may associate a 
second polynomial (frequently this is the derivative f’(z)), and thus 
arises the problem of relating the location of the zeros of the associate 
to the location of those of f(s). There are also variants of these prob- 
lems, of which something will be said as the individual chapters are 
discussed. As for the methods and tools that are used, they are 
classical. Thus, among other theorems, those of Cauchy, Rouché, and 
Hurwitz on zeros of analytic functions are of considerable use; and 
‘many theorems involve, either in proof or in statement, geometric 
and algebraic concepts of an elementary nature. 

Chapter I is introductory. The above-mentioned classical theorems 
are stated and proofs given. Then various interpretations, from 
physics, geometry, and function-theory, are given for the zeros of the 
rational function 


dex 
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One from physics goes back to Gauss: The zeros of F(s) are the equi- 
librium points in a force field due to p masses mı, +--+, mg at the 
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points %,-°---,2, with the law of inverse distance. When the m; 
are positive integers, F(z) 20 gives those zeros of f'(z) that are not 
zeros of f(s) itself, where f(z) = [7.1 (s—22". 

This leads at once to the Lucas theorem of Chapter IT: Any convex 
polygon (or any circle) that contains the zeros of a polynomial f(s) 
also contains the zeros of f'(z). In this theorem the coefficients of 
f() are free to lie anywhere in the complex plane; consequently one 
may expect to narrow the location of the roots of f'(z) if one special- 
izes the coefficients. Thus, if f(z) is a real polynomial, the non-real 
zeros of f'(z) are contained in the Jensen circles (theorem of Jensen). 
As the Lucas and Jensen theorems concern the zeros of the function 
F(z) above, it is natural to consider a generalization to the zeros of 
the function G(s) = 2 7.1 m,f,(2), where each f,(z) is a rational func- 
tion with p finite zeros and g finite poles, and the m, are complex 
constants. If the zeros and poles of each f;(z) lie in a closed convex 
region K, and if u Sarg m; Su-d-y «pu--7, then the zeros of G(s) are 
contained in the region S(K, $), which is star-shaped relative to K 
and consists of all points from which K subtends an angle not less 
than $ —(r—y)/(P--g). Chapter II concludes with a discussion of 
the zeros of the polynomials of Van Vleck and of Stieltjes that arise 
in a generalized Lamé differential equation. 

Given a polynomial f(s) of degree n, there is introduced in Chapter 
III the Laguerre-originated function 


S) = af@) + (t DS), 


called by the author the polar derivative of f(z) relative to the pole t. 
It has the property, not shared by f'(sz), that under an arbitrary non- 
singular linear fractional transformation, those zeros of fi(z) that are 
not multiple zeros of f(s) and are not equal to ¢ transform into zeros 
of the transformed function. For fi(z) there is an invariant form of 
the Lucas theorem, due to Laguerre: If all the zeros of f(z) lie in a 
circular region C, and if Z is a zero of fi(s), then Z and ¢ cannot both 
lie outside of C; and if, moreover, f(Z) z:0, any circle that passes 
through Z and ¢ either passes through all the zeros of f(z) or it sepa- 
rates these zeros. The Laguerre theorem is a very useful one for sub- 
sequent results. By recurrence, polar derivatives of higher order are 
defined at the end of the chapter. 

Chapter IV deals with composite polynomials. First apolar poly- 
nomials are treated. Two sth degree polynomials 


(uS Cu Dash. aye Sea Hae 
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are apolar if žo (—1)*C(n, k)AzB,_s =0. To a given f(z) there cor- 
respond infinitely many apolar polynomials g(z), and Szegé has given 
a useful test for apolarity: if L[f()]= J f-o ha,—0, where a 
= C(n, k)As, then g(z) 2L [(t—2)*] is apolar to f(s). For apolar poly- 
nomials there is the theorem of Grace: If f, g are apolar and the 
zeros of f lie in a circular region C, then at least one zero of g is in C. 
And from this follows a result of Walsh (that has beautiful applica- 
tion in subsequent portions of the book): Let $(z,...,z,) be a 
linear symmetric function of its » variables; if C is a circular region 
containing the points z), .. .,zÜ then there exists at least one 
point tin Cfor which ®(f,¢, - - -, D) 9 4(29, .. ., 29. Applications of 
these results are then made to the problem of finding regions in which 
the zeros of certain polynomials lie, when these polynomials are re- 
lated to others whose zeros lie in specified regions. 

Chapter V opens with a two-circle theorem of Walsh that general- 
izes the Lucas theorem. It deals with the zeros of (fif13)'. A correspond- 
ing result holds for (fi/fi)'; and the general case (due to Marden) 
where fifs, fı/fa are replaced by f— (fofi - + + f)/(fen - + - fy) is then 
discussed. 

The results of the preceding chapters depend on knowledge of the 
location of (that is, knowledge of some region containing) all the 
zeros of a polynomial f(z). Chapter VI now examines the situation 
when something is known of some, but not of all, of the zeros of f(s). 
One of the fundamental results, concerning two zeros, is the Grace- 
Heawood theorem: If f(s:) =f(z:) 20, then at least one zero of f'(z) 
is contained in the circle of center (s:+:)/2 and radius 
(1/2) | 2,—z| cot (r/n), where n is the degree of f. The radius is “best 
possible.” Kakeya proposed the following problem: Given that p 
zeros of f(s), a polynomial of degree n, are contained in a circle C of 
radius R, to find the radius of a concentric circle C' that will contain 
at least f —1 zeros of f'(z). He showed that a function $(», p) exists 
such that R'— Ró(n, p) will satisfy the problem; but the best value 
of ¢ is unknown for p>2. A result of Marden shows that the choice 
p(n, 2) =csc (7/29), q—n—5p--1, is permissible. Other results con- 
cerning $(», f) are also treated in this chapter. 

Up to now the emphasis has been essentially on one of the two 
problems mentioned as being the subject matter of this book. The 
remainder of the work concerns itself largely with the other problem, 
namely, to obtain information on the location of the zeros of a poly- 
nomial f(s) in terms of its coefficients. Chapter VII gives bounds for 
the absolute values of the zeros of f(z) from knowledge of the moduli 
of the coefficients. Many names are associated with these bounds; in 
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particular, one may mention the well known theorem of Pellet. By 
taking into account the arguments as well as the moduli of the coeffi- 
cients, certain refinements of Pellet’s result are given, and a number 
of applications are discussed. 

Chapter VIII takes up various generalizations of Landau’s theo- 
rems that every polynomial ao+a:3-+¢,2" (4:0, m2 2) has at least 
one zero in the circle |s| $2|a0/a:|, and every polynomial a9+-az 
-Fa«z"--a4z^ (a10, 2 & m <n) at least one zero in |z| < (17/3) | ao/ai|. 
These are examples of the general lacunary polynomial 


k 
f(s) = ao + as + +++ + aye? + 2, anya" 
fl 
(ag, #0, 1 S p m <+-+ « m). 


It is a result of Montel that R — R(as, + - - , a4, k) exists such that 
the circle | z| SR contains at least p zeros for every such f(s). Various 
permissible choices of R (though not the “best possible”) are found in 
this chapter. : 

Chapter IX discusses the problem of determining the number of 
zeros of a polynomial in a half-plane, the result being expressed in 
terms of the number of variations in sign of certain determinants in- 
volving the coefficients of f(z). Corresponding results are also ob- 
tained for the number of zeros in a given sector. In the final chapter 
an algorithm is given in terms of which it is possible to determine the 
number of zeros of a polynomial in a given circle. 

The above résumé of the contents of this book gives some indica- 
tion of the wealth of material to be found therein. The work should 
arouse interest in the theory of the zeros of polynomials, and the 
author is to be thanked for presenting the opportunity to learn the 
present state of that theory. If the reviewer may however be per- 
mitted to express a mild regret, it is that the author has not explicitly 
charted the possible future, for prospective workers in the field; at 
various stages in the work there seems to be a real need for the 
author to take the reader into his confidence and point the way to 
desirable topics as yet incompletely (or not at all) explored. 

Although not every proof was checked to the last detail, enough 
checking leads one to conclude that the book is free of gross errors, 
and only slight oversights and typographical errors are to be re- 
ported. On pages 1 and 2 it is required of certain functions that they 
be analytic interior to a simple closed curve C and continuous on C, 
whereas the continuity should be interior to and on C. On page 17 
the letter K in Fig. (7, 1) seems to refer to the dotted rectangle, in 
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which case the label R should be used rather than K. From the state- 
ments of Theorem (8, 1), page 19, and line 3 of page 20, K subtends 
an angle less than ¢ at f. Consequently, the angle marked ¢ in Fig. 
(8, 1) seems inconsistent, as does the phrase *where, however, K 
subtends at {-the angle $" of line 2, page 20. On page 48, last line, 
the subscripts on z;, 2; should be removed. 

In closing, it is perhaps not out of place to observe that many 
valuable contributions to the theory expounded in this book are due 
to J. L. Walsh and the author. 

I. M. SHEFFER 
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Sherman, Edward Silverman, M. F. Smiley, P. A. Smith, I. S. Sokol- 
nikoff, N. E. Steenrod, J. J. Stoker, Walter Strodt, Otto Szasz, A. H. 
Taub, Olga Taussky-Todd, William Clare Taylor, T. Y. Thomas, 
C. A. Truesdell, D. F. Votaw, H. S. Wall, J. L. Walsh, Morgan Ward, 
W. R. Wasow, Hermann Weyl, D. V. Widder, L. C. Young, Oscar 
Zariski, Leo Zippin, Antoni Zygmund. 

The Mathematics Department of Harvard University expects to 
have one or two vacancies in the rank of Benjamin Peirce instructor 
beginning in the fall of 1950. Appointments are for a maximum period 
of three years. Applications should reach the Department prior to 
March 15, 1950. 

Professor A. T. Brauer of the University of North Carolina has re- 
ceived one of the three inaugural Science Research Awards of the Oak 
Ridge Institute of Nuclear Studies for significant contributions to 
science in the South. 

Professor Edward Kasner of Columbia University has retired with 
the title emeritus. ‘ 

Dr. C. M. Stein has been awarded a National Research Council 
postdoctoral fellowship. 

Dr. E. J. Akutowicz of the Institute for Advanced Study has been 
appointed to an assistant professorship at Pennsylvania State College. 

Professor C. B. Allendoerfer of Haverford College will be on leave 
for the current term and has been appointed to a visiting professor- 
ship at the Massachusetts Institute of Technology. 

Mr. Helmut Aulbach of Syracuse University has been appointed 
to an assistant professorship at Triple Cities College of Syracuse 
University. 

Dr. Iacopo Barsotti of the University of Rome and Princeton Uni- 
versity has been appointed to an associate professorship at the Uni- 
versity of Pittsburgh. 

Associate Professor N. R. Bryan of the University of Georgia has 
been appointed to an associate professorship at Clemson College. 

Professor P. F. Byrd of Fisk University has accepted a position as 
research scientist with the National Advisory Committee on Aero- 
nautics. 

Professor S. S. Chern of the Institute for Advanced Study has been 
appointed to a professorship at the University of Chicago. 

Dr. Herman Chernoff of the University of Chicago has been ap- 
pointed to an assistant professorship at the University of Illinois. 

Mr. Peter Chiarulli of Brown University has been appointed to an 
assistant professorship at Carnegie Institute of Technology. 
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Associate Professor Lester Dawson of Adams State College has 
been appointed to an assistant professorship at Colorado Agricul- 
tural and Mechanical College. 

Associate Professor C. H. Dowker of Tufts College has been ap- 
pointed visiting lecturer at Harvard University. 

Mr. R. H. Edwards of the Illinois Institute of Technology has ac- 
cepted a position as research physicist with the Hughes Aircraft 
Company, Culver City, California. 

Professor F. A. Ficken of the University of Tennessee is on leave at 
New York University. 

Mr. Emanuel Fischer of City College, New York, has been ap- 
pointed to an assistant professorship at Hampton Institute. 

Assistant Professor W. C. G. Fraser of Rensselaer Polytechnic In- 
stitute has been appointed to an assistant professorship at Dartmouth 
College. 

Dr. P. R. Garabedian of Stanford University has been appointed 
to an assistant professorship at the University of California, Berkeley, 
California. 

Mr. R. S. Gardner of Ohio State University has accepted a position 
as statistician with the U. S. Naval Ordnance Test Station, China 
Lake, California. 

Mr. D. C. Gerneth of Sherman, Texas, has been appointed to an 
assistant professorship at Mississippi Southern College. 

Dr. John Gurland of Harvard University has been appointed to an 
assistant professorship at the University of Chicago. 

Mr. H. L. Harter of Purdue University has been appointed to an 
assistant professorship at Michigan State College. 

Dr. A. R. Harvey of California Institute of Technology has been 
appointed to an assistant professorship at San Diego College. 

Dr. L. A. Henkin of Princeton University has been appointed to an 
assistant professorship at the University of Southern California. 

Mr. D. W. Hullinghorst has accepted a position as director of the 
Civil Works Investigation Project, South Pacific Division, Engineer- 
ing Corps, Oakland Army Base, Oakland, California. 

Dr. P. J. Kelly of the University of Southern California has been 
appointed to an assistant professorship at the Santa Barbara College 
of the University of California. 

Mr. M. S. Kramer of the University of Illinois has been appointed 
to an assistant professorship at the New Mexico College of Agricul- 
ture and Mechanic Arts. 

Dr. Knox Millsaps of the Air Materiel Command, Wright Field, 
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has been appointed to a professorship of theoretical physics at the - 
Alabama Polytechnic Institute. 

Mr. G. D. Mostow of the Institute for Advanced Study has been 
appointed to an assistant professorship at Syracuse University. 

Assistant Professor H. T. Muhly of the U. S. Naval Academy has 
been appointed to an associate professorship at the State University 
of Iowa. f 

Assistant Professor A. L. Putnam of the University of Chicago has 
been appointed to a professorship at New York University. 

Mr. W. G. Scobert of the University of Oregon has been appointed 
to an associate professorship at Idaho State College. z 

Associate Professor Atle Selberg of Syracuse University has been 
appointed a permanent member of the Institute for Advanced Study. 

Dr. M. M. Schiffer of Hebrew University has been appointed to a 

visiting professorship at Princeton University. 

Dr. H. M. Schwartz of Brookhaven National Laboratory has been 
appointed to an associate professorship at the University of Arkansas. 

Dr. Edward Silverman of the Institute for Advanced Study has 
been appointed to a visiting assistant professorship at Kenyon 
College. 

Assistant Professor Marvin Stippes of Montana State College has 
been appointed to an assistant professorship at the University of 
Illinois. 

Assistant Professor E. C. Stopher of Miami University has been 
appointed to a professorship at Fort Hays Kansas State College. 

Assistant Professor Irving Sussman of the University of Dayton 
has been appointed to a professorship at St. Mary's College, St. 
Mary's College, California. 

Professor Alexander Tartler of Drexel Institute of Technology has 
been appointed to an associate professorship at Lafayette College. 

Mr. John Todd has accepted a position as chief of the Computa- 
tion Laboratory, National Bureau of Standards, Washington, D. C. 

Professor A. W. Tucker of Princeton University is on leave and has 
been appointed to a visiting professorship at Stanford University. 

Dr. C. W. Vickery of the U. S. Naval Ordnance Test Station, China 
Lake, California, has been appointed to a professorship at Stephen F. 
Austin State College, Nacogdoches, T'exas. 

Dr. Sylvan Wallach of Johns Hopkins University has accepted a 
position as research engineer at the Westinghouse Electric Corp., 
Pittsburgh, Pennsylvania. 

Professor J. A. Ward of the University of Georgia has been ap- 
pointed to a professorship at the University of Kentucky. 
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Assistant Professor W. R. Wasow of Swarthmore College is on 
leave and has accepted a position as mathematician at the Institute 
for Numerical Analysis of the National Bureau of Standards. 

Assistant Professor Euphemia R. Worthington of the University of 
California at Los Angeles has retired. 

Mr. N. P. Yeardley of the University of Cincinnati has been ap- 
pointed to an assistant professorship at Purdue University. 

Dr. A. T. Yu of Lehigh University has been appointed to an 
assistant professorship at New York University. 

Mr. R. K. Ziegler of the State University of Iowa has been ap- 
pointed to an associate professorship at Bradley University. 

The following promotions have been announced: 

S. H. Hilding, University of Stockholm, to an assistant professor- 
ship. 

W. F. Atchison, University of Illinois, to an assistant professorship. 

R. H. Bing, University of Wisconsin, to an associate professorship. 

M. M. Day, University of Illinois, to a professorship. 

C. D. Firestone, Rutgers University, to an assistant professorship. 

M. K. Fort, University of Illinois, to an assistant professorship. 

F. E. Hohn, University of Illinois, to an assistant professorship. 

Solomon Hurwitz, City College, New York, to an assistant pro- 
fessorship. 

Robert Kahal, Polytechnic Institute of Brooklyn, to an assistant 
professorship. 

W. J. Klimczak, University of Rochester, to an assistant professor- 
ship. 

M. Z. Krzywoblocki, University of Illinois, to a professorship. 

L. J. Paige, University of California at Los Angeles, to an assistant 
professorship. 

J. D. Swift, University of California at Los Angeles, to an assistant 
professorship. 

F. A. Valentine, University of California at Los Angeles, to an asso- 
ciate professorship. 

R. W. Wagner, Oberlin College, to an associate professorship. 

The following appointments to instructorships are announced: 
Schools of Technical Association, Copenhagen, Denmark: Mr. H. H. 
Hansen; Brooklyn College: Dr. M. E. Levenson; University of Cali- 
fornia, Davis: Mr. D. A. Norton; University of California at Los 
Angeles: Mr. G. M. Wing; Carnegie Institute of Technology: Mr. 
R. C. Meacham; University of Chicago: Mr. A. F. Bausch; Duke 
University: Mr. L. M. Fulton, Mr. Walter Rudin; University of 
Illinois: Mr. C. A. Phillips; Iowa State College of Agriculture and 
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Mechanic Arts: Mr. A. M. Feyerherm; University of Maryland: Mr. 
A. G. Hansen; Massachusetts Institute of Technology: Mr George 
Springer; University of Michigan: Mr D. A. Darling, Dr. J. L. Ul- 
man; Montana State College: Mr. R. D. Glauz; University of 
Nebraska: Mr. C. C. Buck; North Dakota Agricultural College: Mr. 
R. L. Mentzer; Northwestern University: Mr. D. Y. Barrer; Uni- 
versity of Pennsylvania: Mr. M. I. Aissen, Mr. H. E. Campbell; 
Purdue University: Mr. Gustave Rabson; University of Texas: Mr. 
. B. J. Ball; Texas Western College: Mr. G. T. Cates; University of 
Utah: Miss Rachel S. Hodges; State College of Washington: Mr. P. 
A. Clement; Yale University: Mr. W. H. Mills. 

Professor A. F. Carpenter of the University of Washington died 
October 16, 1949 at the age of sixty-nine years. He had been a mem- 
ber of the Society for forty-three years. 

Professor Emeritus Peter Field of the University of Michigan died 
September 24, 1949 at the age of seventy-three years He had been a 
member of the Society for forty-nine years. 

Professor Emeritus W. J. Humphreys of George Washington Uni- 
versity died November 10, 1949 at the age of eighty-seven years. He 
had been a member of the Society for twenty-four years. 

The note about Professor E. D. Hellinger which appeared on p. 878 
of volume 55 of the Bulletin, September 1949, is in error and should 
read “Professor E. D. Hellinger of Northwestern University has retired 
with the title emeritus and has been appointed to a visiting professor- 
ship at the Illinois Institute of Technology." 
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LIE THEORY OF SEMI-GROUPS OF 
LINEAR TRANSFORMATIONS 


EINAR HILLE 


1. Introduction. In the Colloquium Lectures which I had the 
honor of delivering to the Society at the Wellesley meeting in August 
1944, an outline was given of a theory of one-parameter sems-groups 
of linear bounded operators on a complex (B)-space € to siself. The 
problem here is the study of a family of linear bounded transforma- 
tions € = {T(a) }, defined for a>0, with the product law 


(1.1) T(a)T(8) = T(a + 8). 


Such families arise in the most varied branches of classical and of 
modern analysis and are interesting for their own sake as well as for 
the many applications. 

An extension to the s-parameter case was presented to the So- 
ciety in October 1944 (abstract 51-1-15). Here the parameter 
a= (a1, 03, * * * , Qn) is a vector in n-dimensional real euclidean space 
En, the operators T(a) are defined for non-negative values of the 
components of a, and the product law reads 


(1.2) T(a)T(b) = Tla + b) 


with a+b=(ai+f:,--+,a,+8,). These operators commute. If 
||7(@)|| is bounded for small a, if certain unions of range spaces 
T(a)[€] are dense in the space X, and if T(a) is a strongly measur- 
able function of a, then T(a) is actually strongly continuous for all a 
and T(A)x—x for each x when h-0. Further T(a) is the direct 
product of n commuting one-parameter semi-groups 


(1.3) T(s) = Ti(o1) Ts(as) +++ Talan). 


It turned out later that the analysis could be extended, at least in 
part, to the case in which the parameter set is an open postitve cone 
€ in a (B)-space $. Here € is an open set, if a and b are in € so are 
aa+ 8b for0Sa,0S8,0<a+ 8. The product law is still given by (1.2). 

These investigations with many extensions and numerous applica- 
tions have now appeared in book form ([6] in the References at the 
end of this address). The earliest results on continuity in the one- 
parameter case are due to N. Dunford [2] and extensions to the 
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` n-parameter case have also been found by N. Dunford and I. E. Segal 
[3]. A number of results referring to the one-parameter case with 
applications to stochastic processes and. Brownian motion have been 
found independently by K. Yosida whose work is now in course of 
publication [10, 11, 12]. 

So far only commutative operators have been considered and the 
product law (1.2) is the simplest possible. The non-commutative case 
has resisted numerous attacks in the past and it is only a few months 
ago that any headway was made with this problem. I shall have the 
pleasure of outlining the new theory here; it is a blend of the classical 
theory of Lie groups with the recent theory of one-parameter semi- 


groups. 


2. Assumptions. We shall be concerned with an n-parameter family 
€ of linear bounded operators T'(a) on a (B)-space X to itself. These 
operators shall form a semi-group, that is, if T(a) and T(b) are in € 
so are their products 7(a)7(b) and T(b)T(a) which ordinarily are 
distinct. 

In a first study of the problem, we are entitled to restrict ourselves 
to comparatively simple situations. Our assumptions will be chosen 
accordingly, but they will be introduced as needed so as to bring out 
what parts of the theory require heavy machinery and what may be 
proved under less restrictive assumptions. No claim is made that the 
assumptions have their definitive form. 

We are dealing with three different spaces, the parameter, the 
operand, and the operator spaces, and a more or less complicated 
product law. Consequently we shall need assumptions of diverse 
nature which may be classified under the following four headings: 

(1) The parameter set, that is, the values of a for which T(a) is 
defined. 

(2) The properties of T(a) for fixed a. 

(3) The properties of T(a) as function of a. 

(4) The product law, that is, the function 


(2.1) ^ c = F(a, b) 
which is defined by the relation 
(2.2) T(c) = T(a)T(b). 


The assumptions relating to (1) and (2) will be kept fixed through- 
out the following discussion. They are: 

Al, T(a) is defined for a=(cu,--+, On) in Et, that part of En in 
which o,20, ji, ,m. 
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A3, T(a) ts a linear bounded operator on X to itself, T(0) =I, the 
identity operator, and ||T(a)]| S1 for a in Ez. 

The initial assumption under (3) is: 

Al. T(a) ts a strongly measurable function of a $n Ez. 

The product law will require a number of different assumptions; 
we start with the following which will be used in the next section. 
The Euclidean length of the vector b is denoted by |b]. 

At. F(a, b) is a continuous function on Et XEF to Ej and 
(2.3) F(a, 0) = F(0, a) = a, 

(2.4) F(a, F(b, c)) = F(a, b), c). 


Aj. To every R>O there is a positive 5=5(R) such that F(a, hi) 
~ F(a, ha) when h;s*h, provided |a| «R, |m] <6, | Aa] <ô. 

At. To every bounded set K whose closure is in Ef (a;>0, 
j=l, :- -, n) there is a positive 6&=6(K) such that for cEK, lal «3, 
the equation F(h, b) c has a unique solution b=(c, h) in Et which is 
a continuous funcison of (c, h) such that for fixed values of c measurable 
sets correspond to measurable sets. 

Some comments are in order at this juncture. We are concerned 
with a full semi-group and not with a semi-group germ. Assumption 
A! is then a natural generalization from one to s dimensions, but it 
should be realized that a parameter set ts admissible if and only if $t ts 
closed under the product operation. Thus A! implies a restriction on the 
product law and for other choices of F(a, b) we may have to consider 
other configurations in E, besides Et. The complex euclidean space 
should also be considered. Actually some portions of the theory ex- 
tend without material change to the case in which the parameter set 
is the closure of an open positive cone in an arbitrary complex (B)- 
space p. 

The boundedness assumption in A? is very convenient for a first 
study of the problem. It is a relict, however, of the days when unitary 
operators in a Hilbert space stood in the foreground and it has the 
disadvantage of obscuring the fact that the norm of a semi-group 
operator, while bounded on bounded sets having a positive distance 
from the boundary of the parameter set, may very well become 
unbounded when the parameter approaches the boundary. Such 
questions will have to be relegated to a later study, however. 

Assumption Aj will be discussed in the next section. Condition (2.3) 
expresses that T(a)I=IT(a)=T(a) and (2.4) implies the associative 
law T(a) |T(b) T(c) ]  [T(a) T(b) | T (c). Assumption Af alone does not 
take us anywhere and has to be supplemented by other conditions; 
A$ and A$ suffice for questions of continuity but for the existence of 
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one-parameter sub-semi-groups we shall need Lipschitz conditions 
and so on. 


3. Continuity. In the case of a one-parameter semi-group bound- 
edness of the norm together with strong measurability of the operator 
function 7(a) implies strong continuity of T(a) for a7 0.! It does not 
imply strong continuity at the origin or continuity in the uniform 
operator topology for «7 0. This result extends to the present situa- 
tion. 

THEOREM 3.1. Under ihe assumptions of $2, omitting Aj, the operator 
T(a) is strongly continuous in Ez , that ts, for a;>0,7=1,-+-,n. 


The proof uses the same principles as in the one-dimensional case, 
that is, the product law plus continuity of a definite integral with re- 
spect to translations. Let D be a bounded domain the closure of 
which is in Ef. By virtue of Aj there exists a positive 7=7(D) such 


that for each c in D and each a=(m,--+,G,) with OSa,Sy, 
j=1, - --, n, the equation 
(3.1) c = F(a, b) 


has a unique solution 
(3.2) b = ¥(c, a) 


which is a continuous function of (c, a) in the product set in question. 
In particular, [Ylen a) —Y (cs, a)| is small when la—a| is small and 
this holds uniformly in a. 

For cı and c, in D we have then 


T(c)s — T(es)s = T(a)[TW(cr, a)r — Ter, 2)2). 
'The right side being independent of a, we may integrate the identity 
with respect to a over the cube C(y), $n Sa; Sn, j21, ++, n, ob- 
taining ` 


m [1(e)s — Tle)s] = f aU DO Urs Ne — Ten Aala 


whence 
(àp*||T(e)s — Tlel] S f. Jie, a))z — T (Jc, a))«||da. 


1 R. S. Phillips has recently shown that the boundedness assumption is superfluous 
and strong measurability alone is necessary and sufficient for strong continuity. 
[Added in proof March, 1950.] 
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Since T(b) is a strongly measurable function of b and in the cor- 
respondence 5 —(c, a) measurable b-sets are the images of measur- 
able a-sets, the operator T(j(c, a)) is strongly measurable in a, so 
that the integrand is a bounded Lebesgue measurable function of a. 
From the fact that y (c, a)—V(a, a) when cc, the convergence 
being uniform with respect to a in C(m), one may infer that the 
integral tends to zero when ec. It follows that T(c) is strongly 
continuous at c =c and hence everywhere in Ez 

Ordinarily we cannot prove continuity in the uniform topology, 
but if we assume uniform measurability at the outset, then x may be 
suppressed everywhere in the proof and uniform continuity results. 

Assumption A? is evidently used twice in the proof, but in both 
places it could be replaced by the weaker assumption that | T (a)]| i is 
bounded in every bounded domain whose closure lies in Ez. In the 
case of a separable space X, weak measurability implies the strong 
kind so that “strongly” could be replaced by “weakly” in Aj. In this 
case it is also likely that we may dispense with the boundedness con- 
dition on the norm altogether, merely assuming ||7(a)|| to be finite in 
Efi. This is suggested by the following considerations. 

If € is separable and T(a) is weakly measurable in Ef, then 
log I T (a)l| is measurable Lebesgue and different from + ©. Further 
it satisfies the inequality 


(3.3) Ko & f(a) +f), c= F(a, b), 
which is the proper generalization of the subadditive inequality 
(3.4) f(a + b) S fla) + f®) 


corresponding to the case F(a, 6)=a-+5. For the latter it is known 
that a solution, defined in Ei, which is measurable and different 
from +œ, is bounded above in every bounded interior domain D 
whose closure lies in Ef (see [6, p. 135] for the case n — 1, the extension 
to arbitrary » has been given by R. A. Rosenbaum). In principle the 
method of the proof also extends to (3.3) but the analytical and topo- 
logical difficulties are considerable so the discussion of this question 
has to be postponed to another occasion. 

One can get fairly trivial examples indicating that T(a) need not 
be continuous on the boundary of Et under the assumptions of 
Theorem 3.1, not even in the weak sense.? In particular, continuity is 
apt to fail at the origin. A common cause of such failure is that the 
union of the range spaces, U,T(a) [€], is not dense in X. In the one- 


* [n the one-parameter case it may be shown that weak continuity to the right at 
the origin implies strong continuity. [Added in proof.] 
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parameter case it would be sufficient to add the assumption that 
U.T(o) [€] is dense in X in order to obtain right-hand continuity at 
a=0. It is not clear at the time of writing this if such a condition 
would suffice as additional assumption to ensure continuity of T(a) 
on the boundary of Ef. On the other hand, if n=1 the assumption 
that T(a)x—«x for each x when a—0 suffices for strong continuity in 
Ef and this result extends to the general case. We assume 
Aj. T(a) is strongly continuous at a=0. 


THEOREM 3.2. If T(a) satisfies A3 and the conditions of §2, except 
A3 and Ai, then T(a) is strongly continuous in Ex. 


If x and e>0 are given, we can find an 7 so small that || T()x —|| 
<e for hES(0) = E(|h| <n, GE). The mapping 


Ta: h-F(a, h), a Cc E 


takes S(0) into a set S(a). If | ao] <R and n <ô(R), as we may assume, 
condition Aj asserts that the mapping Ta is one-to-one so that S(ao) 
is an n-cell and Int [S(a)]*Ø. Thus S(a) contains a sphere of 
center co and radius p, say. But F(a, h) is continuous by Af so there 
exists a ĝs such that | F(a, k) — F(a, ho) | «p if la—a;| « ós, |h—ho| 
<6» where k, h4C.S(0). Here we choose ko so that co= F(ao, ho). We 
can then be sure that S(a) VXS(as)szt if la—a;| <8. Hence if 
c= F(a, hi) = F(ao, ha) is a common point of S(a) and S(a;) we have 


[T(z — Tiada] < || Tx — Toal] + Tx — Taal 
= [TG ET Gs — a]l] + | 7) [6392 — | 
S |[T(h)s — all + llTGs — all S 2e 
where [a—a;| <ô This proves that T(a)x is continuous at aae. 
Hence T(a) is strongly continuous in EZ. 


4. A functional equation. In the study of one-parameter sub-semi- 
groups we encounter the functional equation 


(4.1) glo + e) = Fle(e), &()] 


where g(o) is a function on positive numbers to Et. For this problem 
we need further information concerning F(a, b). 

At. There exists a fixed positive constant B such that for all points $n 
ES we have 


(F(a, b) — F(as, 5| S [1+ Bl b|]] ai — al, 


(4.2) | F(a, bi) — F(a, ba) | s [1 + B| «]]|  — &]. 
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At. There exists a positive monotone increasing continuous function 
wl), O<E< v, which tends to zero with E, such that 


F(a, b) = a + b + Gla, b), 
IG, b)| Sre[]a - b|]; +r =min(lal], [5]). 


It would be possible to combine these inequalities in such a manner 
that they refer to the behavior of | F(a, bi) — F(a, b) —bi4-bi| and 
| F(a, b) — F(as, b) —ai+a,|. Such inequalities are basic in the study 
of analytical group germs in a (B)-space due to G. Birkhoff [1]. Our 
conditions seem to be slightly better adapted to the needs of the 
methods used below. They are also closely related to the assump- 
tions of P. A. Smith [8, 9]. See further I. E. Segal [7] whose work 
suggests that the Lipschitz condition might be inessential but it is 
not clear to me at the moment how his methods could be brought to 
bear on the present problem. In making comparisons the reader 
should keep in mind that we are dealing with a fixed coordinate 
system, a semi-group rather than a group, and a situation in the large. 
All the results of the present section hold for the case in which E, 
is replaced by an arbitrary (B)-space and Ez by the closure of an 
open positive cone. 

With an arbitrary element bC Eg we also consider its successive 
“powers” defined by 


(4.4) BO = b, b = F(b, bD), 


When b and m are bulky expressions we shall write (b; m) for 59. 
A basic property of the powers is given in the following 


LEMMA. Let r be defined by w(r) =. If bC Ej and m is a positive 
integer such that m|b| Sàr, then 


(4.5 | b = mb + Rad), — | Ra(5)| S m|b|e(2m|b|). 


The lemma holds for m=2 by A$ and is proved by induction using 
the inequality 


| R45) | 8| R) | - | 6| o[(e + 0 | 8] NT 


We can now state and prove 


(4.3) 


THEOREM 4.1. Under the assumptions At, Aj, and A$ the equation 
(4.1) with the initial condition 


(4.6) lim p-1g(o) = a C Et 
eo 


has a unique solution g(p)=f(pa) in Eg. The solution is an absolutely 
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continuous function of p with bounded derived numbers and for OSpSo 
(4.7) | g(a) — £o) | 3 Bo [e&elel = eBelal |, 


Starting with an arbitrary element b of Et we form a sequence of 
powers (b/v»)® = (b/v; u) where p and » are positive integers. Using 
Aj and induction on y one shows that 


| G/»;& + 1) — (b/r; u) | S If 42. 


whence we obtain 
(4.8) | (b/v; p) | < B- [eerie — 1] 


for all u, v. 

In the following u 2» will be a power of 2 and we shall investi- 
gate the convergence of the sequence { (2755; 25]. Here (27b; 27) is 
obviously the square of (27/5; 27-1). Using this fact, (4.8), and Af 
repeatedly, we obtain for j <k 

Ag(0) = | (2795; 25) — (2736; 24 | 
& 2igBl*l | (2725; 25-7) — 2-ib |. 


Let R be a fixed positive number, arbitrarily large, and restrict b 
to the sphere [5| SR. Suppose that 7 is so large that 2!17R &v. We 
can then apply the lemma with b replaced by 2^*5 and m by 2*7. 
After some simplification we obtain 


(4.9) A; (b) < | b| eo (21-1| b] ). 
It follows that the sequence ((2-/5; 27) ] converges to a limit and we 
set 


(4.10) f(b) = lim (2335; 2. 
fro 


The convergence being uniform with respect to b for | b| SR, we con- 
clude that f(b) is a continuous function of b. 
In particular the limit exists for b=pa, uniformly with respect 
to p for O Sp S R « o so that f(pa) is a continuous function of p. 
From (4.10) we conclude also that 


(4.11) f(b; m) = lim (27b; m27) 
fom 


exists and equals the mth power of f(b). But this implies that 
lim (27m-15; m2) = f(bm-; m) 
fra 
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exists. We want to show that the latter limit is actually independent 
of m and consequently equals f(b; 1) =f(b). For this purpose we 
consider ' 


Ax,a(b, j) = | (2754-15; B24) — (2-41; m29) |. 
Here we use the fact that the terms on the right are squares together 
with Af and (4.8) to obtain the estimate 
Ax, n (b, EJ) sS ZetBllAy (2715, j E 1) acc: 
S 2igBlMA, (271b, 0). 


If 21-1] 5| Sr, we can apply the lemma once more and see that 
21A... (2-55, 0) < 2w(2'-#| b|) +0 
when j— œ. It follows that 
J(bk; k) = f(bm-!; m) = f(b; 1) = f(b) 
as asserted. Hence with b — ka we have f(a; k) =f(ka) for every posi- 
tive integer k. 

From this it follows that f(pa) satisfies (4.1), to start with for 
positive integral values of p and e which implies that it also holds for 
rational values and finally, f(pa) being continuous, for all positive 
real values. 

The argument used for the convergence proof also gives the in- 
equality . 

| (2755; 2*) — (2756; 2*) | S 258! | 2795 — 2-*c| 

= æti] b — c| l 

if |5| s|c|. Passing to the limit with k we obtain the Lipschitz con- 
dition 
(4.12) fà — Kols ejo el, [do Sle. 
It follows that f(pa) satisfies a Lipschitz condition with respect to p. 
Formula (4.7) is an immediate consequence of (2.3), (4.1), Af, and 
the estimate 
(413) [f| s Be — 1] 


which follows from (4.8). 


In order to verify the initial condition we revert to the lemma once 
more. We have 


(275a; 2) = pa + Rei(2-ipa) 
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and if 2p|a| X7 the norm of the remainder does not exceed 
p|a|w(2p|a|). When j tends to infinity, the left member tends to 
(pa). It follows that 


(4.14) | Kpa) — pa| S p| a| w(2p| a] 


for 2p|a| Sr so the initial condition is satisfied. 

For the uniqueness proof we shall need only A$. Suppose that g(p) 
and A(p) are two solutions of (4.1) and (4.6) in EZ. We may assume 
that they both satisfy (4.13) with 5 replaced by pa; if necessary we 
restrict p to a fixed finite interval and replace B by a larger constant. 
We have then by the usual square root argument 


| g(e) — klo) | = | Feo), £d] — F[AGe), Ae) || 
S 2cbBls! | g(3p) — ko) |, 
whence by iteration 
| (o) — klp) | S 2*e*el« | g(2-*p) — &(27*9) | 


and this tends to zero when k— by virtue of the common initial 
condition. Hence g(o) —A(p) and our sketch of the proof of Theorem 
4.1 is complete. 

This theorem may be strengthened in a direction which will be 
useful below. 


THEOREM 4.2. If o(£) satisfies the $niegrabilsty condition 
1 
(4.15) f Elw(f)dE < o, 
0 


and if g(p) is a solution of (4.1) in Et which tends to sero with p, then 
there extsts an a in Et such that (4.6) holds. 


Suppose that po is so small that 2| g(p) | St for p Spo. Repeated use 
of Af gives 


g(p) = 2*g(2-*p) + Ral), 
k 
| Ral) | s 2 273 | g(279) | w[2| £279) | ]. 
On the other hand 
le) | & (1 — toll o(2p) |]}2] £270| 2--> 


(4.16) > Il {1 E ie[21 g(2-4) |l 27 | g(27) |. 
j=l 
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It follows that 
| Re(o) | s 4 eC)! XII {1 — 3e[2| £279 | ]}*w[2| £279) |]. 


Here the right-hand member tends to a finite limit when k— œ if and 
only if 


È w[2| g(2-*») |] < Xe] 


is convergent where the inequality is a trivial consequence of (4.16). 
But the second series converges by virtue of (4.15). It follows that 
R,(p) converges uniformly to a continuous limit for 0Sp Spy when 
k— o and this implies that 


(4.17) lim 2*g(2-*p) = (p) 


exists as a continuous function of p. Furthermore, one sees that if 


(p) =pm(p) then m(2p) — m(p). 
In exactly the same manner one proves that 


lim 3*g(3~*p) 
i-e 


exists and a more detailed analysis shows that it also equals J(p). 
This forces m(p) to have the additional property m(3p) —m(p), and 
log 2 and log 3 being incommensurable, this makes the continuous 
function m(p) equal toa constant, a say. Since g(p) C EZ by assump- 
tion, a will have the same property. From /(p) =pa, we conclude that 
(4.6) holds. 

Condition (4.15) is not particularly restrictive and it is fully utilized 
in the proof of the theorem, but we have of course no evidence what- 
soever that it is a necessary condition. 


5. The one-parameter sub-semi-groups. In view of the discussion 
in §3, it is natural to replace A? by 

A3, T(a) is a strongly continuous function of a in Ex. 

The basic theorem on sub-semi-groups reads 


THEOREM 5.1. Let ihe semi-group & = { T(a)} satisfy assumptions 
A}, At, A3, At, Af, and Af. If a is any element of Ex, then the sequence 
of operators { [T(2752) ]t ] converges strongly io a limit S(a) - T [f(a)] 
where f(a) is defined by (4.10). The operators (S(pa)], 0 Xp« œ, form 
a sub-semi-group ©, of € and Sas =S, tf a0. If (4.15) also holds, 
then conversely if T= (S(p)], 0<p< v, ts a sub-semi-group of ©, if 
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S(p) = T[g(o)] and lim,.o g(p)-0, then there exists an aC Et such 
that 3; — €. 


The proof follows directly from Theorem 4.1 and 4.2. Referring 
back to Aj and the definition of the power (2-‘a; 2^ one sees that 


(5.1) [T(272)]* = T [(27; 22]. 
By (4.10) we know that (27/a; 27) —sf(a) when j-+ and by AS 
(5.2) T (2-40; 2?]x T[f(a)]x = S(a)x 


for each x. That the operators S(pa), 0 «p « v, form a semi-group 
with the product law SS(pa)SS(ca) = S((p-]-o)a) follows from the fact 
that f(pa) satisfies equation (4.1). 

If (4.15) holds, then we can apply Theorem 4.2. If then T= { S(p) } 
ig a one-parameter sub-semi-group of © with the canonical product 
law, we can find a function g(p) satisfying (4.1) such that S(p) 
=T [g(p) ]. By assumption g(p)—0 with p so there is an a in Ef such 
that g(p) —f(pa) and, hence, T=G,. 

The equation 


(5.3) P = flea), 0<p<o' 


defines a path T, in ZZ, starting at the origin where it is tangent to 
the vector p=pa. The properties of f(pa) listed in Theorem 4.1 
show that I, has a tangent almost everywhere and every arc of I, 
corresponding to 0<p<R is rectifiable. If F(p, q) has continuous 
partial derivatives with respect to the components of q, we may show 


that f(pa) = [di(p), - - - , da(p)| is a solution of the system of first 
order differential equations 
d$; z 
— m tt’ 13 0,°°+, 0), 
(5.4) dp De oak sls $ ) i= 1,::-,n 
$,(0) = 0. 
Here Fj, is the derivative of the jth component of F(p, g) with 
respect to the kth component of q and a = (o, +--+, a). This system, 


when available, usually offers more convenient determination of I’, 
than the functional equation (4.1) with the initial condition (4.6). 
It should be observed, however, that the latter define I’, uniquely in 
situations where the uniqueness theorems for differential equations 
do not apply and even the differential equations themselves may fail 
to exist. 

Every pathT', is confined to Ef and condition (4.15) may be used to 
show that I’, cannot return to the origin when p tends to a finite limit 
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or to infinity, Under the same assumption, I, is a simple arc. The 
general question of what happens to f(pa) when p— is very im- 
portant. A particularly simple case is that in which f(pa) tends to a 
finite limit po for then po= F(fo, Po) and T(po) is a projection operator. 
A transformation semi-group, in contrast to a group, may contain 
projections and their parameters are determined by the equation 


(5.5) F(p, $) = $ 


which defines a locus P in E. P always contains p =0 and may reduce 
to this point. The origin is an isolated point of P since | F(p, p)— p| 
70 as long as +0 and w(2| p]) «1 as we see from Af. If a path T', 
has an interior point pp=f(wa) in common with P, then the operator 
T [f(pa) ] is periodic with period w for p>w. This cannot happen, how- 
ever, if condition (4.15) holds and if Int l''eE,. A path T, may very 
well have its end point on P and P may be made up of such terminal 
points. This happens in the case of the projective semi-group on | 
positive numbers for which all paths T. are straight line segments 
joining the origin with the surface P which is a portion of a hyper- : 
bolic paraboloid in E;. 
The determination of all points p such that p=/f(a) for some a ap- , 
pears to be very difficult. It is clear that if  —f(a), then we must be 
able to determine a sequence of points {p+} in Ez such that p= p 
and ' 


(5.6) F(fs, pr) = i-i k= 1, 2, 3, poe a 
Since p,=/(27~*a) we must also have 
(5.7)  . Tim 2*5, = a. 

kon , 


It is possible to determine conditions under which this process may ' 
be carried through, but so far the results have been rather disap- | 
pointing. In our theory it is much easier to determine the paths from 
the origin than to find the path, if any, which joins a given point p 
with the origin. 

Let us observe that if p —f(a) then 


(5.8) T(9)s = lim exp 5 [r(/G2)) — 2 n — s€ 
$0 ô 


in the sense of strong convergence. Cf. [6, p. 189]. 


6. The infinitesimal generators. With each one-parameter sub- 
semi-group ©, defined above there is associated an infinitesimal gen- 
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erator A(a) of © which is defined by 
1 
(6.1) lim — [T(f(8a)) — 1]x = A(a)x 
$50 6 


whenever the limit exists. The domain of A(a) will be denoted by 
D(a); it is clearly a linear subspace of X. 


THEOREM 6.1. Under ihe assumpitons of Theorem 5.1 the sei D(a) 
is dense in X for each a in Ed. In particular, D(a) contains all elements 
of the form 


B 
(6.2) f T[f(pa)]ydp, E ROK wep S a: 


This is a well known result in the theory of one-parameter semi- 
groups (N. Dunford [2], cf. [6, p. 185]). Wealso observe that for x in 
D(a) we have 


d 
(6.3) db T|f(pa)]s = T[f(pa) Aa) s = A()7 [f(oo) ]a- 


The operator A (a) which is closed is ordinarily unbounded on D(a). 
Its resolvent is given by the Laplace transform 


(6.4) Rb A(a) a = f "TI f(oa) ]ado, RA) > 0. 


The spectrum of A(a) may very well fill the complementary half- 
plane RA) SO. D(a) is the range of RIA; A(a)] for any fixed ^ with 
RA) >0. If Rİ; A(a)] is known, it determines T[f(pa)] uniquely 
with the aid of the inversion formulas for the Laplace transform. 

The mapping a—A (a) defines a correspondence between the vectors 
a of Ei and the infinitesimal generators A(a) of €. Under suitable 
assumptions this correspondence is actually an isomorphism under 
the operations of addition and multiplication by positive numbers. 
Our previous postulates suffice for the scalar multiplication, however, 
since (6.1) shows that we have 


THEOREM 6.2. Under the assumptions of Theorem 5.1 we have 
D(aa) = D(a) for a>0 and A(aa) =aA (a). 


For the addition and for the fundamental theorems we need further 
restrictions and the following are convenient assumptions. 

Ai. There exists a positive po such that |a| «po, |b| «po, as£b im- 
plies that T(a) se T(b). 
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A$. F(a, b) has continuous partial derivatives with respect to the 
components of a and b up to and including the third order. 

At every point of Ey the function F(a, b) may then be expanded in 
a Taylor series up to terms of the third order. Because of Af these ex- 
pansions have a special form: at the origin we have in particular 


VS ae PB E E ah Ro i= 1,2,---,n, 
(6.5) i 


g (a), b= (6;), c= (Q2, c= F(a, b). 


The crux of the problem before us is to construct elements of X 
dense in ¥ belonging to the domains of definitions of A(a) and of 
A (a)A (b) for every choice of a and b in EZ. For this purpose we shall 
use a modification of artifices due to N. Dunford [2], I. Gelfand 
[5], and L. Gá&rding [4]. The same device gives elements belonging 
to the domain of existence of the product of three or more infini- 
tesimal generators, provided we assume the existence of enough 
derivatives. 

Let K(c) be a numerically-valued function of class C9, m23, 
defined in EZ. Let D be a bounded domain whose closure lies in EZ 
and let K(c) be integrable over D and vanish outside of D. If D, is 
a homeomorphic image of D in E$ such that no two corresponding 
points are at a distance of more than y apart, then we suppose that 


(6.6) f | K(c) | de = o(n) when 7 —> 0, 


where the integration is extended over that part of D which is not in 
D, We require that the partials of order not greater than m have the 
same integrability properties. The class of all such kernels K(c) will 
be denoted by §. Specifically we may choose D as the cube 0 «c 
<Y;<T<%,j=1, +--+, n, and define K(c) in the cube as 


K(e) = K(c; v, 7) 
« fci — o]-* exp f-o Sa E E 22 
f-i 


where C =f} exp {—[y(1 — y) j} a». 
For any choice of K(c) in f we define 


(6.7) 


(6.8) y = K[x] = f K (c) T (c) xde, zc &. 
D 


For fixed K (c) this is a linear bounded transformation of X to X the 
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norm of which does not exceed the integral of | K(c)| over D. If 
K(c)=K(c; a, 7) the norm is at most one. 


THEOREM 6.3. Under the assumptions A1, A?, A3, and At to Af the 
set [ND] [sa [A (a)4 (b) ]] 4s dense in X and contains the set 
f [X] of elements of the form (6.8). 


That £ [X] is dense in X follows from 
(6.9) lim lim K(c; e, t) [x] = « 
0 re : 


in the sense of strong convergence for every x. 

. We proceed to indicate briefly how one shows that K [x]€®(a) 
where, without restricting the generality, we may take la| =1. We 
form 2 


x (rl9] - 1)» 
(6.10) 


^x f, &otrtruen. 21 - TO) ade. 


In order to find the limit of the right member, we have to study the 
mapping Us defined by b= F[f(8a), c] which takes D into a set D(8). 
Condition A$ asserts that the correspondence is one-to-one for suffi- 
ciently small values of ô since |f(5a)| S B-:[e? —1] <28 if Bó«1. 
Further 


lb — c| <(1+ B|e|)|f(63) | < M5 


where M depends only upon B and D. The mapping is consequently 
a homeomorphism involving only a small distortion of D when 6 is 
small. It follows that (6.6) holds with y replaced by 6 and D, by D(6). 

By Aj we can solve the equation b= F[f(ŝa), c] for c when ô is 
small obtaining the unique solution c=y(b, f(8a)). This solution is 
continuous by Af; the added condition A‘ also makes it differentiable. 
It follows from the theorem on implicit functions that the solution 
c (b, s) of the equation F(s, c) «b has continuous partial deriva- 
tives with respect to the components of b and s of order not greater 
than 3 which is the limit for the existence of partials of F(p, g) postu- 
lated in A$. In this case f(9a) has continuous derivatives with respect 
to 6 of order not greater than 3 as is seen from equation (5.4). It 
follows that V (b, f(8a)) has continuous partials with respect to the 
components of b and with respect to 6 of order not greater than 3. 
Further, the Jacobian . 


D 
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(6.11) J(e; b) = J[p(b, f(8a)); b] 


of the inverse transformation U;' from D(8) to D is near to one uni- 
formly in D when ô is small and has partial derivatives with respect 
to the components of b and with respect to 0 of order not greater than 
2. 


From this we conclude that the right member of (6.10) may be 
written 


$a f K(c)T(b) x3 (c; b)db — à f K(b)T(b) xdb 
D) D 
ie f 5[ K(o)J(c; b) — K(b)]T(b)xdb 


nr f , Fs (sdb — i f „ZOTO 


= Ji + Ji + Js 
where Dı= DAD(8), D:=D(6) - Dy, Di1 D—D,. Here the norms of 
J, and J; do not exceed ||-|| times 


mf [Kol b)db and if xoa 


respectively. Both of these expressions tend to zero with à by (6.6). 
It follows that (6.10) tends to a limit so that y C D(a) and 


(6.12  4(3y = J, Kx(b; a) T (b) xdb, 


Ki(b: a) = zu [v (5, f(5a)) J [v (o, Ha); b] }sn0 


For D near to the origin this becomes 


Kı(b; a) = — K(b) | x 2 anas + 0(| b| | 


(6.13) 


= 2 K;(b) [« + 2 È anapa + 0(| af], 


where K;(d) is the partial of K(b) with respect to £.. It should be ob- 
served that the remainder terms are independent of the kernel. We 
conclude that A(a)K is a linear bounded transformation on X to X 
and 
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l4t2K|| « [A | Kalb; a) | db. 


Moreover, it is not difficult to see that this bound is a bounded func- 
tion of a for |a| =1. 

We have now to consider the existence of A(a:)A(a2)y.. Here 
A (a3)y is given by (6.12) with a replaced by as. This integral is of the 
same type as (6.8) with a kernel Ki(c; az) instead of K(c). Here 
Kı(c; a3) has the same properties as K(c) except for differentiability; 
however, Ki(c; a3) C C? at least and-this more than suffices for our 
needs, The argument given above may consequently be used also to 
prove the existence of A (a1)A (as) y. Further we see that 4(a1) A (a3) K 
is a bounded linear operator and the bound is a bounded function of 
a; and as on the unit sphere in Ez. This completes the proof. 

We have seen that the set #[%] is dense in D(a). Actually a stronger 
statement can be made and we can make assertions about the graphs 
of the operators in the relevant product spaces. 


THEOREM 6.4. The graph |y, A(a)y], y& [X], is dense in the 
graph [x, A(a)x], xED(a), in XXX. More generally, the graph 
ly, A(a9y, - ++, Alay], »€ f [X], ts dense in the graph [x, A(a)x, 

, A(ay)x], xENED(a;), $n EX ++» XX (k+1 factors). 


'The proof is long and laborious so we shall merely sketch the argu- 
ment for & —1 and indicate briefly the extension to more dimensions. 
Since A(a) is a closed linear operator the graph Gi [x, A(a)x], 
xED(a), with points gı may be made into a (B)-space under the norm 
|| gal] lx] -- lA (@)x|| with obvious definition of the algebraic opera- 
tions. If the subset G= [y, A(a)y], y€ [X], is non-dense in ©, 
then there exists a linear bounded functional on &, which vanishes 
on Gi, without vanishing identically. Any bounded linear functional 
on @; is of the form 


gf(g) = xf(x) + xf [A()x] 


where xf and xř are arbitrary linear bounded functionals on X. We 
have then for some special choice of x;* and x£ that 


(6.14) xit(y) + af [4(2)y] = 0, y € &[X], 


and by assumption this does not hold for all x in D(a) if we replace 
y by x. We now make a special choice of y in [X]. We take as 
domain of integration the cube C(8, €): 0 «y, e, $51, 2, - - -,m, 
and set K (c) =0 outside the cube and equal to TKr i in the cube 
where 
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Koly) = exp {-n(e — è) [e — 0v - 913], n> 0. 


The corresponding elements y y(x; 6, e, 3), x€ (a), are in [X]. 
Substituting this value of y in (6.14) gives an identity in ô, e, y, and 
x. By continuity we may let 0—0 and afterwards 7—0. Under these 
two operations xf(y) is carried into 


(6.15) f NETS 


since Ko(y)—>1 boundedly in C(0, €). For the discussion of x£ [A (a)y] 
we use (6.13) which gives the corresponding kernel. This expression 
involves two terms of which the first one leads to 


619 — f. {EE eat ole} aTa 
0(0,e) i i 

We recall that the remainder term is independent of the kernel. The 

second term of (6.13) gives rise to n singular integrals of which the 

first one, $—1, involves the integral 


7 f i Ko(y1) o TE 9 = vr If i(dyi 


which is multiplied by []3 Ko(y,) integrated with respect to the re- 
maining 5 —1 variables from 0 to e. Here 


Ke [« +E Laram t Ode >] nt [T()s]. 


Passing to the limit with 7 gives the result 
hile, € 23) 7775 Yn) — f.(0, Yao ts Yn) 


as is easily seen. At the same time [[} Ko(y)—1. Thus we see 
that the limit of x#[A(a)y] under the limit processes 0—0, 7—0 be- 
comes the integral over the (1 — 1)-dimensional boundary of the cube 
C(0, €) of the function which on the face y;- equals f;(c) and on the 
face y; 0 equals —fi(c). 

` After performing these operations on xff(y) J-x£f [4(a)y] we multi- 
ply by e” and let e—0. The contributions from (6.15) and (6.16) add 
up to . 


(6.17) a(x) — { x X ahar as (a). 


The surface integral leads to two terms of which one arises from the 
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partials of the factors ast Xy 2 4o gya--O( jel 3) and gives a limit 
which cancels the second term of (6.17). The second term involves 
combinations of difference quotients of xf [T(c)x]. Since everything 
else tends to a limit when e—0, this term must also tend to a limit 
which we denote by X*(x). We have then 


(6.18) af (x) + X*(2) = 0, x € D(a). 


Since D(a) is dense in X, this must hold for all x so that X*e —xj*. 
But for xy in 8[X] we have X*(y) =x#[A(a)y] and [X] is dense 
in D(a) so we must have X*(x) =x#[A(a)x] for all x in D(a). But 
this shows that (6.14) holds with y replaced by any x of D(a) so that 
gf(g) =0 for all gi. Thus Gi, is dense in &,. 

The extension from 1 to & does not offer any new difficulties. The 
graph G= [x, A (a3)x, D A (au)x ], xENiD(a;), becomes a (B)- 
space under the norm ||gl| =||x|| + 2.3] 4 (¢,)x|| and the linear func- 
tionals on G, are of the form 


gf(gs) = xf(x) + sf4(0)2] +--+ + lAl]. 


Proceeding as above with the same choice of y=y(x; à, e, 7), x 
ENM®D(a;), and passing to the limit with the parameters, one ob- 
tains a relation of type (6.18) holding for all x under consideration. 
But for x2 yc f [X] we have 


(6.19) X*(y) = sf [Alay] +--+ + atalala]. 


Here X* has a unique extension when we pass from the dense set 
R[Z] to the set NED(a;) and the right-hand side of (6.19) has the 
obvious extension obtained by replacing y by x. It follows that (6.19) 
holds for all points of NfD(a,) so that gë is the zero functional and 
the subgraph is dense in @,. 

We now define an operator U(a) by 


(6.20) U(a)x = lim i [T (50) — I]x 


whenever the limit exists. 
THEOREM 6.5. U(a)y exists and equals A(a)y if y 8 [X]. 


The existence of U(a)y is proved by the argument used in the proof 
of Theorem 6.3. We have merely to replace f(8a) by 6a throughout. 
But f(a) — ôa 2: O(8*) whence it follows that 


vb, f(82)) — Vib, èa) = O29), 
J [v(b, f(8a)); b] — J [V(b, ĉa); b] = O(8*), 
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so the right member of (6.13) is unchanged when we replace f(5a) 
by 8a. Hence U(a)y — A(a)y for y€ [X]. If it could be shown that 
U(a) is a closed operator, then it would follow from Theorem 6.4 
that the domain of U(a) contains that of A(a) and that equality be- 
tween the operators holds in D(a). At present we cannot decide this 
question and it is not vital for the following discussion. 

THEOREM 6.6. If y=K(c)[x] and if a1, as, b are points of Et with 
lai] <8(D), |aa| <8(D), |b| S1, then there exists a constant C depend- 
ing only upon K(c) such thai 
(6.21) | [T(a1) — 7(23]»1 S C| a: — al [lal] 
and ihe same relation holds with y replaced by A(b)y. 

This is proved by the method of Theorem 6.3. We omit the details. 


We can now prove that the correspondence a—4 (a) is a homo- 
morphism under addition in the following sense. 


THEOREM 6.7. SD(ai4-a4) contains SD(a)) YO (as) and tn the latter set 
(6.22) A(s + a3) x = A(a1)% + Ala) x. 


We start by proving (6.22) for x=yG f [X]. In this set it is sufficient 
to prove the corresponding relation with A replaced by U and this is 
accomplished if we can show that 


[T(3(a; + a2)) — T(Sa1) — T(8a2) + I] y = o(8) 
when 5-0. The left member equals 
{T(6(a: + 03) — T[F (Sar, 842)]} y + [T(9:) — r])[T (923) — 1]. 
By Theorem 6.6 the norm of the first term does not exceed 
C | &(a1 + a4) — F (523, $23) | [||| 


which is O(8*) by Af since e(£)-—O(f). Since y€ (aj), we have 
[T(8a2) — 1]y = ôA (a3) y-1-0(2), so that 


(| [7(6a1) — r][T(929) — 1]5] < el [T(62)) — 1]14 (22 
+ 0(6)|| Tax) — I| s c? | ax | lad] + o) 


from which the assertion follows. In order to extend the validity of 
(6.22) from f£ [X] to $b(a)) (as) we argue as follows. By Theorem 
6.4 the subgraph [y, 4(a)y, 4(a)y], y € & [X], is dense in the graph 
[x, 4 (a)x, A(as)x], x €Sb(a)) VD(ax). Hence for any x in the latter 
set we may find a sequence y,C &[X] such that y,—x, A(ai)y. 
—4(ai)x, A (a3) y.—4 (ai)x. It follows that 


110 EINAR HILLE [March 


Alar + as) y = A(t) yn + A(G2)yn — A (a) + A(as)x. 


Since A (a1+4:) is also a closed operator, it follows that A(ai+-as)x 
exists and that (6.22) holds. 
We come now to the main theorem of this section. 


THEOREM 6.8. Lei 
a= (a1, an> » &n) = aili + ases +--+ + + aues 


and set A (ex) — Ax. Then D(a) contains the set (YD (ex) =D, and for x in 
the laiter set 


(6.23) A(a)x = a4 1x + asÀ sx + E + Qa Á nt. 
The basic infinitesimal generators Ay, As, - - - , Aw are linearly inde- 
pendent in Da. 


The validity of (6.23) is an immediate consequence of the preced- 
ing theorem. A linear relation with constant coefficients between 
Ax, Aas, ©- <, Án valid for all x in D, implies the existence of two 
distinct vectors a and b in Ef such that A(a)x — A(b)x in D,. We 
know that the subgraph [y, A(a)y], y &[X], is dense in the graph 
of A(a). A fortiori this is true for the graph [x, A(a)x], x€D,. Now 
for RA) >0 the set [AT —A (a) ][D(a)] is dense in € so the same must 
be true for [AZ— A (a) ][,] = [Az — A (b) ] [®, ]. From this we conclude 
that the linear bounded operators R[A; A(a)] and R[A; A(b)] coin- 
cide in a dense set and hence everywhere. By the inversion formulas 
for the Laplace transform, applied to formula (6.4), we conclude that 
the corresponding one-parameter semi-group operators T'[/(pa)] and 
T [f(pb) ] are identical for all values of p. But for all small values of p 
we have f(pa) »£f(pb) and | f(pa)| « po, | f(pb)| <ps. Thus the result 
contradicts A1 so we conclude that A(a) and A(b) are distinct oper- 
ators on D, when a sb. 

The infinitesimal generators A(a) of G form an n-dimensional 
system which is closed under addition and multiplication by positive 
numbers. On the other hand, multiplication by negative numbers is 
not allowed since a and —a are not simultaneously in E, if a0. In 
this respect there is a striking difference between the semi-module of 
infinitesimal generators of a semi-group and the Lie ring of generators 
of a group. 


7. The fundamental theorems. We come now to the analogues of 
the three fundamental theorems of Lie. 


THEOREM 7.1. For yC 8 [X] and small values of a in EY 
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ð a 
(7.1) T(a)y = 2: TA(a)T(a)Axy, j=i1,2,-++,n, 
9a; wal 


where the matrix (T l(a)) tends to the unit matrix when a—0. If ihe 
operator in the left member is closed, then its domain contains D, and 
(7.1) holds in Da. 


The left side of (7.1) is the limit when 6-0 of 
(7.2) &3[T(s + 6¢;) — T(a)]y. 
Using A$ we see that the equation F(a, k)=a+6e; has a unique 
solution in ZZ, viz. 
h = (a + õe; a) = x(a, 8)  ci(a)ó + O(8*), 


where the components IA(a) of the vector c;(a) are determined by 
the linear system of equations 


(7.3) 2, Fala, O)T (a) = 5, #=1,2,---,7. 
kel 


Here F, as in formula (5.4) is the partial derivative of the ith com- 
ponent of F(a, b) with respect to the kth component of b in which 
we set b=0. Since Fa(a, 0)—>ôa when lal —0, the determinant of the 
system (7.3) is different from zero for small values of [a] so that the 
T z(a) may be determined. Further F p(a)—ôp when la| —0. Thus 
871 [T(a + 3e) — T(a)]y 

= T(a)t(T[xi(o 8)] — Thy 

= T(a) [T[tc,(2)] — 1] y 

+ T(a)o*{ T[x,(a, 6)] — T[8e,(a)]} y. 

The first term in the last member tends to T(a)A [c;(a) ]y when 60 


by Theorem 6.5 while the second term tends to @ by Theorem 6.6. 
Hence the limit exists and by Theorem 6.8 it equals 


(7.4) 


T(a)A[c,(a) ]y = » T'a(2)41). 


The left side of this equation involves a closed operator, but it is not 

a priori obvious that the partials of T(a) are closed operators; if they 

are, then Theorem 6.4 shows immediately that (7.1) holds in Da. 
Theorem 7.1 also gives us 


(7.5) T(a)A.y = Y Aiala) = T(a)y 
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where (Aa(a)) is the inverse of the matrix (l'a(a)). It follows from 
(7.3) that 

(7.6) Au(a) = F;,(a, 0). 


The second and third fundamental theorems involve the structural 
constants of the semi-group defined by 





f : i i oF, 
(7.7) Yik = Qik — Oki Ape ( : 
9a 50D VJ 0,0 


in the notation of (6.5). We note that 


ð k 
(7.8) — Aa(8) > ain | a| +0. 
9a; 


THEOREM 7.2. If yc 8[X] 

(7.9) [4s Ai]y = (44, ~ 4:49» = D v4 5. 
mæl 

If the operator $n the first member is closed, then the relation holds in Da. 

For the proof we use (7.5) twice forming 

p ð 
T(a)A Ay = 2, Anla) — [T(2)4 y] 
hel 9o 


à 


Oa 





A ð * 
> O EO T(a)y} l 


Interchanging # and j, subtracting and simplifying we get 
ð 


9a. 





T())4s 4j» = 3 Aa) — T(a)y 


where 
m ^ ô ð 
Ai;(a) = È faalo) Ja; A502 — Aj (a) Ae) ; 


which tends to 7 when |a|—0 by (7.8) since A&(a)—94. Formula 
(7.1) shows that the partial of T(a)y with respect to a» tends to 
Amy. It should be observed that the second order partials of 7'(a)y 
which arise in the process, but cancel in the subtraction, actually 
exist when y€ fe [X]. This follows from the fact that in (7.4) we may 
replace y by Aw and still carry through the limit process. The second 
partials may consequently be found by formal differentiation of 
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formula (7.1). If [44 4,] is a closed operator, then Theorem 6.4 
shows that (7.9) holds in Da. 

The second fundamental theorem asserts that each commutator 
[A;, Aj] is a linear combination of basic infinitesimal generators, but 
in the semi-group case it does not follow that [A4;, 4;] is also an 
infinitesimal generator, that is, we cannot always find a vector c in 
"Ef such that [4 4;]y 9 A (o). In particular, we note that if [As Aj] 
is an infinitesimal generator, [4;, 4,] cannot be one. 


THEOREM 7.3. The siruciural constants satisfy 
(7.10) Yin = — Yun 
(7.11) E vie + viua + irai] = 0. 
tom] 


Here (7.10) follows from (7.7) while (7.11) follows from the rela- 
tion , 


(7.12) [45 [45 44]] + [45 [An Add] + [4 [45 4)]] = © 
which holds when the operator on the left acts on the subspace R [X]. 


8. Conclusions. The preceding theory raises perhaps more ques- 
tions than it answers. Let us list some directions in which further 
research is desirable. 

(1) Determine the set of points c such that c=f(a) for some a. 
In particular, are all finite boundary points of this set “accessible” 
and found by solving the equation F(p, p) =p? 

(2) Extend the investigation to other parameter sets. 

(3) Prove that the partials of T(a) and the commutators are closed 
operators. 

(4) Formulate and prove converses of the fundamental theorems. 

(5) Is it possible to embed the given semi-group © in a group of, 
in general, unbounded operators, the group being generated by the 
set YXox4s with real a’s not necessarily positive? 
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RAMIFICATIONS, OLD AND NEW, OF 
THE EIGENVALUE PROBLEM 


HERMANN WEYL 


Since this is a lecture dedicated to the memory of Josiah Willard 
Gibbs let me start with that purely mathematical discovery which 
Gibbs contributed to the theory of Fourier series. Fourier series have 
to do with the eigenvalues and eigenfunctions of the oldest, simplest, 
and most important of all spectrum problems, that of the vibrating 
string. In preparing this lecture, the speaker has assumed that he is 
expected to talk on a subject in which he had some first-hand experi- 
ence through his own work. And glancing back over the years he 
found that the one topic to which he has returned again and again is 
the problem of eigenvalues and eigenfunctions in its various rainifi- 
cations. It so happens that right at the beginning of my mathe- 
matical career I wrote two papers on what we now call the Gibbs 
phenomenon. 


1. Gibbs phenomenon. Take a simple periodic function with a dis- 
continuity, for example, the function 1°(x) of period 2x which equals 
0 for —r <x <0 and 1 for 0 «x ««. In a letter to the editor of Nature 
published on April 27, 1899, Gibbs, correcting a statement in a previ- 
ous letter, pointed out that the limit of the graphs of the partial 
sums y=12(x) of the Fourier series of 1°(x) includes not only the 
vertical ascent from the level 0 to the level 1 at x=0, but extends 
vertically beyond it by a specific amount. A. A. Michelson had 
started the discussion in Nature by criticizing the way in which the 
mathematicians are wont to describe the limit of the sequence of 
those partial sums; he had pleaded for adding to the two horizontal 
levels the vertical precipice. Today we find in the notion of uniform 
convergence the most adequate analysis of the phenomenon. Intro- 
duce the sinus integral 


and consider a closed interval J, say —-/2£x$7/2, containing 
only the one discontinuity at x=0. It is, of course, not true that the 
difference between 1°(x) and the sth partial sum 12(x) converges 


The twenty-second Josiah Willard Gibbs lecture delivered at Columbus, Ohio, 
December 28, 1948, under the auspices of the American Mathematical Society; re- 
ceived by the editors January 17, 1949. 
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uniformly to zero in J, but it is true that 19(x) —Si (nx) does so. Thus 
the graph of 18(x) for large m is essentially that. of the undulating 
function Si (x) compressed at the ratio 1:5 in the x-direction. 

Instead of direct summation one can apply to infinite series, in 
particular to Fourier series, other methods of summation. Let me 
mention only one here: in the Fourier series 9 4». .a4e'^* add the 
factor e-^'* to the mth term and then let the positive parameter 
i time in the resulting sum 

> aae teins 

converge to zero. Since that sum is a solution of the equation of heat 
conduction 


0!u/àx* — ðu/ðt = 0, 


I call this the heat conduction summation. The Gibbs phenomenon for 
this summation is ruled by the function 


1 aay 
Er (x) =f e-t d£ 


in the same sense as it is ruled by Si (x) for the direct summation. This 
is an immediate consequence of the fact that Er (x/21U?) is actually 
a solution—though not a periodic one—of the heat equation. 

In the two papers just mentioned [1]! I considered the Gibbs phe- 
nomenon for a certain general type of summation methods. My chief 
concern was with the simplest two-dimensional case of eigenfunc- 
tions, namely Laplace's expansion of functions on a sphere in terms 
of spherical harmonics. Nothing new occurs if the function has a dis- 
continuity along a smooth line with a continuous tangent. But quite 
an impressive mountain landscape develops in the neighborhood of a 
point where this line makes an angle. There was one specific one-di- 
mensional problem which attracted my attention. It deals with a 
circular metal ring consisting of two halves of different conductivities 
a and f. Assume the normalization a+f8=1. If one of the halves has 
a temperature of 100? C. at the time ¢=0, the other of 0°, how will 
the temperature level off in the progress of time? The solution can be 
easily expressed by means of the function Er, and this gives the Gibbs 
phenomenon for the heat conduction summation of the correspond- 
ing eigenfunction expansion. The Gibbs phenomenon for direct sum- 

1 The letters (A), (B), - - - refer to a number of notes printed at the end of the 


paper (and not included in the actual lecture as delivered at the Columbus meeting). 
The bold face numerals [1], - - - refer to the bibliography. 
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mation is a more subtle question because the distribution of the eigen- 
values À depends on the arithmetical character of the numbers « 
and B. Only if they are rational, the problem may be settled by fairly 
direct computation (A). The result would carry over to an arbitrary 
irrational « if it were true that a can be approximated by a sequence 
of fractions a4/c, (n=1, 2, - + - ) such that 


nla — a4/e.) > 0, c.n —0 for n— o. 


It is simple enough to show that this can be done, and thus to de- 
termine the Gibbs phenomenon for arbitrary conductivities a, f. 
Our lemma on Diophantine approximations proves at the same time 
the equidistribution mod. 1 of the multiples no of an irrational 
number a. 

When, not so long after, I learned through Felix Bernstein about 
the problem of mean motion in Lagrange's linear theory of perturba- 
tion for the planetary system, a problem P. Bohl had connected with 
that of equidistribution mod. 1, I remembered this investigation and 
tried to settle the question of equidistribution in a more general form 
[2]. This is an example of how experience in one field of mathe- 
matics may give one the lead in an entirely different field. It is chiefly 
for this lesson that I have mentioned here this early work of mine, by 
which, in a very modest way, I paid homage to the genius of Gibbs 
about forty years ago.—Incidentally, Fourier series provided the 
basis for the analytic method which I brought to bear on the general 
problem of deciding whether a given sequence of real numbers 
&, $z © < -is equidistributed mod. 1. Such equidistribution can be 
formulated as a statement concerning the mean value of any Rie- 
mann integrable function f(x) of period 1 for the argument values 
x=, $s +++; and the gist of the method lies in the observation that 
verification of the statement for the special periodic functions e?*** 
(n20, +1, +2,--+--) is sufficient. 


2. Limit circle and limit point. As one knows, Fourier series were 
generalized by Sturm and Liouville so as to cover the eigenvalues 
^ and eigenfunctions $(s) of the self-adjoint differential equation 


( Lpa [zoo =) - aaa} +296) = 0, 


subject to a real linear boundary condition at either end of the in- 
terval 0&s £l. The coefficients p(s)>0 and q(s) are given real con- 
tinuous functions in this interval. Let the abbreviation $' be used for 
P(s)dó/ds. A real linear boundary condition for s=/ is of the form 
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(2) $'() — e(l) = 0 
with a real constant h (not excluding k= œ). For a solution $ of 


Ly)(@) =0 and a solution $« of La, (6«) =0 we have the simple Green's 
formula 


r i i 
(3) le — v] = 0-90 f. eias 


It shows that eigenfunctions $, $« belonging to two distinct eigen- 
values A, A+ are necessarily orthogonal, /j¢¢«:ds=0. On taking 
A+ =A, dx — $ one finds that for a non-real À the function @(s) cannot 
satisfy a real linear boundary condition at both ends without vanish- 
ing identically; for under these circumstances our equation would 
give füóéds —0. The positive-definite character of the integrand $$ 
is decisive here. 

The spectrum of the eigenvalues is discrete provided the dif- 
ferential equation is regular at both ends, that is, provided p(s), 
g(s) are continuous and p(s) actually positive throughout the closed 
interval 0S 5 X]. If we make this assumption only for the right-open 
interval 0 $ 5«7, as we shall now do, then the end s =0 stays regular, 
but the end s=/is (possibly) singular. Let us throw the singular end 
into $2 --«. Under these circumstances one must expect that a 
continuous spectrum will appear side by side with the point spectrum. 
Moreover it seems that sometimes a boundary condition is required 
at the singular end, just as it would be for a regular one, but some- 
times not. 

The very first result by which I added my mite to our stock of 
mathematical knowledge had to do with the clarification of this issue 
[3]. Since one cannot vouch that the spectrum will not cover the 
entire real \-axis, I had the simple idea (not as trivial at that time 
as it has now become) to determine Green's function G(s, #) neither 
for \=0 nor for any real A, but for a À in the upper half-plane, 3A 7 0, 
for example for A=4. Let n(s), 0(s) designate the two solutions 
$(s) 2 (s; A) of (1) determined by the initial conditions 


n(0) = 1, 9/(0) = 0 and 6(0) = O, &/(0) = 1 
respectively, and then consider the solution 
(4) o(s) = w-n(s) — 0(s) 


which combines them by means of an arbitrary constant w. The 
question naturally arises for which values of w this $(s) satisfies a 
real linear boundary condition (2) at s=}. The answer is: for those w 
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that lie on a certain circle C; in the complex w-plane. Indeed the con- 
dition (2) gives 


(w — 0!) — klm — 8) = 0 for s =1 
or 
_ IO — WO 
70 — m0 


and this fractional linear or Möbius transformation h—1w maps the 
real h-axis upon a circle in the w-plane. Here ^ is a given value in the 
upper half-plane. We now compare two such values À, ^». Whereas 
(s) (s; A), 7, 0, and so on refer to ^, let do, 0, 0s, and so on refer 
to `o. By picking a point w? on C? = C:o) one fixes the coefficient k 
of the real boundary condition (2). Clearly the point w=w(A) on 
C;— Ci(X) for which (4) satisfies the same boundary condition as 
Qo — 109-79 —09 at s=} proceeds from w? by a certain Möbius trans- 
formation 105—4. Points w° and w on C? and C; thus related may be 
called homologous points. 

We now face the task of transferring these obvious answers to the 
limit /— 9. For that purpose the definitions of the circle C; and of 
the homology between the two circles C;(\o) and Ci) must first be 
given a new form, one that looks more complicated but is in fact 
more instructive. Put ^+ =i, $« — $ in (3): 


l i 
lez - 5e] = o - 3. f. esas. 
0 
On account of this identity the requirement that $ satisfies a real 


linear boundary condition at s=}, $$' — $$! 0 for s=}, is equivalent 
to the relation 


i 
a f $9ds = Sw ford = wn — 0. 
D 
This is indeed the equation of a circle C; in the upper half w-plane. 
The points of the circular disk (C;) bounded by C; are character- 
ized by the inequality 
i 
f odds € $w/3A. 
0 
This shows at once that Cy lies inside C; if ^ 1. Hence with J tending 


to infinity, C; shrinks either to a limit circle or a limit point C= C). 
This alternative, limit circle or limit point, is clearly the correct 
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formulation of the question whether or not to impose a boundary 
condition at s= œ. 

Next we have to put the description of the homology mapping 
w—w of the circle C? upon C; into a form suitable for passage to the 
limit |—«. Pick a point w° on C? = Ci(Ao) and form 


(5) pols) = é(s; Ao) = w-n(ss X) — OCs; Xo). 
The solution 
(6) $(s) = (s; X) = w-n(s; X) — 0(s:3), 


satisfying at the end s=/ the same real linear boundary condition as 
$o(s), is obtained from ¢o(s) by solving the linear integral equation 


H 
ds) e 4() — = 39 p G(s, 2)-$(0dt 


the kernel G(s, #) of which is Green's function for do: 
pols) - no(?) (S s), 
nos) po) (s S 1). 


From the solution ¢(s), (4), one gets w=w(A) as its initial value $(0). 
This prescription at once carries over to the limit /[—«; one has 
simply to replace integration from 0 to / in our integral equation by 
one extending from 0 to ©. Of course in (5) the factor w? is now sup- 
posed to be a point on the circle C? (whether that is a real circle or 
degenerates into a point). Indeed, on trying to solve in the simplest 
way the integral equation thus resulting, namely by the Neumann 
series, one finds by direct estimates that the series converges within 
the circle around Xo in the A-plane that touches the real axis. Hence 
analytic continuation encounters no obstacle, and $(0; X) =w(A) isa 
regular analytic function in the entire upper half \-plane. The method 
works in both the limit-circle and the limit-point cases. In the latter 
w is the limit point for Ao, and the construction gives the limit point 
w=w(A) for ^. Whether the singular end s= œ is of the limit circle or 
limit point type does not depend on the value of ^ as long as ^ is re- 
stricted to the upper half-plane. In the limit circle case it follows 
easily that the homology mapping w°—+w=w(A) of C? onto C is a 
Möbius transformation with coefficients depending analytically on ^ 
(for 3À» 0). 

If one replaces the differential equation (1) by the corresponding 
difference equation, one arrives at a neat formulation for the theory of 
Stieltjes' continued fractions and his moment problem. It was treated 


G%s, £) = 
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by E. Hellinger in a manner analogous to the one outlined here for 
the differential equation [4]. The moment problem is a very special 
limiting case of an interpolation problem in the theory of analytic 
functions w=w(d) of a complex variable A first studied by G. Pick 
and R. Nevanlinna [5]. It concerns analytic functions w(A) defined 
in the upper half A-plane, 3\>0, the values of which have themselves 
positive imaginary parts. For the moment let us call them positive 
functions. How far is such a function determined if its values w(a,) 
are prescribed for a sequence of points À—05, a3, - - - in the upper 
half-plane? The differential problem corresponding to this interpola- 
tion or difference problem can be put in the form of a system of two 
linear differential equations of the first order for two unknowns 
$, ¢’ containing the spectral parameter À in broken linear fashion, 


dé a(s) — bi(s) 

ds ^ xa) B9) 

dg’ Mas) — ba(s) 

ds ü ra(s) — b(s) 
with real coefficients which satisfy the inequalities 

&'(s) = ai(s)b(s) — bi(s)a(s) > 0, k(s) = a(s)bs(s) — b(s)as(s) > 0. 
This general system now replaces our former system (1) or 

£ 
wo Fero Zao- 

The theory of limit circles and of the homology mapping of the 
limit circles for different values of À carries over practically without 
alteration to this more general problem [6]. The decisive point is the 
positive definite character of the integrand 

kg + ko'p 
(Aa — b) (Àa — b) 


t p (s) , 
(Sx) 
e(s) 


that appears in Green's formula and takes over the role played by 
$6 in the problem (Ly). By direct constructive solutions of integral 
equations one thus proves the fundamental facte about the Nevan- 
linna interpolation problem, which Nevanlinna himself had derived 
with the aid of some of the strong "existential" methods character- 
istic for the theory of analytic functions, such as the Vitali theorem 


(B). 
3. Expansion theorem for ordinary self-adjoint linear differential 


122 HERMANN WEYL [March 


equations of second order with singular end. For the classical prob- 
lem (L5) the investigation of the singular end s= œ is merely a pre- 
liminary to the study of expansions by eigenfunctions. What one has 
to expect can be predicted when one first replaces the singular end œ 
by the regular end /. But one has to obliterate the feature of a dis- 
crete spectrum by writing the sum over the eigenvalues in the expan- 
sion formula as a Stieltjes integral involving a non-decreasing step 
function. Rather than attempt to carry out the passage to the limit 
i one seeks to verify the formula thus obtained directly for the 
interval 0Ss< œ with the singular end œ. For simplicity’s sake let us 
prescribe the boundary condition $'(0) 20 at the regular end s=0. 
Then we know a priori that for any eigenvalue \=A, the function 
n(s; M.) must be the eigenfunction. The eigenvalues are those real 
values of A for which (s; X) satisfies a given real linear boundary 
condition ?'(/; X) — A-«(l; X) = Oat the end s=}. 

Choose a definite AX» with positive imaginary part, for example 
No=+t. Fixing the coefficient k amounts to fixing a definite point sw 
on the circle C:o) = C*. The expansion of the arbitrary function f(s) 
is then given by 


Ai SS whee ds f EKOT ds 


and 


n0) =1/ f (n5; 3)*ds. 


Let A = (X, Az) be any interval on the real A-axis, and, x(A) being any 
function of the real ^, let Ax stand for the difference x(A4) —x(X). 
We may now define a nondecreasing step function p:(A) by the equa- 
tion 

(7) Apr = 25 n0). 


MCA 


(If one of the ends Ay, As of the interval is an eigenvalue, the summand 
ri(X) or r:a) in (7) should be counted with the weight 1/2 only.) 
After forming 


( APG) = f 26:920, Age f AP(s)-f(s)ds 


our expansion appears as the following Stieltjes integral extending 
over the real A-axis: 
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+o 
(9) f(s) ~ f n(s; d)da(d). 


One has good reason to hope that in this form the expansion theorem 
will carry over to the interval (0, ©) with the singular end œ, and 
in anticipation of this result we have dropped the subscript / in (8). 
The whole problem boils down to determining the nondecreasing 
function pÀ). 

For a finite interval 0 Ss S} and a non-real À one easily proves (C) 
the following expansion, which is uniformly convergent with respect 
to s: 








10 ;A) = a i ; u)d 
(10) wi) = f amende) 
in particular (s=0) 

Lum 1 
(11) Sw) = [B 3x dela). 


We expect these equations to hold even for the infinite interval— 
although p(A) may then cease to be a step function—if w(A) and 
$ (s; X) are constructed from a (or the) point w° on the limit circle C? 
according to the prescription given before. Denote by A, the segment 
A after it has been raised by the positive amount e in the direction of 
the imaginary axis. One computes Ap and AP(s)=/fan(s; X)dp(X) 
from (11) and (10) as the limits 


(12) Ap = TE Sw(d)-dr, 


«—0 T A, 
1 
AP(s) = lim — f Jgs; A) dr. 
oo Tda, 


The first formula determines p. 

When turning these heuristic arguments into an actual proof one 
should first endeavor to prove the existence of the limit (12) and then 
to establish the expansion (9), (8), with the density differential dp 
thus constructed. Mean convergence of the expansion is to be ex- 
pected for any square integrable f(s); certain slight restrictions im- 
posed upon f(s) will insure ordinary uniform convergence. 

Many authors have written on our subject. My own first approach 
was based on Hilbert’s general theory of spectral decomposition of a 
bounded symmetric linear operator and specialized it by taking ad- 
vantage of the particular circumstances prevailing for the dif- 
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ferential problem in question, above all, of the fact that for any 
eigenvalue À the eigenfunction, (s; X), is known a priori [7]. M. H. 
Stone's procedure in his book on Linear transformations in Hilbert 
space [8] is of the same character, but he is able to utilize the ma- 
chinery of general concepts developed in the twenty intervening 
years for axiomatized Hilbert space. Earlier, the Stieltjes method, on 
which Hellinger had founded Hilbert's general theory [9], had been 
directly applied to the special differential problem by E. Hilb [10]; 
but he did not carry it 80 far as to obtain the explicit construction of 
the differential dp. Recently E. C. Titchmarsh in several papers and 
in his book on Esgenfuncion expansions [11] resumed this direct 
approach. The basic equation (12) is due to him. Yet his construc- 
tion of w(X) and of dp is not as direct as I should wish them. Also a 
number of contributions made by A. Wintner and P. Hartman 
during the last two years ought to be mentioned [12]. The formula 
(12) was rediscovered by Kunihiko Kodaira (who of course had been 
cut off from our Western mathematical literature since the end of 
1941); his construction of p and his proofs for (12) and the expansion 
formula (9), still unpublished, seem to clinch the issue. It is remark- 
able that forty years had to pass before such a thoroughly satisfac- 
tory direct treatment emerged; the fact is a reflection on the degree 
to which mathematicians during this period got absorbed in abstract 
generalizations and lost sight of their task of finishing up some of the 
more concrete problems of undeniable importance. 


4. Inequalities and asymptotic laws for eigenvalues. But let us 
drop this matter now and turn to another subject, that of the 
asymptotic distribution of the eigen-frequencies for the two- or more- 
dimensional membrane and for other oscillating continua. H. A. 
Lorentz had impressed upon the mathematicians the urgency for 
physics of a settlement of this question. For a pupil of Hilbert 
around 1910 it was natural to visualize the question as one concern- 
ing integral equations. By means of a real symmetric kernel K(s, #) 
one introduces the linear operator u—Ku, more explicitly u(s) 
— fiK (s, t)u(i)dt, in the vector space of all real-valued continuous 
functions 4 &(s) defined over the interval 0S5 S1. If the integral 
Sou(s)o(s)ds is taken as the scalar product (u, v) of any two vectors 
u, v in this space, then the quadratic integral form 


kuj f l f " K(s, Du (Du) -dsdi 


is the scalar product of u and Ku. The reciprocal eigenvalues x and 
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corresponding eigenvectors $ are the solutions of the equation Kọ 
=x. Let the positive «’s be arranged in descending order, m2 s 

- - ,and the corresponding eigenfunctions ¢, so chosen as to form an 
orthonormal system, (w, $4) 204,. Then x, is the maximum of the 
form K under the auxiliary conditions 


lule = (4, #) S1, — ($220 (i=1,-,»— 1). 


Let wis), +--+, Ws-1(s) be any n—1 functions. The fundamental 
lemma which made my investigation possible states that there exists 
a vector u of length ||u|| - 1 which is orthogonal to wn - - +, a-u 


(4, 01) = 0, ee (#, @n—1) = 0, 


such that K(u)2x,. This characterizes x, independently of the pre- 
ceding eigenvalues and eigenfunctions as the “minimum of a maxi- 
mum.” The construction of such a u as the lemma requires is easy 
enough: a suitable linear combination c$i(s)d- - - - ténba(s) of the 
first n eigenvectors will do the trick. I used this lemma (in a slightly 
different form) for the purpose of carrying over to all x, statements 
that are evident for the first reciprocal eigenvalue x; [13]. 

Here is an example. Suppose you add to a kernel K a positive-defi- 
nite one k, that is, one for which k{u) 20. It is clear that the first 
reciprocal positive eigenvalue xf of K*=K-+& is greater than or 
equal to x; for x is the maximum of K(u) and «* the maximum of 
K(u)4-k(u) under the condition luz 1. Our lemma carries the 
inequality over to all &'s arranged in descending order: Ka S Kp. 

This result is of immediate application to the two-dimensional 
membrane problem. Let the membrane cover a region S of (Jordan) 
area V. With the argument P ranging over the points of S the eigen- 
values À and eigenfunctions $(P) satisfy the differential equation 
AQ 4-A$ —0 in S and the condition ¢=0 along the boundary S’ of S. 
The differential equation together with the boundary condition is 
equivalent to the integral equation 


&( —» f GP, 9 -«(Q-40 = o. 


the symmetric kernel of which is the Green's function G(P, Q). Di- 
vide S by a line } into two parts Si, S3 and let Gi, Ga be their Green's 
functions (setting G;(P, Q) =0 if one of the argument points P, Q or 
both are outside Sj. It can easily be shown that the kernel 
G —(6G1--G:) is positive-definite. Hence the sth eigenvalue X, of G 
is less than or equal to the nth eigenvalue A” of G14-Gs. The eigen- 
values of G14- Gs are the eigenvalues of a membrane covering S which 
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is kept fixed not only along the boundary S’, but also along the line I. 
By combining this result with the known asymptotic distribution of 
the membrane eigenvalues for a square it could readily be deduced 
that the fixing of the membrane along J does not alter the asymptotic 
distribution, 


M/M — 1 for n> c, 


and moreover to establish the law of asymptotic distribution, accord- 
ing to which the number N(A) of eigenvalues less than ^ equals 
asymptotically (V/4z) -À. 

After the first world war Courant resumed this sort of problems 
[14]. If I see correctly, his essential contribution is not the minimum- 
maximum principle formulated in our fundamental lemma, but its 
application to a fairly general typical situation. The maximum of a 
quadratic form K(u) depending on a vector u of length not greater 
than 1 in a vector space $ is lowered if additional restrictions are 
imposed upon £, for example, if & is restricted to a linear subspace 
$' of $. If the quadratic form is what Hilbert calls completely con- 
tinuous, this obvious statement may be put into the inequality 
ki Sm. The quadratic form K(u) in $' is (u, K'u) where K’ is the 
operator K followed by perpendicular projection upon ©’. While x 
is the first reciprocal eigenvalue of the operator K in $, «f has the 
same significance for the operator K’ in $'. The lemma carries the 
inequality gi Sx; over to all reciprocal (positive) eigenvalues, kx S x. 
It is clear that the fixing of a membrane along the line / introduces a 
new restriction, and hence Courant's observation at once gives rise 
to the inequality à, €A/, derived before in another way, for the 
eigenvalues An, AW of the undivided and divided membrane. Anyone 
familiar with the abstract concept of Hilbert space who ponders a 
little more closely upon the situation to which the principle is applied 
here, will describe it as follows. All continuous functions u(P) in 
the closed region S with continuous first derivatives in the inte- 
rior, such that 4—0 at the boundary and the Dirichlet integral 
D(u) — fs(grad u)’dP is finite, form a functional space $. Define the 
square ull 2 of the length of a vector u in this space by D(x), and not 
by I(u)= fsu*dP. The closure of Q with respect to this metric is a 
Hilbert space $ and I(x) is a completely continuous quadratic form 
in $. Without altering the other conditions for the functions «CO 
add the restriction u =0 along the line /. The closure of the subspace 
$' thus obtained is a closed subspace $ of $, and the relation 
k4 Sx, holds for the reciprocal eigenvalues of the form Zlu) in $ and 
in $' respectively. (Forming the closure is essential since the eigen- 
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functions of the divided membrane are in $' but in general not in 9’, 
because of the jump of their normal derivative along }. To be sure, 
by going back to the proof of the fundamental lemma, one can avoid 
this whole abstract set-up. But for the moment we are interested in 
the general formulation.) 

Let then K(u) again be a completely continuous quadratic form in a 
Hilbert space €, and $ be a closed subspace of Q. For simplicity's 
sake we assume K(u) to be positive-definite and denote the eigen- 
values of K(u) in € and in $ by A, and us respectively. We have seen 
that 


(13) An S fin. 


Splitting © into $ and its perpendicular subspace and choosing a basis 
fu P» > + > for the latter (preferably an orthonormal basis), we can 
pass from © to © by a sequence of intermediary subspaces HCH’ 
CQ'"C +++, GPG with »—«,by adding one vector of this basis 
after the other, $0 = + { $u--5 br}. Or we can submit the vec- 
tors t; of © to one after the other of the conditions (u, £1) =0, (u, £x) 
=0,---+,and thus obtain a descending sequence 8:299» -- - 
with GO$ for v0. If X, is known, the inequality (13) gives a 
lower bound for u,, and the second of our sequences gives rise to an 
increasing sequence of such lower bounds, 
MSMSXS, limX = ee 


»- 


If u, is known, the same inequality gives an upper bound for As, 
which by the first sequence of subspaces may be extended into a 
whole sequence of decreasing upper bounds, ha Zuk 2ud?’2---, 
lim,.., UP —X,. With some right we may call the first procedure the 
Rayleigh-Ritz method and with more right ascribe the second to A. 
Weinstein [15]. 

The basic situation encountered here is that of a Hilbert space $ 
that splits into a subspace ©’ and a perpendicular v-dimensional 
space {pr ---, p} spanned by the vector basis f, -«-, p» N. 
Aronszajn recently developed two neat formulas concerning this 
situation [16]. I shall here mention but the one that corresponds to 
the Weinstein process, the descent from $ to §’, and omit the other 
which refers to the inverse Rayleigh-Ritz process. Let R(t) be the: 
resolvent of the operator K in $, so that w= R(t)v is the solution of 
the equation «—{-Ku=v. Moreover let M, u’ be an eigenvalue and 
corresponding eigenvector of K’ in $’. This fact is expressed by the 
relations 
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` u! € S, su! — X- Ku = Bipi t+ +++ + Bp. 


If we suppose that N’ coincides with no eigenvalue A, of K then the 
constants f, cannot all be zero. By means of the resolvent R(t) the 
second relation takes on the form u’= 27.8, RA) p; The first 
relation requires that the vector u’ is perpendicular to all the p; 


2560s RW’) 23) = 0 (i,j =1,+-+,>), 


These v equations for the y unknowns f; have a nontrivial solution 
only if the determinant 


det (5s R(t)p;) = Wa?) 


vanishes for [=X’. Divide W,(f) by Gram’s determinant Gp 
= det (p; pı). The quotient 


W(t) = W,()/G, 


is clearly independent of the choice of the basis fı, - - - , p». From the 
theory of the resolvent one knows that W(t) is a meromorphic func- 
tion with simple poles at the eigenvalues À, of K. On the other hand, 
we have seen that W(?) vanishes for a value {=N different from all 
the A, if and only if N is an eigenvalue of K’ in Q'. Hence we shall 
not find the following equation of Aronszajn.too surprising: 


mat p= A. 
wo -( nce 
t ^ [e x An 
I regret that shortness of time prevents me from illustrating these 
general developments by their applications to the classical problems 
of elastic and electromagnetic oscillations (D). 





5. Zeta-function of the membrane and asymptotic laws for its 
eigenfunctions. The physicist will not be satisfied with a knowledge 
of the asymptotic behavior of the eigenvalues alone; also that of the 
eigenfunctions should be investigated. Carleman was the first to at- 
tack this more difficult problem by a new powerful method [17]. 
Last year we had the good fortune to have with us at the Institute 
Dr. Ake Pleijel, who had extended Carleman’s investigations [18], 
and Dr. Minakshisundaram, who independently of Carleman had 
just found a modification of Carleman’s method shedding new light 
on the whole problem. Let us again envisage the two-dimensional 
membrane. Carleman made use of the Green's function of the- 
“meson” equation Au—k*%=0 with the positive parameter k? (for 
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the boundary condition u=0). Minakshisundaram [19] used instead 
Green's function G(P, Q; 1) of the heat equation 


(14) Au — du/dt = 0 
with the positive time parameter /. 


«(PD = fice. Q; -f(Q-dQ 


is the temperature of the disk S at the point P and at the moment : 
if f(P) describes the initial distribution of temperature and the 
boundary of S is kept constantly on the temperature zero. For the 
infinite plane G(P, Q; 2) is 


2 

1 TPQ 

Go(P, Q; #) = — exp ( - — 
009 gl =) 


where rpg denotes the distance of the two points P, Q. For an arbi- 
trary domain S we write 


G(P, Q; 4) = Gol P, Q; t) — g(P,0: 0). 


For a fixed P in the interior of S, the compensating term g(P, Q; 4) isa 
solution of (14) which vanishes for 0 and on the surface S’ of S 
has the same boundary values as the principal part Go. 

. The maximum which the principal term Gs assumes when P and 1 
are given, but Q varies over the boundary S’, is 


1 lp 
P 
Hy(P;1) = — -— 
of ) Avi exp ( =), 
lp denoting the shortest distance of P from the boundary. As a func- 
tion of ż this Ho is on the increase from 4-0 to t=T =4/Ġ and then 
decreases. A simple argument shows that, as long as 0<#ST, the 
compensating function g(P, Q; #) of Q is positive and reaches its 
maximum at the boundary, or 


(15) 0 < (P, Q; f) S Hol P; #) 


for all Q in S and 0 «ix T. 
In terms of the orthonormal system of eigenfunctions ¢a(P) and 
their eigenvalues A, Green's function is expressible as the sum 


(16) 25 e?'e. (P)os(Q). 
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The series 


a P A 
an ipo). X EDRO 
may be called the t-function and accordingly (16) the @-function of 
the membrane problem. We know that (17) converges uniformly in 
P and Q for all complex s the real part o of which is greater than or 
equal to 2. For s—1, 2, 3, - - - the {-function gives Green's function 
G(P, Q) of the membrane and its successive iterations. 

One of Riemann's methods for deriving the properties of the 
ordinary ¢-function was based on a connection between the 6-function 
and the {-function, which at once carries over to the general functions 
bere considered as follows: 


(18) T(S)- t(P,Q; s) = f ce, Q; 2) 17. di. 


On the basis of this relation Minakshisundaram proves that T'(s) 
-£CGP, Q; s) is a regular function of s in the entire s-plane if P, Q are 
two distinct inner points of S, but that it is regular except for a 
simple pole at s=1 with residue 1/4v if Q and P coincide. Still fol- 
lowing Riemann, Minakshisundaram splits the integral fọ on the 
right of (18) into J+ ff. Because of the uniform convergence of 
C(P, Q; 2), the 8-function (16) falls off exponentially with too, 
and hence the integral 


f "at, Q; -tdi 
T 


is a regular-analytic function of s in the whole s-plane. If PQ the 
formula 


1 
1 ze) 
G(P, Q; i) = — e — — | — g(P, Q; t 
(P, 05) = = ep (- A2) - e, 010 
together with the estimate (15) proves that G(P, Q; t) also goes down 
exponentially to zero with 1/t—>œ, and hence the integral [t is 
likewise regular-analytic in s. This proves the result for PQ. 
However if Q=P then 


1 
G(P, P; f) = — — g(P, Pit). 
Ant 


The second part is positive and does not exceed Ho(P; t); therefore 
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JIg(P, P; 1) i*71di is regular in s, however 





has a pole at s=1 with the residue 1/4r. That completes the proof. 

CCP, Q; s) itself has zeros for the same values for which the regular 

function 1/T'(s) has zeros, namely for s=0, —1, —2, ---. 
Integration over P, one might think, would give for 


(o fie Pi)-aP = DS 
8 n 
the following result 
V 1 
(19) T(s):£(s) = —:— — + a regular function R(s). 
4ns—1 


Unfortunately this conclusion is too hasty: if P is near the boundary, 
Ho(P; t) is not so small. By carrying out the integration over P in the 
relation 


1 
G(P, Pii) = "ET — g(P, Pb, 0s g(P, P:) S OP; 9, 
* 


one finds that the remainder R(s) in (19) is regular at least for c 1/2; 
it seems difficult to go beyond the vertical e 21/2. 

Standard devices familiar from the theory of Riemann's (-function 
permit one to deduce from this behavior of the (-function of the 
membrane Carleman's asymptotic formulas 


25 (Pee = NA) = È 10 Vir 
MEX AAA 


and also the *incoherence relation" 


>, on(P)oa(Q) = oA) for P ¥ Q. 
A. 


I feel that these informations about the proper oscillations of a 
membrane, valuable as they are, are still very incomplete. I have cer- 
tain conjectures on what a complete analysis of their asymptotic be- 
havior should aim at; but since for more than 35 years I have made 
no serious attempt to prove them, I think I had better keep them to 
myself. 

In general, it can not be expected that our ¢{-function satisfies a 
functional equation of the Riemann type; one may guess that this 
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feature depends on the homogeneity of the domain of integration. 
Such a domain is the circumference of the unit circle, Functions on 
it are functions f(x) of period 2v. The periodic eigenfunctions @ and 
corresponding eigenvalues À of d?$/dx?--Aó =0 are 


plx) = ei", A. — ni (n = 0, t1, +2,---). 


This leads straight to the Riemann {-function J 5«15-* usually de- 
noted not by ¢(s) but by ¢ (2s). It was therefore natural that Minak- 
shisundaram should investigate the spherical harmonics on a k-di- 
mensional sphere (in #-++-1-dimensional space). Here he found indeed 
a sort of Riemann functional equation, the structure of which is, how- 
ever, essentially more complicated than in the classical Riemann 
case ke 1. 

The two-sphere is homogeneous because it permits a compact 
transitive Lie-group o of transformations s into itself, namely the 
group of rotations. The spherical harmonics of order } form a (2/+-1)- 
dimensional linear manifold that is invariant with respect to the 
group of rotations and has the property of irreducibility in this regard. 
Consider arbitrary (complex-valued) continuous functions on the 
sphere and define the scalar product of two such functions f and g 
by the integral fgz(P)f(P):dep formed by means of the invariant 
area element dwp. It is obvious how to generalize this situation to any 
homogeneous manifold SS of points P, that is, any manifold that per- 
mits a compact transitive Lie-group ¢ of transformations s, P—sP. 
The existence of an invariant volume element on such a manifold 
(which itself is of necessity compact) follows easily from the fact that 
acompact Lie-group has an invariant volume element ds. We 
normalize the unit for measuring volumes on the group so that the 
total volume fds of the group becomes 1. The integrals with respect to 
sare then in truth mean values. The transform sf of a function f — f(P) 
on S is defined by sf(sP) —f(P) or sf(P) =f(s-1P). A set di(P), +>, 
Q4 (P) of functions on S, or the manifold of their linear combinations 
Q(P) mx; di(P)-- +--+ E xiQA(P), is invariant if each sġ,(P) is a 
linear combination 5,e4(s):44(P) of the $, themselves. Then 
s—||o,,(s)|| is a representation of degree h of the group e. Inequiva- 
lent irreducible invariant sets are orthogonal to each other. Besides 
orthogonality there is the completeness relation, to which we shall 
presently return. Thus we are in possession of the “eigenfunctions” 
of the homogeneous manifold, the sequence of which is subdivided 
into irreducible invariant sets of finite length. Theorems about sum- 
mability of expansions in terms of these eigenfunctions have been 
proved by S. Bochner [20]. But so far they are eigenfunctions with- 
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out eigenvalues. It was the young Dutch physicist H. B. G. Casimir 
who, prompted by the applications of group theory to quantum 
mechanics, found the eigenvalues. Indeed he constructed an in- 
variant self-adjoint differential operator A working on arbitrary func- 
tions f(P) which is the analogue of the Laplace operator on a sphere, 
and he was able to show that the functions of a given irreducible in- 
variant set satisfy an equation Aó--A$ —0 with a constant À char- 
acteristic for the entire set [21]. Having the eigenfunctions, one can, 
following a suggestion by Bochner, form the {-function 


P)ó, 
nP oa = Y SOR 


and might expect that this function, in addition to having the prop- 
erties quite generally established by Minakshisundaram, will satisfy 
a functional equation of Riemann's type. But this is a question that 
remains to be investigated. 


6. Integral equations and the group-theoretic completeness rela- 
tion. The proof of the completeness relation for invariant sets on a 
homogeneous manifold S is one of the most surprising applications 
of the eigenvalue theory of integral equations. If the manifold S is the 
compact Lie group itself under the influence of its left translations, 
then this theorem states the completeness of the totality of all ir- 
reducible representations of the group. But the method for its proof, 
developed in 1927 by F. Peter and the speaker [22], not only carries 
over to the homogeneous manifolds, but applies to a far more general 
situation, that is best described in axiomatic terms [23]. We replace 
the functions on the homogeneous manifold by vectors f in a vector 
space Z and suppose that Z bears a Hermitian metric defined by a 
scalar product (g, f) with the usual properties including the positive 
character of (f, f) Ju. An abstract compact Lie group c is given and 
a representation of its elements s by linear transformations f—sf in 
our vector space. The invariance of the metric is assumed, (sg, sf) 
= (g, f). Let f be a given vector. All vectors that will occur in our con- 
struction are prepared from f by forming linear combinations of its 
transforms sf. Besides Z we envisage the “vector space” ¥ of all con- 
tinuous functions £ —£(s) on the group manifold o and define a linear 
mapping £g of & onto È by 


g= fte f i9-sras 


and its Hermitian conjugate, a mapping g—£ of È onto X, by 


134 HERMANN WEYL [March 


= f*g = (sf, g). 


The mapping f*f=§ of Æ into itself has the positive-definite 
Hermitian kernel H(s, t) — (sf, if). By Erhard Schmidt's method we 
construct its largest reciprocal eigenvalue y and an orthonormal set 
of eigenfunctions $i(s), - - * , a(s) for it. Repetition of the construc- 
tion gives the reciprocal eigenvalues in descending order, y 27!» ---, 
and the sought-for completeness relation results from the well known 
fact that the trace of H equals the sum of the reciprocal eigenvalues, 


Ife - GN = rtrt. 
Indeed fH(s, #)-6:(t)-dt=y-¢; may be written in the form 
fo = yiga ge = Y: gs 


where the first equation is to be taken as the definition of the vector 
gi. The g; then form an orthonormal invariant set, and if the Fourier 
coefficients (gi, f) =a, are introduced one finds that 


hy =| orl? +--- +] a]? 


Thus the completeness relation follows, stating that the orthonormal 
sequence gi £s °° ©, (£u, Za) 044, resulting from our construction 
and consisting of sections of finite length, each of which is an invariant 
set, makes the absolute square sum T 24- | as] 24 - - - of the Fourier 
coefficients a,=(g:, f) not only sll l^ as is trivial (Bessel's in- 
equality), but actually -[/fll*. The construction picks out those in- 
variant sets that contribute to f and ||/]|*. 

This feature is quite essential when, with Harald Bohr and J. von . 
Neumann [24], all restrictions concerning the group « are abandoned. 
'The construction still works, provided one supposes f to be *almost 
periodic." But in general there are under these circumstances more 
than denumerably many inequivalent irreducible invariant sets of 
vectors; but f itself picks out those among them that matter for f.— 
'The assumption of almost periodicity is highly restrictive. One may 
instead impose some slight restriction on the group, e.g., local com- 
pactness, and at the same time admit a far wider class of vectors 
f. In that case nothing resembling completeness is to be expected un- 
less one includes also representations of infinite degree. This step has 
recently been taken by D. Rykov and I. Gelfand in Russia, by V. 
Bargmann and I. Segal in this country [25]. : 

I think it is time for me to stop here. I have not even touched on 
the extension of Hilbert's theory of bounded to non-bounded linear 
operators, which came about under the pressure of quantum me- 
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chanics, nor to the connection between spectral decomposition and 
ergodic theory. Other mathematicians at other times have spoken or 
will speak on these subjects with more competence than I could. I 
hope you have taken this lecture for what it was meant to be: a 
Plauderei, the chat of a man who has reached the age where it is 
more pleasant to remember the past than to look forward into the 
future. Even so, it gives him a little satisfaction to see that the issues 
to which the efforts of his youth were dedicated have kept alive over 
the years and are still in the process of unfolding their implications. 


NoTEs 


(A) There are two classes of eigenfunctions. But since one of them 
does not contribute to the expansion of the discontinuous function 
1°(x), only the eigenvalues ^? belonging to the other class have to be 
taken into account; they are determined by the transcendental equa- 
tion 


e 
p-tan T + artan T = 0. 


It is easily seen that for every integer » this equation has exactly one 
root À, of the form \,=22+6,, —1«:0, «1. If a and f are rational, 


a=a/c, B=b/c, a+b=c; a,b,cintegers, c> 0, 


then 6, has the period c, 0,1, —06,, and this circumstance makes a 
fairly explicit evaluation of the nth partial sum 19(x) possible. 
(B) The main fact is as follows: The given values fi-w(o:), 
B: w(os), * - - have to satisfy a sequence of inequalities of which the 
first, 3817 0, involves only f, the second £; and f, and so on. If these 
inequalities are fulfilled then there are two possibilities, which are 
distinguishable by a convergence criterion. In the first, the limit point 
case, the problem has a unique solution; in the second, the limit circle 
case, the manifold of all solutions w(A) is obtained from that of all 
. positive functions 2(À) by a certain Móbius transformation 


09:30) + BQ) 
C(A) -a() + DQ) 


with coefficients 4, B, C, D that are regular analytic functions of A 
in the upper half A-plane. 


(C) Indeed replacing Xo, A by A, À in (6) one finds 


wA) 


Jé(s) = TA- f “Gls, 1): é(0- dt, 
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and therefore Jó(s) has a uniformly convergent expansion in terms 
of the eigenfunctions (s; À,). For the integral foó(s)m(s; M) -ds one 
obtains from (3) the value 1/(A,—X). 

(D) The eigenvalues A=y, of Au-++-Au=0 corresponding to the 
boundary condition ðu/ðn=0 (normal derivative of u equal to 
zero; "acoustic eigenvalues") are the reciprocals of the successive 
maxima of I(u) under the restriction D(u)-1, or the successive 
minima of D(x) under the restriction I(u)=1. The boundary condi- 
tion ĝu/ðn=0 gets lost, as it were, in the process of closure under 
the metric defined by D(u). Hence wad, where Ag, as before, are 
the membrane eigenvalues corresponding to the boundary condition 
140. 

The equation for the oscillations of a plate, 


AAu — Mu —0 in S, 


arises from minimizing 
(20) f (Au)? dP 
8 


under the auxiliary condition I(u)=1. Let „å be the eigenvalues of 
the clamped plate, 


ou 
boundary conditions s = 0, p = 0, 


and 3 those for the “half-free” plate, 
(21) boundary conditions # = 0, Ay = 0. 


Again the boundary condition Ay =0 gets lost in the process of closure 
under the metric defined by (20). Hence M Så; one can further 
expect that A, and ua follow the same asymptotic law. Weinstein 
observed that the eigenvalues of the half-free plate (as their notation 
indicates) are simply the squares of the membrane eigenvalues. In- 
deed if AAu=dA%z (A>0) set Au —À», so that Av+Au=0. The 
boundary conditions (21) give u=0, v=0 along S’, hence (u4-v)/2 
is a membrane eigenfunction with the eigenvalue A and (u—v)/2 
for —\. But the membrane has no negative eigenvalues; conse- 
quently «—v=0 and (u-+9)/2=u. 

It was by a somewhat similar remark that I had previously reduced ' 
the elastic oscillations of a three-dimensional body asymptotically 
to the three-dimensional membrane problem [26]. The vector field 
v(P) describing a proper oscillation of the elastic body satisfies an 
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equation 

(E) a- grad div v — b-rot roto + Av = 0 in S 
with two elastic constants a, b. Impose the boundary conditions 
(E’) » normal, div = 0 on the surface S’ of S. 


For $ = div v one finds a: Aó-M$ =0 in S and the boundary condition 
$ --0; hence if ¢ is an eigenfunction of the membrane problem with 
the eigenvalue A/a then b grad $ satisfies (E), (E^). If, however, 
div »=0 throughout S we have 


6- Ap + Ab = 0, div v = 0 in 5; v normal on S’ 


(since Ab grad div »—rot rot v), or A/b is an eigenvalue of the prob- 
lem of radiation in a Hohlraum S whose wall S’ is a perfect mirror. 
Denoting the numbers of eigenvalues SA of the membrane, the radia- 
tion, and the elastic problem (E) & (E^) by Na A), N-(A) and N,(a,5; X) 
respectively, we thus find the relation 


N (a, b; X) = N.(Q/o) + ND). 


For a=b=1 the left side of (E) turns into Ap4-Av. Since asymp- 
totically the boundary conditions are of no influence we must have 
the asymptotic relation 


N(1 1; M) ~ WNLQ), thatis, NaO) + N-A) ~ 3N«(Q) 
or N,(X)"-2N&(X) and thus 
N (a, b; X) ~ Na) + 2N4QD). 
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The fifty-sixth Annual Meeting of the American Mathematical 
Society was held at Columbia University, New York City, Tuesday 
to Thursday, December 27-29, 1949, in conjunction with the annual 
meetings of the Mathematical Association of America and the Ameri- 
can Association for the Advancement of Science. Registration head- 
quarters for the Society and the Association were in the Lobby of 
Earl Hall, Columbia University. Residence headquarters were at the 
Hotel Governor Clinton. Over seven hundred persons registered, 
including the following six hundred sixty nine members of the Society 
(a record attendance for an Annual meeting): 


Milton Abramowitz, C. R. Adams, R. B. Adams, R. P. Agnew, L. V. Ahlfors, M. 
I. Aissen, E. J. Akutowicz, A. A. Albert, R. G. Albert, E. S. Allen, C. B. Allendoerfer, 
Bernard Altshuler, Warren Ambrose, D. B. Ames, R. D. Anderson, R. L. Anderson, 
T. W. Anderson, T. M. Apostol, R. G. Archibald, K. J. Arnold, L. A. Aroian, Nach- 
man Aronszajn, M. G. Arsove, Natascha Artin, Max Astrachan, F. E. Atkins, Helmut 
Aulbach, Silvio Aurora, Frank Ayres, W. L. Ayres, Frederick Bagemihl, F. E. Baker, 
S. F. Barber, Joshua Barlaz, Iacopo Barsotti, A. F. Bartholomay, F. D. Bateman, 
P. T. Bateman, M. R. Bates, H. P. Beard, Ralph Beatley, F. S. Beckman, F. P. 
Beer, E. G. Begle, Isaiah Benjamin, A. A. Bennett, Stefan Bergman, R. R. Bernard, ` 
Lipman Bers, R. H. Bing, Garrett Birkhoff, Archie Blake, D. W. Blackett, W. E. 
Bleick, I. E. Block, R. P. Boas, Salomon Bochner, H. W. Bode, H. F. Bohnenblust, 
G. L. Bolton, W. M. Boothby, Frank Bothwell, T. A. Botts, J. G. Bowker, C. B. 
Boyer, A. D. Bradley, Richard Brauer, N. A. Brigham, H. W. Brinkmann, Paul 
Brock, A. B. Brown, R. H. Bruck, Charlotte Brudno, H. D. Brunk, W. J. Bruns, J. R. 
Buchi, H. J. Buck, C. T. Bumer, L. H. Bunyan, R. S. Burington, W. K. Burroughs, 
L. J. Burton, L. E. Bush, Jewell H. Bushey, J. H. Bushey, S. S. Cairns, J. W. 
Calkin, E. B. Callahan, R. C. Campbell, M. E. Carlen, P. G. Carlson, L. V. Carleton, 
P. W. Carruth, H. C. Carter, K. V. Casey, J. O. Chellevold, K. T. Chen, Y. W. 
Chen, Herman Chernoff, Peter Chiarulli, W. L. Chow, Sarvadaman Chowla, K. L. 
Chung, Alonzo Church, Randolph Church, Edmund Churchill, F. E. Clark, G. R. 
Clements, E, A. Coddington, A. C, Cohen, H. J. Cohen, I. S. Cohen, L. W. Cohen, 
Harvey Cohn, R. M. Cohn, Nancy Cole, J. B. Coleman, Esther Comegys, H. R. 
Cooley, Philip Cooperman, T. F. Cope, A. H. Copeland, Natalie Coplan, Robert 
Cortell, Byron Cosby, Richard Courant, L. M. Court, R. R. Coveyou, W. H. H. 
Cowles, V. F. Cowling, E. H. Crisler, C. W. Curtis, E. H. Cutler, F. T. Daly, J. M. 
Danskin, D. A. Darling, D. R. Davis, H. C. Davis, Philip Davis, B. V. Dean, A. H. 
Diamond, J. B. Diaz, M. P. Dolciani, C. L. Dolph, J. L. Doob, H. L. Dorwart, C. H. 
Dowker, Y. N. Dowker, R. H. Downing, F. W. Dresch, Arnold Dresden, B. M. 
Drucker, J. S. Dwork, John Dyer-Bennet, Nelson Dunford, Aryeh Dvoretzky, P. S. 
Dwyer, W. F. Eberlein, Samuel Eilenberg, Carolyn Eisele, B. J. Eisenstadt, L. N. 
Enequist, M. P. Epstein, Paul Erdós, R. W. Erickson, W. H. Fagerstrom, A. L. Fass, 
F. D. Faulkner, Herbert Federer, J. M. Feld, William Feller, F. G. Fender, W. E. 
Ferguson, F. A. Ficken, N. J. Fine, D. T. Finkbeiner, C. H. Fischer, Emanuel Fischer, 
W. B. Fite, Edward Fleischer, W. W. Flexner, E. E. Floyd, Tomlinson Fort, M. C. 
Foster, R. M. Foster, J. S. Frame, J. C. Freeman, Bernard Friedman, J. B. Freier, 
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Gerald Freilich, K. O. Friedrichs, Orrin Frink, R. E. Fullerton, A. S. Galbraith, David 
Gale, L. M. Garfunkel, G. N. Garrison, L. L. Gavurin, H. M. Gehman, Hilda Geiringer, 
Abe Gelbart, B. H. Gere, H. H. Germond, F. J. Gerst, J. C. Gibson, H. A. Giddings, 
E. N. Gilbert, B. P. Gill, Leonard Gillman, R. E. Gilman, Wallace Givens, A. M. 
Gleason, G. H. Gleissner, Casper Goffman, H. E. Goheen, Michael Goldberg, Samuel 
Goldberg, A. W. Goodman, D. B. Goodner, R. D. Gordon, W. O. Gordon, Daniel 
Gorenstein, Arthur Grad, H. S. Grant, J. B. Greeley, H. J. Greenberg, Harriet 
Griffin, George Grossman, Emil Grosswald, C. C. Grove, M. M. Gutterman, Carl 
Hammer, R. W. Hamming, G. H. Handelman, Frank Harary, T. E. Harris, O. G. 
Harrold, F. S. Hawthorne, G. E. Hay, R. M. Hayes, W. K. Hayman, K. E. Hazard, 
G. A. Hedlund, A. E. Heins, M. H. Heins, Alex Heller, G. C. Helme, Olaf Helmer, 
R. G. Helsel, Henry Helson, Arthur Hendler, Leon Henkin, A. H. Henry, L. H. 
Herbach, Aaron Herschfeld, I. R. Herschner, I. N. Herstein, A. D. Hestenes, M. R. 
Hestenes, T. H. Hildebrandt, L. S. Hill, Einar Hille, A. J. Hoffman, W. C. Hoffman, 
Banesh Hoffmann, T. R. Hollcroft, M. W. Hopkins, E. M. Hove, C. C. Hsiung, 
H. T. Hsü, R. C. Huffer, E. M. Hull, M. E. Hull, Ralph Hull, M. G. Humphreys, 
T. R. Humphreys, Mildred Hunt, Witold Hurewicz, Solomon Hurwitz, W. A. 
Hurwitz, L. C. Hutchinson, M. A. Hyman, W. H. Ingram, Eugene Isaacson, S. L. 
Isaacson, Nathan Jacobson, Wenceslas Jardetzky, Walter Jennings, E. D. Jenkins, 
Børge Jessen, Fritz John, M. M. Johnsen, R. A. Jóhnson, R. B. Johnson, F. E. 
Johnston, A. W. Jones, B. W. Jones, F. B. Jones, Bjarni Jonsson, M. L. Juncosa, 
Mark Kac, Robert Kahal, Shizuo Kakutani, Walbert Kalinowski, Aida Kalish, L. 
H. Kanter, Irving Kaplansky, S. N. Karp, Gilbert Kaskey, Edward Kasner, W. H. 
Keen, M. E. Kellar, J. B. Kelly, E. S. Kennedy, D. E. Kibbey, J. F. Kiefer, B. F. Kim- 
ball, E. K. Kinney, A. R. Kirby, M. D. Kirby, S. C. Kleene, J. R. Kline, Morris Kline, 
E. G. Kogbetliantz, E. R. Kolchin, Horace Komm, H. S. Konijn, B. O. Koopman, Ja- 
cob Korevaar, John Kronsbein, R. R. Kuebler, Wouter van der Kulk, A. W. Landers, 
M. K. Landers, R. E. Langer, C. W. Langley, E. H. Larguier, H. D. Larsen, V. V. 
Latshaw, A. L. Lax, Solomon Lefschetz, C. H. Lehmann, Marguerite Lehr, H. R. 
Leifer, R. B. Leipnik, Benjamin Lepson, Max LeLeiko, C. A. Lester, M. E. Levenson, 
W. V. LeVeque, Howard Levi, D. C. Lewis, M. A. Lifschutz, C. C. Lin, B. W. 
Lindgren, Samuel Linial, S. R. Lipsey, H. D. Lipsich, Charles Loewner, A. J. Loh- 
water, E. R. Lorch, Lee Lorch, A. N. Lowan, R. B. Lowe, C. I. Lubin, Eugene Lukacs, 
E. D. McCarthy, N. H. McCoy, S. W. McCuskey, Brockway McMillan, E. J. Mc- 
Shane, L. A. MacColl, C. C. MacDuffee, H. M. MacNeille, Nathaniel Macon, Irwin 
Mann, Murray Mannos, A. J. Maria, M. H. Maria, R. H. Marquis, W. T. Martin,F. I. 
Mautner, Kenneth May, D. G. Mead, P. E. Meadows, A. E. Meder, Jr., L. E. Meh- 
lenbacher, C. C. Miesse, E. J. Miles, E. P. Miles, A. N. Milgram, Joseph Milkman, 
Frederic H. Miller, K. S. Miller, W. H. Mills, P. D. Minton, H. J. Miser, L. I. Mishoe, 
J. M. Mitchell, E. E. Moise, H. F. Montague, M. D. Montgomery, C. N. Moore, 
T. W. Moore, K. A. Morgan, R. H. Morris, Nathan Morrison, Marston Morse, G. D. 
Mostow, Wolfe Mostow, T. S. Motzkin, H. T. Muhly, J. H. Mulligan, F. J. Murray, 
W. R. Murray, D. J. Myatt, D. S. Nathan, Zeev Nehari, C. A. Nelson, Paolo Nes- 
beda, J. D. Newburgh, J. J. Newman, Morris Newman, C. V. Newsom, Jerzy Ney- 
man, H. K. Nickerson, O. M. Nikodym, H. M. Nodelman, P. B. Norman, I. L. Novak, 
C. O. Oakley, G. G. O'Brien, L. F. Ollmann, Paul Olum, A. F. O'Neill, E. R. Ott, 
G. K. Overholtzer, J. C. Oxtoby, O. O. Pardee, N. G. Parke, Anna Pell-Wheeler, 
Jacqueline Penez, A. J. Penico, F. W. Perkins, C. L. Perry, G. W. Petrie, B. J. 
Pettis, H. R. Phalen, C. R. Phelps, C. G. Phipps, Everett Pitcher, Harry Pola- 
chek, H. O. Pollak, J. C. Polley, Walter Prenowitz, C. M. Price, G. B. Price, R. C. 
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Prim, Hans Rademacher, Tibor Rado, H. V. Rádstrom, L. R. Raines, Gordon 

Raisbeck, K. G. Ramanathan, O. J. Ramler, J. F. Randolph, G. N. Raney, H. E. 

Rauch, L. T. Ratner, G. E. Raynor, M. J. Rees, M. S. Rees, C. F. Rehberg, Irv-. 
ing Reiner, I. M. Reiner, Eric Reissner, G. W. Reitwiesner, Russell Remage, R. W. 

Rempfer, Daniel Resch, Helene Reschovsky, C. N. Reynolds, D. P. Richardson, 

Moses Richardson, C. E. Rickart, P. R. Rider, R. F. Rinehart, J. F. Ritt, R. K. Ritt, E. K. 

Ritter, H. E. Robbins, R. E. Roberson, J. H. Roberts, R. A. Roberts, J. E. Robinson, 

S. L. Robinson, V. N. Robinson, C. A. Rogers, Saul Rosen, Ira Rosenbaum, Murray 

Rosenblatt, P. C. Rosenbloom, J. H. Rosenbloom, M. A. Rosenlicht, Arthur Rosen- 

thal, J. B. Rosser, M. F. Rosskopf, H. L. Royden, Herman Rubin, Herbert Ruderfer, 

Walter Rudin, C. W. Saalfrank, Bernard Sachs, Charles Salkind, Charles Saltzer, 

J. E. Sammet, R. G. Sanger, Arthur Sard, S. S. Saslaw, F. E. Satterthwaite, A. C. 

Schaeffer, A. T. Schafer, R. D. Schafer, Robert Schatten, Samuel Schecter, Henry 
Scheffé, Eugene Schenkman, Albert Schild, E. R. Schneckenburger, J. P. Scholz, K. 

C. Schraut, Pincus Schub, A. L. Schurrer, Abraham Schwartz, B. L. Schwartz, G. E. 

Schweigert, C. H. W. Sedgewick, I. E. Segal, Wladimir Seidel, George Seifert, D. B. 

Shaffer, H. S. Shapiro, I. M. Sheffer, L. W. Sheridan, Seymour Sherman, L. P. Siceloff, 

K. M. Siegel, J. A. Silva, L. L, Silverman, Annette Sinclair, James Singer, M. H. Slud, 

L.L.Smail, P. A. Smith, R. E. Smith, W. M. Smith, Ernst Snapper, A. K. Snyder, W. S. 

Snyder, Andrew Sobczyk, E. S. Sokolnikoff, J. J. Sopka, D. E. South, E. H. Spanier, 

D. E. Spencer, V.. E. Spencer, M. R. Spiegel, A. H. Sprague, E. R. Stabler, E. P. 

Starke, J. R. K. Stauffer, M. P. Steele, N. E. Steenrod, I. A. Stegun, S. K. B. Stein, 

Fritz Steinhardt, Wolfgang Sternberg, R. W. Stokes, R. R. Stoll, R. C. Strodt, Walter 
Strodt, D. J. Struik, D. M. Studley, E. A. Sturley, Gabor Szego, T. T. Tanimoto, 

Olga Taussky-Todd, J. S. Taylor, M. E. Taylor, A. J. Terzuoli, Feodor Theilheimer, 
J. M. Thomas, D. L. Thomsen, W. J. Thron, Michael Tikson, G. L. Tiller, John Todd, 

L. F. Tolle, C. B. Tompkins, M. M. Torrey, J. I. Tracey, W. R. Transue, H. M. Trent, 

W. J. Trjitzinsky, C. A. Truesdell, A. W. Tucker, J. W. Tukey, Annita Tuller, J. L. 

Uliman, F. E. Ulrich, Eugene Usdin, E. P. Vance, J. L. Vanderslice, Henry Van 
Engen, H. E. Vansant, A. H. Van Tuyl, S. I. Vrooman, M. C. Waddell, D. H. 
Wagner, G. L. Walker, S. E. Walkley, J. L. Walsh, R. M. Walter, W. G. Warnock, 
D. R. Waterman, G. C. Webber, J. V. Wehausen, Alexander Weinstein, Louis 
Weisner, M. J. Weiss, F. P. Welch, David Wellinger, J. G. Wendel, E. H. Wetherell, 
F. J. Weyl, George Whaples, M. E. White, D. E. Whitford, P. M. Whitman, A. M. 
Whitney, D. R. Whitney, Hassler Whitney, G. T. Whyburn, L. S. Whyburn, W. M. 
Whyburn, D. V. Widder, V. A. Widder, N. A. Wiegmann, Norbert Wiener, Albert 
Wilansky, E. S. Wolk, Y. K. Wong, M. Y. Woodbridge, M. A. Woodbury, Arthur 
Wouk, F. M. Wright, M. A. Wurster, Bertram Yood, D. M. Young, J. W. Young, 
J. W. T. Youngs, N. J. Zabb, L. A. Zadeh, Oscar Zariski, Arthur Zeichner, Daniel 
Zelinsky, P. W. Zettler-Seidel, A. D. Ziebur, J. A. Zilber, H. J. Zimmerberg, Leo 
Zippin, Antoni Zygmund. y 


The twenty-third Josiah Willard Gibbs Lecture, entitled The prob- 
lem of sensory prosthesis, was delivered by Professor Norbert Wiener 
of the Massachusetts Institute of Technology at 4:30 p.m., Wednes- 
day, December 28. Professor J. L. Walsh, President of the American 
Mathematica! Society, was the presiding officer. 

At a joint session of Section A and the Society at 2:00 p.m., Tues- 
day, December 27, Professor G. T. Whyburn of the University of 
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Virginia gave an address, The open mapping medium in topological 
analysts, as a retiring Vice President of the American Association for 
the Advancement of Science. Professor E. J. McShane, Chairman of 
Section A, presided. 

The Committee to Select Hour Speakers for Annual and Summer 
Meetings invited two speakers. On Wednesday, December 28, Profes- 
sor Sarvadaman Chowla of the University of Kansas gave an address 
on The Riemann zeta and allied functions at 9:30 a.m. Vice President 
W. T. Martin presided. At 2:00 p.m. Professor L. V. Ahlfors of Har- 
vard University gave an address on The classification of open Riemann 
surfaces. Vice President Hassler Whitney presided. 

The annual Business Meeting and Election of Officers was held at 
10:00 a.m., Thursday, December 29, with President J. L. Walsh in 
the chair. Details of proceedings are reported in the sequel. The Cole 
Prize in Algebra was awarded to Professor Richard Brauer of the 
University, of Michigan for his work in group theory and in particular 
for the following paper: On Artin’s L-series with general group char- 
acters, Ann. of Math. (2) vol. 48 (1947) pp. 502—514. Professor Brauer 
gave a brief address on his prize-winning paper. 

A tea for members of the mathematical organizations and their 
guests was given by Columbia University at 4 p.m. Tuesday at the 
Faculty House. 

On Wednesday evening at the Casa Italiana, there was a musicale 
by Mr. and Mrs. Everett Anderson and Mr. Harold Triggs of the 
Columbia University Department of Music. 

There was a conducted tour of the Museum of Modern Art on 
Thursday afternoon. 

The dinner Thursday evening in the John Jay Hall Dining Room 
was attended by 240 members and guests. The toastmaster, Professor 
P. A. Smith, introduced Dr. George B. Pegram, Vice President of Co- 
lumbia University who gave a brief address of welcome. He was fol- 
lowed by Professor J. L. Walsh, President of the American Mathemati- 
cal Society; Dr. H. M. MacNeille, Executive Director of the American 
Mathematical Society; Professor Jerzy Neyman, President of the 
Institute of Mathematical Statistics; and Professor R. E. Langer, 
President of the Mathematical Association of America. The toast- 
master then introduced Professor M. R. Hestenes who offered resolu- 
tions of thanks and appreciation to Columbia University, the Com- 
mittee on Arrangements, and all who had helped make the meetings 
successful and enjoyable. This resolution was adopted by a rising 
vote. 

The Council met at 6:30 p.m. on December 28, 1949. 
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The Secretary announced the election of the following one hundred 
and thirty-one persons to ordinary membership in the Society: 


Mr. John Pruyn van Alstyne, Hamilton College, Clinton, N.Y.; 

Professor Henry Adalbert Antosiewicz, Montana State College; 

Mr. Elihue Barden, Alcorn College, Alcorn, Miss.; 

Mr. James Earl Barney, II, University of Kansas; 

Dr. Howard Gordon Bergmann, City College, New York, N.Y.; 

Miss Irma Berkowitz, University of Alabama; 

Mr. Alvin Kilian Bettinger, Creighton University, Omaha, Neb.; 

Miss Laura Blakeley, Armstrong College, Savannah, Ga.; 

Dr. Felix Earl Browder, Massachusetts Institute of Technology; 

Mr. Beverley Merl Brown, Tusculum College, Greeneville, Tenn.; 

Mr. Howard Harry Brown, Franklin Institute, Philadelphia, Pa.; 

Mr. Robert William Bryant, Miami University, Oxford, Ohio; 

Dr. J. Richard Buchi, Ripon College, Ripon, Wis.; 

Mr. Alberto Pedro Calderón, University of Chicago; 

Mr. Jean Mitchener Calloway, University of Pennsylvania; 

Mrs. Dorothy Wolking Campbell, University of Wisconsin; 

Mr. Richard Crawford Campbell, University of Colorado; 

Mr. George Casseb, Saint Mary's University of Texas, San Antonio, Tex.; 

Mr. Bruce Bampton Clark, Grinnell College, Grinnell, Iowa; 

Professor Willie E. Clark, Agricultural, Mechanical and Normal College, Pine Bluff, 
Ark.; 

Mr. Daniel Edmund Coffey, Montana State University; 

Mr. Warren Alan Couch, Washington University; 

Mr. John Norris Crawford, Texas Southmost College, Brownsville, Tex.; 

Professor Dorothy Ada Curry, Wilberforce Uniyersity, Wilberforce, Ohio; 

Professor Rene Joseph De Vogelaere, Laval University, Quebec, Que., Canada; 

Mr. Robert Benjamin Davis, Massachusetts Institute of Technology; 

Dean Louis Aspell Deesz, Youngstown College, Youngstown, Ohio; 

Mr. Leroy John Derr, Tulane University of Louisiana; 

Mr. Raymond Allen Dibrell, Jr., Southwest Texas State College, San Marcos, Tex.; 

Mr. Robert John Dickson, Jr., California Institute of Technology; 

Professor Israel Edward Drabkin, City College, New York, N.Y.; 

Mr. Georges Roland Dubé, Yale University; 

Mr. James Eells, Jr., Amherst College, Amherst, Mass.; 

Professor Gustav Elfving, University of Helsingfors, Helsingfors, Finland; 

Mr. John W. Forman, University of Kansas; 

Mr. Harold Forstat, Purdue University; 

Mr. Colonel Douglas Gardner, Okolona College, Okolona, Miss.; 

Mr. Eugene Joseph Germino, Saint John's University, Brooklyn, N.Y.; 

Mr. Walter Adelbert Glass, Drew University, Madison, N.J.; 

Mr. William Goldstein, State Teachers College, Trenton, N.J.; 

Mr. Jacob Festus Golightly, Jacksonville Junior College, Jacksonville, Fla.; 

Mr, Edward Gordon Goman, College of Puget Sound, Tacoma, Wash.; 

Miss Lillian Gough, University of Buffalo; 

Mr. Richard Briggs Grekila, University of Maryland; 

Mr. Vincent Harold Haag, Franklin and Marshall College, Lancaster, Pa.; 

Mr. Herman David Hartstein, School of Business, Washington University; 

Mr. Arthur Hendler, Rensselaer Polytechnic Institute, Troy, N.Y.; 
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Professor Boyd Herbert Henry, Parsons College, Fairfield, Yowa; 

Mr. John Stephenson Hicks, Socony-Vacuum Laboratories, Paulsboro, N.J.; 
Mr. Harley A. Hill, Portland, Ore.; 

Miss Jean E. Hirsh, Queens College, Flushing, N.Y.; 

Mr. Cullen Squaere Hodge, Fisk University, Nashville, Tenn.; 

Mr. Robert James Howerton, Regis College, Denver, Colo.; 

Dr. Sze Tsen Hu, Tulane University of Louisiana; 

Professor Gilbert Agnew Hunt, Cornell University; 

Mr. Edward Ormond Hynard, Manhattan College, New York, N.Y.; 

Professor Wendell Gilbert Johnson, Phillips University, Enid, Okla.; 

Mr. John Ernest Kelley, University of Miami, Coral Gables, Fla.; 

Mrs. Rachel Geck Kirkendall, Highland Park School, Highland Park, Mich.; 
Mr. John Sharpless Klein, Williams College, Williamstown, Mass.; 

Mr. Karl John Klein, Loras College, Dubuque, Iowa; 

Mr. Micha Klein, Mekoroth Water Co., Ltd., Tel-Aviv, Israel; 

Dr. Paul Koditschek, Long Island University, Brooklyn, N.Y.; 

Mr, Allan Theodore Kovitz, Polytechnic Institute of Brooklyn; 

Mr. Andrew V. Kozak, Concord College, Athens, W. Va.; 

Professor Anthony Edward Labarre, Jr., University of Idaho, Moscow, Idaho; 
Mr. James Richard Larkin, University of Kansas, Lawrence, Kan.; 

Mr. Sim Lasher, Chicago, Ill; 

Mr. Eric Liban, New York University; 

Mr. Johnathan Wattam Lindsay, Texas Technological College, Lubbock, Tex.; 
Professor Wilhelm Ljunggren, University of Bergen, Bergen, Norway; 

Mr. Manice de Forest Lockwood, III, New York, N.Y.; 

Dr. Henry Francis Joseph Lówig, University of Tasmania, Tasmania, Australia; 
Dr. George Lorentz, University of Toronto; 

Professor Fred Wilbur Lott, Jr., Iowa State Teachers College, Cedar Falls, Iowa; 
Mr. Cyrus Ray McAllister, University of Idaho, Moscow, Idaho; 

Mr. Charles Wilson McArthur, Tulane University of Louisiana; 

Miss June Marie McArtney, University of Buffalo; 

Dean (Henry) Stirling McCall, Norman College, Norman Park, Ga.; — ^ 

Mr. (James) Edward McGaughy, Lawrence College, Appleton, Wis.; 

Mr. Kenneth M. McMillin, University of Minnesota; 

Mr. Nathaniel Macon, University of North Carolina; 

Professor David Middleton, Physics Department, Harvard University; 

Mr. Henri Monik, Detroit Institute of Technology; 

Miss Mary Prudence Moseley, Southern Methodist University, Dallas, Tex.; 
Miss Martha Rheuba Mouser, Wilson Teachers College, Washington, D.C.; 
Mr. Howard Warren Moyer, Lost City, W. Va.; 

Mr. Robert George Needels, Loyola University of Los Angeles; 

Mr. Edward Peter Neuburg, University of Vermont and State Agricultural. College; 
Miss Virginia Anne Ohlson, Purdue University, Lafayette, Ind.; 

Mr. Clellie Curtis Oursler, Gery Center, Indiana University; 

Dr. Ting Kwan Pan, University of California, Berkeley, Calif.; 

Mr. Kenneth Stephen Phelan, Saint John's University, Brooklyn, N.Y.; 
Professor Willis Lloyd Pickard, State University of New York, New Paltz, N.Y.; 
Mr. John F. Purdy, Goodyear Tire and Rubber Co., Akron, Ohio; 

Mr. Edward Roy Rang, University of Wisconsin; 

Mr. Roy Franklin Reeves, Iowa State College of Agriculture and Mechanic Arts; 
Professor 'Thomas Robert Richards, Wilkes College, Wilkes-Barre, Pa.; 
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Professor Charles Lathan Riggs, Kent State University, Kent, Ohio; 

Dr. Julien Ashton Ripley, Jr., Physics Dept., Montgomery Junior College, Bethesda 
Md.; 

Miss Oral Maye Robbins, State Teachers College, Milwaukee, Wis.; 

Mr. David Rosen, University of Pennsylvania; 

Professor Jules Perry Russell, Polytechnic Institute of Brooklyn; 

Miss Cecile Blanche Salwen, Hunter College; 

Mr. Leonard Schieber, Jr., Lees-McRae College, Banner Elk, N.C.; 

Mr. Robert Charles Seber, Rockford College, Rockford, Ill.; 

Mr. Bernard David Seckler, Long Island University, Brooklyn, N.Y.; 

Mr. Nathan Thomas Seeley, Jr., Agricultural, Mechanical and Normal College, Pine 
Bluff, Ark.; 

Dr. Esther Seiden, University of California, Berkeley, Calif.; 

Mr. Sharad Shankar Shrikhande, College of Science, Nagpur, India; 

Mr. Luiz Oswaldo Teixeira de Silve, Polytechnic School, Catholic University, Rio de 

Janeiro, Brazil; 

Professor Ralph Axel Staal, University of New Brunswick; 

Mr. George Henry Stanley, Jr., Colby College, Waterville, Me.; 

Mr. David Sternberg, Physics Department, Columbia University; 

Professor Joseph Talacko, Marquette University, Milwaukee, Wis.; 

Mr. Nien Yee Tang, University of Washington; 

Professor Abdelnour Simon Thomas, Boston College, Chestnut Hill, Mass.; 

Mr. Morris Edward Tittle, Agricultural and Mechanical College of Texas, College 
Station, Tex.; 

Mr. John Edward Vollmer, University of Maryland, College Park, Md.; 

Professor Enrico Giovanni Volterra, Illinois Institute of Technology; 

Mr. Frank Joseph Wagner, Creighton University, Omaha, Neb.; 

Mr. Charles Kenneth Wasserman, University of Idaho, Moscow, Idaho; 

Miss Betty Rose Weber, University of South Carolina; - 

Mr. Edwin Weiss, Massachusetts Institute of Technology; 

Mr. William Joseph Wells, State Teachers College, Mankato, Minn.; 

Mr. George Nichols White, Jr., Brown University; 

Professor Mary Elizabeth Williams, Skidmore College, Saratoga Springs, N.Y.; 

Mr. Robert Joel Wisner, University of Washington; 

Mr. George E. Witter, University of Idaho, Moscow, Idaho; 

Professor Gerhard Norval Wollan, North Georgia College, Dahlonega, Ga.; 

Sister Mary Rupert Zeiser, Mount Saint Clare Academy, Clinton, Iowa. 


It was reported that the following one hundred forty-one persons 
had been elected to membership on nomination of institutional mem- 
bers as indicated: 


University of Alabama: Professor James Clifton Eaves, Mr. Judson James Hart; 

University of British Columbia: Mr. James Lewin McGregor; 

Brooklyn College: Mr. Leonard Geller; 

Brown University: Dr. Jacques Heyman, Mr. John Allen Lewis; 

University of California, Berkeley: Messrs. Hewitt Kenyon and Maurice Sion; 

University of California, Los Angeles: Messrs. James Richard Jackson and Elmer 
Edwin Osborne; 

California Institute of Technology: Messrs. Benjamin Bernholtz, Robert Yost Dean, 
William Thomas Guy, Robert Hunter Owens, Carleton Bernard Solloway, and 
Richard Bennett Talmadge; 
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University of Chicago: Mesars. Leonard David Berkovitz, Murray Gerstenhaber, 
Oscar Irving Litoff, Ernest Arthur Michael, and I. Alex Rosenberg; 

University of Cincinnati: Professor Emilio Baiada; 

City College, New York: Messrs. Robert John Aumann, Leon Ehrenpreis, Carl 
Engelman, and Leopold Flatto; 

Columbia University: Messrs. Maurice Auslander and Alfred Lorenzo Duquette, 
Miss Alice Krikorian, Mr. Burt Jules Morse; 

Cornell University: Mr. Jerome Blackman, Miss Joanne Elliott, Messrs. Carl 
Samuel Herz and Ralph Gordon Selfridge; 

Harvard University: Messrs. Henry Nelson Browne, Jr., Robert Lawrence Graves, 
Alan Francis Kay, Lawrence Friedman Markus, Robert Osserman, Eoin Laird 
Whitney, and Norman Zachary Wolfsohn; 

Illinois Institute of Technology: Messrs. Robert Alonzo Eubanks and Nathaniel 
Roy Goodman, Miss Elizabeth Catherine Kleinhans, Messrs. Howard S. Levin, 
Jack Milton Miller, Seymour Victor Parter, Stewart Schlesinger, Leo Andrew 
Schmidt, and William Barry Snarr; 

University of Illinois: Mr. Martin Nixon Chase, Miss Marjorie Baldwin Djorup, 
Messrs. Hans Carl Flesch, Donald Gordon Higman, Joseph Hope Hornback, 
Mitsuru Kadoyama, Jerome Henry Manheim, Merle Wallace Milligan, William 
Rolen Orton, Jr., Donald Lawrence Sullivan, and Robert John Weeks; 

Institute for Advanced Study: Drs. Raoul Bott and Raouf Doss, Professors Olof 
Hanner and Kunihiko Kodairo; 

- Iowa State College of Agriculture and Mechanic Arts: Mr. Robert J. Lambert; 

State University of Iowa: Mr. Robert Vincent Hogg; 

Johns Hopkins University: Messrs. Edward Daniel Carey, Ralph Elwood Keirstead, 
Jr., William Edward Moore, Norman L. Rabinovitch, Alexander Cormac Smith; 

University of Kansas: Mr. Robert Charles Fisher; 

Kenyon College: Mr. Daniel Rightor Mason; 

Lehigh University: Messrs. Benjamin Collins Kenny and Hubert Howard Snyder; 

University of Maryland: Professors George Gerald O'Brien and John Aloysius 
Tierney; 

Massachusetts Institute of Technology: Mr. John Weber Carr, III, Mrs. Violet 
Bushwick Haas, Messrs. Flavio Botelho Reis and William Lucas Root; 

Michigan State College: Mr. Henry Arthur Hanson; 

University of Michigan: Messrs. Fred Brafman and Joshua Chover, Miss Margaret 
Louise Comstock, Mr. Arthur Covington Downing, Jr., Rev. Lester Joseph 


Heider, Messrs. Robert Maxwell Lauer, John Francis Riordan, and Shih-Hua > 


Tsao; 

University of Missouri: Mr. H. C. Griffith; 

New York University: Messrs. Ignace I. Kolodner and Chankey Nathaniel Touart; 

Ohio State University: Mr. Edley Wainright Martin, Jr., Miss Vera Marie Tozzer; 

Oklahoma Agricultural and Mechanical College: Mr. George B. Pedrick; 

University of Oregon: Mr. Luther Peh-Hsiun Cheo; 

Pennsylvania State College: Mr. Joseph D. E. Konhauser; 

University of Pennsylvania: Mr. Athanasios Papoulis; 

Purdue University: Mr. Obert Benjamin Moan; 

College of St. Thomas: Mr. Richard Anthony Zemlin; 

Smith College: Miss Elinor Constance Martin; 

Stanford University: Messrs. Kenneth Lloyd Cooke, William James Firey, Howard 
Ashley Osborn, and Edgar C. Smith, Jr.; 

Swarthmore College: Mr. Albert Ross Eckler; 
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Syracuse University: Mr. Frank Pao-ming Pu; 

University of Tennessee: Mr. Eldon Eugene Posey; 

Department of Pure Mathematics, University of Texas: Miss Lida Baker Kittrell, 
Messrs. Herbert Allen Morris, Ernest Tilden Parker, and Spurgeon Eugene 
Smith; 

University of Toronto: Messrs. Geoffrey Eric Norman Fox, Harold Stanley Heaps, 
Steve Alexander Kushneriuk, and Adrian Eugen Scheidegger; 

University of Virginia: Messrs. Frank Thomas Dresser, David Barrington Lowdens- 
lager, Leonard Robert Schlauch, and Robert Fones Williams; 

University of Washington: Messrs. Chi-Yuan Lee and Fred H. Ringey; 

Wellesley College: Miss Joyce B. Friedman; 

University of Wisconsin: Messrs. William Francis Ames, Paul Axt, Robert Joseph 
Buehler, William F. Donoghue, Jr., Wendell Helms Fleming, Melvin Henriksen, 
Erwin Kleinfeld, and Paul William Knaplund, Miss Joan K. Ross, Messrs. 
Garth Hollis Markle Thomas and Arnold Wendt; 

Yale University: Messrs. John Daniel Baum, Thaddeus Bankson Curtz, Leon Wil- 
liam Green, Henry George Jacob, Jr., and Sol Schwartzman. 


The Secretary announced that the following had been admitted to 
the Society in accordance with reciprocity agreements with various 
mathematical organizations: Deutsche Mathematiker Vereinigung: 
Dr. Wilhelm R. Fischer, University of Pennsylvania (nominee); Pro- 
_ fessor Alwin Walther, Technische Hochschule, Darmstadt, Germany; 

‘London Mathematical Society: Professor Patrick Du Val, Univer- 
sity of Georgia; Dr. H. G. Eggleston, Swansea University College, 
Wales; Mr. David Emrys Evans, University College of North Wales; 
Mr. Marcus Campbell Goodall, Institute for Advanced Study 
(nominee); Mr. Walter Kurt Hayman, Brown University (nominee); 
Miss Marjorie Littleton, H. H. Wills Physical Laboratory, University 
of Bristol; Dr. Claude Ambrose Rogers, University College, London, 
and member, Institute for Advanced Study (nominee); Dr. Hsien- 
Chung Wang, Louisiana State University; Polish Mathematical Soci- 
ety: Professor Adam Feliks Bielecki, University of Lublin; Professor 
Mieczystaw Kwiryn Biernacki, University of Marie Curie-Sktodow- 
ska; Mrs. Helena Alina Ra$, University of Warsaw; Dr. Roman 
Sikorski, University of Warsaw; Société Mathématique de France: 
Dr. Shmuel Agmon, Rice Institute; Mr. Jean Arbault, University of 
Poitiers; Professor Claude Gilbert Chabauty, University of Stras- 
bourg; Mr. Robert Louis Croisot, University of Poitiers; Professor 
Leonce Lesieur, University of Poitiers; Dr. Jacques Riquet, Institut 
Henri Poincaré; Professor Laurent Schwartz, University of Nancy; 
Wiskundig Genootschap te Amsterdam: Dr. Jacob Korevaar, Purdue 
University. 

The following universities were elected as institutional members of 
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the Society: University of Massachusetts; Princeton University; 
University of Wichita. 

The Secretary is pleased to report at this time that the ordinary 
membership of the Society is now 4064, including 339 nominees of 
institutional members and 49 life members. There are also 107 insti- 
tutional members. The total attendance at all meetings in 1949 was 
2470; the number of papers read was 580; there were 13 hour ad- 
dresses, 5 addresses and 16 papers at the Applied Mathematics 
Symposium, 1 Gibbs Lecture, and 4 Colloquium Lectures; the num- 
ber of members attending at least one meeting was 1470. 

It was reported that the Council had voted by mail to approve the 
list of Honorary Presidents and Honorary Chairmen for the 1950 
International Congress, as recommended by the Organizing Com- 
mittee. The Council had also voted by mail to accept for publication 
in Mathematical Surveys a manuscript by Claude Chevalley entitled 
Introduction to the theory of algebraic functions of one variable. 

The following appointments by President J. L. Walsh of represen- 
tatives of the Society were reported: Professor H. A. Rademacher on 
the Editorial Board of the American Year Book for a term of three 
years beginning January 1, 1950; Professor T. R. Hollcroft at the 
inauguration of the Very Reverend Juvenal Lalor as President at 
St. Bonaventure College on September 22, 1949; Professor R. H. ' 
Marquis at the inauguration of William Bay Irvine as President of 
Marietta College on October 15, 1949; Professor E. G. Olds at the 
inauguration of Will W. Orr as President of Westminster College ori 
October 14, 1949; Professor D. S. Morse at the One Hundred 
Twenty-fifth Anniversary of the founding of Rensselaer Polytechnic 
Institute on October 13-15, 1949; Professor W. M. Whyburn at the 
inauguration of Arthur Hollis Edens as President of Duke University 
on October 22, 1949; Professor G. E. Raynor at the inauguration of 
David E. Weinland as President of Moravian Seminary and College 
for Women on October 22, 1949; Professor David Blackwell at the 
inauguration of Alonzo G. Moron as President of Hampton Institute 
on October 29, 1949; Professor B. W. Jones at the inauguration of 
Albert Charles Jacobs as Chancellor of the University of Denver on 
November 19, 1949; Professor Gweneth Humphreys at the inaugura- 
tion of George Tyler Miller as President of Madison College on De- 
cember 10, 1949, i 

The foliowing additional appointments by the President were re- 
ported: Professors R. E. Langer (Chairman), E. F. Beckenbach, and 
S. S. Wilks as a committee to nominate Society representatives on 
Policy Committee; Dr. A. S. Householder (Chairman), Professors J. 
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A. Cooley, G. A. Garrett, W. S. Snyder, J. M. Thomas, and W. M. 
Whyburn as Committee on Arrangements for meeting at Oak Ridge, 
Tennessee, on April 21-22, 1949; Professors W. M. Whyburn (Chair- 
man), Tomlinson Fort (term to expire December 31, 1951), and 
J. M. Thomas (term to expire December 31, 1950) as Committee to 
Select Hour Speakers for Southeastern Sectional Meetings; Professor 
B. P. Gill as Chairman of the committee to consider non-editorial 
problems of the Memoirs (to replace Professor A. W. Tucker); Pro- 
fessor Einar Hille as Chairman of the Committee on the Role of the 
Society in Mathematical Publication (to replace Professor R. L. 
Wilder); Miss Grace Bolton and Professor Arthur Sard as tellers for 
the 1949 annual election; Professors C. G. Phipps (Chairman), R. G. 
Blake, W. A. Gager, H. M. Gehman, W. R. Hutcherson, F. W. 
Kokomoor, H. A. Meyer, and W. M. Whyburn as a Committee on 
Arrangements for 1950 Annual Meeting; Professor A. A. Albert as a 
member of the Committee to Select Hour Speakers for Summer and 
Annual Meetings for the period 1950—1951 (committee now consists 
of Professors J. R. Kline, Chairman, A. A. Albert, and G. A. Hed- 
lund); Professor E. G. Begle as member of the Committee to Select 
Hour Speakers for Eastern Sectional Meetings for the period 1950— 
1951 (committee now consists of Professors T. R. Hollcroft, Chair- 
man, E. G. Begle, and D. V. Widder); Professor Walter Leighton as 
member of the Committee to Select Hour Speakers for Western Sec- 
tional Meetings for the period 1950—1951 (committee now consists 
of Professors J. W. T. Youngs, Chairman, Ralph Hull, and Walter 
Leighton); Professor D. C. Spencer as a member of the Committee to 
Select Hour Speakers for Far Western Sectional Meetings for the 
period 1950-1951 (committee now consists of Professors J. W. Green, 
Chairman, E. F. Beckenbach, and D. C. Spencer); Professor H. S. 
Wall as a member of Committee on Visiting Lectureships for the 
period 1950-1952 (committee now consists of Professors Hassler 
Whitney, Chairman, H. S. Wall, and Norbert Wiener); Professor J. 
B. Rosser as liaison officer for Quarterly of Applied Mathematics 
for the period 1950-1952; Professors K. O. Friedrichs and John von 
Neumann as members of Committee on Applied Mathematics for 
the period 1950—1952; Professors Garrett Birkhoff and G. C. Evans 
as members of Committee on Role of the Society in Mathematical 
Publication for the period 1950-1952; Professor R. A. Johnson as a 
member of Committee on Printing Contracts for the period 1950- 
1952. 

It was reported to the Council that: Professor G. E. Uhlenbeck has 
accepted the invitation to deliver the Gibbs Lecture at the 1950 
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Annual Meeting; Professor Einar Hille has been appointed a member 
of the Organizing Committee of the International Congress to replace 
the late Dean R. G. D. Richardson; Professor Einar Hille was sub- 
stituted for Professor M. H. Stone as a nominee for the Mathe- 
matical Reviews Editorial Committee on the ballot for the annual 
election; the usual biennial membership campaign was held in 
October, 1949, at which time invitations to join the Society were sent 
to 4,203 teachers of collegiate mathematics (including 485 members of 
the Mathematical Association of America); during 1950 Professor 
G. T. Whyburn will act as Managing Editor of the Transactions and 
Memoirs, Professor C. C. MacDuffee will act as Chairman of the 
Colloquium Editorial Committee, Professor A. W. Tucker will act as 
Chairman of the Mathematical Surveys Editorial Committee, Dean 
E. B. Stouffer will act as Chairman of the Bulletin Editorial Com- 
mittee, and Professor Nathan Jacobson will act as Chairman of the 
Proceedings Editorial Committee. 

At the annual election which closed on December 29, and at which 
744 votes were cast, the following officers were elected: 

President Elect, Professor John von Neumann. 

Vice Presidents, Professors E. J. McShane and R. L. Wilder. 

Associate Secretaries, Professors J. W. Green, W. M. Whyburn, and 
J. W. T. Youngs. 

Members of Editorial Commtttee of the Bulletin, Professors G. B. 
Price and A. C. Schaeffer. 

Members of Editorial Committee of the Transactions, Professors L. V. 
Ahlfors and J. L. Doob. 

Member of the Editorial Committee of the Colloquium Publications, 
Professor R. L. Wilder. 

Member of the Editorial Committee of Mathematical Reviews, Pro- 
fessor Einar Hille. 

Member of the Editorial Committee of Mathematical Surveys, Pro- 
fessor W. T. Martin. 

Representative on the Editorial Board of the American Journal of 
Mathematics, Professor Samuel Eilenberg. 

Members at large of the Counctl, Professors Warren Ambrose, P. R. 
Halmos, Mark Kac, S. B. Myers, and D. C. Spencer. 

The Council voted to approve April 28, 1950, as an additional date 
for the spring meeting in the far west. Dates of other meetings in 1950 
were set as follows: October 28 in New York City; November 24-25 in 
Chicago; November 25 in the far west; December 27-29 at the Uni- 
versity of Florida. The Council also accepted an invitation to hold 
the October, 1951, meeting at the National Bureau of Standards in 
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Washington, D. C. 

In an appendix to this report are excerpts from the report of the 
Treasurer for the fiscal year 1949 as verified by the auditors. A copy 
of the complete report will be sent, on request, to any member of the 
Society. 

The American Journal of Mathematics, which is a joint enterprise 
of the American Mathematical Society and The Johns Hopkins 
University, reported that it had published 975 pages in 1949, 

The Librarian reported the following additions to the Library: 309 
bound volumes of periodicals, 124 books, and 139 pamphlets (includ- 
ing 41 dissertations). 

Certain invitations to give addresses in 1950 were announced; 
Professor C. L. Siegel for the February meeting in New York City; 
Professors J. S. Frame, Sam Perlis, and M. F. Smiley for the Febru- 
ary meeting in East Lansing, Michigan; Professors Atle Selberg and 
R. P. Boas for the April meeting in Washington, D. C. 

The Bulletin Editorial Committee reported that the backlog of the 
journal was such that a period of approximately eighteen months 
must now elapse between acceptance and publication of a particular 
paper. A recommendation that a total of 1438 pages be authorized 
for the 1950 Bulletin and Proceedings was accepted by the Council 
and referred to the Trustees. This represents an increase of 249 pages 
over the 1949 volume of the Bulletin. Professors C. B. Allendoerfer, 
G. Hochschild, and J. B. Diaz were reported as new Assistant Edi- 
tors for the Proceedings. 

The Transactions Editorial Committee reported that the transfer 
of several long papers to the Memoirs had greatly relieved the back- 
log of papers awaiting publication in the Transactions. Additional 
funds for the publication of the Memoirs were requested and ap- 
proved, subject to a vote of the Trustees. The Council voted to 
authorize the Committee on Printing Contracts, in consultation 
with the editors, to study the possibility of economizing in the cost 
of the Transactions by reducing the margina. 

The Mathematical Reviews Editorial Committee reported that 
766 pages of reviews had been published, as against 638 pages for 
1948; the increase was due partly to the policy of encouraging longer 
reviews for Russian papers but also to the increase in mathematical 
production in most countries. During 1949 the Société Mathématique 
de France and the Unione Matematica Italiana were added to the 
list of sponsors. The subscription list as of November, 1949, was 
2,126. 

The Council authorized the Executive Committee, with the 


1950] THE ANNUAL MEETING OF THE SOCIETY 153 


Trustees, to negotiate a contract with Columbia University in which 
the interests of the Society with respect to housing would be pro- 
tected and in which the library of the Society would be used as a 
proper bargaining asset. 

A recommendation in connection with the Executive Editorship of 
Mathematical Reviews was accepted and referred to the Trustees for 
approval. 

The Council voted to act as a sponsor of a symposium on the 
Eigenvalue problem to be held about the middle of June, 1950, at 
Oklahoma Agricultural and Mechanical College. 

The Council voted to accept invitations to hold the 1951 Annual 
Meeting at Brown University and the 1953 Summer Meeting ‘at 
Laval University; the latter meeting will be in conjunction with the 
meeting of the Canadian Mathematical Congress and the 100th anni- 
versary of the charter of Laval University. 

A report on activities of the Policy Committee was presented, in- 
cluding the following items: (1) Plans for a Union Conference to be 
held at Columbia University for three days immediately preceding the 
International Congress, to be attended by delegates of National 
Committees which have been discussing statutes and by-laws for a 
new International Mathematical Union; (2) Discussion of the pos- 

sible establishment of a Mathematics Foundation, to receive and ad- 
' minister funds contributed for the general support of mathematics, 
by a subcommittee of the Policy Committee; (3) Study by a subcom- 
mittee of the needs of mathematics which might be met by a National 
Science Foundation. 

The Organizing Committee of the International Congress reported 
that satisfactory progress had been made toward a solution of the 
difficult problem of visas. All indications point to a successful Con- 
gress of a truly international character at Cambridge in the summer 
of 1950. 

On recommendation of the Committee on the Role of the Society 
in Mathematical Publication, the Council voted to recommend to 
the Trustees that for a period of three years the Society contribute an 
annual subsidy not to exceed $1500 to the proposed Pacific Journal 
of Mathematics. 

The Council voted to omit the 1950 Symposium in Applied Mathe- 
matics. 

It was voted to advance by forty-eight hours the deadline for 
papers to appear in the programs of Society meetings. 

The President was authorized to appoint a committee to study the 
relation of the Bulletin and Proceedings to individual membership 
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dues and to reconsider the matter of individual dues. 

Abstracts of the papers read follow. Presiding officers at the ses- 
sions for contributed papers were Professors W. M. Whyburn, 
Arnold Dresden, C. A. Truesdell, Wallace Givens, R. H. Bruck, B. O. 
Koopman, F. W. Perkins, G. L. Walker, Dr. R. S. Burington, Pro- 
fessors A. A. Bennett and M. R. Hestenes. 

Papers whose abstract numbers are followed by the letter “#” were 
read by title. Paper number 99 was presented by Mr. Macon, 131 by 
Professor Goffman, 135 by Mr. Rogers, 142 by Professor Rosenbloom, 
147 by Professor Brunk, 154 by Professor Rado, 170 by Professor Lin, 
180 by Professor Sard, 183 by Mr. O’Brien, 195 by Professor Kasner, 
210 by Professor Cohen. 

Professor Samuelson was introduced by Professor W. T. Martin 
and Professor Baiada by Professor C. N. Moore. 


ALGEBRA AND THEORY OF NUMBERS 


99. A. T. Brauer and Nathaniel Macon: On the approxtmaiton of 
irralional numbers by the convergents of their continued fractions. II. 

Let £ be any positive irrational number and 4,/B, the convergents of its expansion 
as a regular continued fraction. If X, is defined by |£—44/2,| =)7'B ?, then the 
best possible lower bounds for the sums of any k consecutive X, are obtained. Hurwitz 
[Math. Ann. vol. 39 (1891) pp. 279-284] proved that the limit of the arithmetic 


means of the first n numbers A, equals 5U* for (1--577)/2 and its equivalent numbers. ; 


It is proved here that the lower limit of these arithmetic means is not less than 51/2 
for every irrational number. (Received November 14, 1949.) 


100. R. H. Bruck: A numerical invariant for finite nets. 


‘The author initiates a study of “imbedding problems" for nets. A (finite) net N of 
degree k, order s is a system of "points" and & classes of “lines” such that: (i) each 
point is on one line of each class; (ii) two lines of distinct classes have a common 
point; (iii) a line has 5 points. (Finite affine planes, sets of orthogonal latin squares, 
finite loops, can be interpreted as nets.) An integer ¢ is “represented” by N provided 
there exists an integer-valued point-function f which sums to $ over each line of N. 
The invariant ¢(N) is the l.p.i. represented by N; x(N), the l.p.i. represented with a 
non-negative f. A n.a.s.c. that there exist n points of JV, no two collinear, is that 
x(N) —1;a necessary condition, that &(N) —1. The invariant 9 is explicitly calculated 
for affine planes and loops. Relations are obtained between the ¢’s of a net and its 
homomorphic image; sharper relations, for direct products. As an application: if s isa 
product of coprime prime-powers, the smallest of which is k—1, there exists a set of 
k—2 mutually orthogonal »Xn latin squares to which no square can be added. (Re- 
ceived December 12, 1949.) 


101. K. T. Chen: Integration $n free groups and commutator calculus. 


To each word in a free group F with n generators a path in a Euclidean n-space 
is assigned. The integral of any polynomial along this path depends only on the ele- 


~ 
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ment of F represented by the word. The totality of elements of F for which the 
integral of every polynomial of degree less than d vanishes forms a subgroup of F which 
is proved to be the product of the dth lower central commutator group 4F with the sec- 
ond upper central commutator group F9. Using this it is found that 41 F- F(0/4P- FO 
is a free abelian group with (d —1) Ca,4.3,.4 generators (n 272). Further the theory can 
be applied to the computation of the above factor group for any group G given by a 
finite number of generators and relations, thus yielding numerical invariants of G. 
(Received November 10, 1949.) 


1024. Sarvadaman Chowla and Paul Erdós: A theorem on the dts- 
tribution of the values of L-functtons. 


The authors prove the following result: Let (d/5) denote Kronecker's symbol de- 
fined for d=0, 1 (mod 4) and d not equal to a perfect square. Define for s>0, La(s) 
= M (d/n)n^*. Denote by g,(a, x) the number of integers d Sx such that (i) d0, 1(4), 
(ii) d8, (iii) La(s) «a. Then if 53/4, lims.. g(a, x)/2^ 1x =g,(a) exists; further- 
more g(— ©) =0, g(o») =-+1, and g,(a), the distribution function, is a continuous and 
steadily increasing function of a. (Received November 14, 1949.) 


1034. Sarvadaman Chowla: On the nonvanishing of a certain infinite 
series. 


The author proves the following result: For every integer s let f(m) be an integer 
such that (i) f(m)-f(n') whenever n'mn (mod $), Gi) f(a)= —f(—n). Then 
Sif (n)n71540, unless all f(n) are zero. Here p is a prime such that p and (p—1)/2 
are both primes. The paper also contains a proof of an extension of this theorem due to 
Siegel. (Received November 14, 1949.) 


104%. Harvey Cohn: Fintteness conditions for a convex body in 
hyperspace. 


If a convex body in d-dimensional space contains a hypersphere of radius R about 
the origin, then unless it contains an integral lattice point within the hypersphere of 
radius Ca/ R1, it will lie entirely within the latter hypersphere. There is a best 
constant Ca as R—0, but it is more difficult to determine. Tentative bounds for Cz 
are found by letting the Dirichlet boxing in principle oppose the Perron transferal 
principle. (Received November 11, 1949.) 


1054. Harold Davenport: Euclid's algoriihm $n certain quartic fields. 


It is proved in this paper that Euclid’s algorithm can hold in only a finite number 
of quartic fields of the totally complex type. The method is a development of that 
already applied by the writer to real quadratic fields and to cubic fields of negative 
discriminant, in a series of papers in course of publication. An additional complica- 
tion, as compared with those cases, arises from the fact that the inequalities which 
naturally present themselves are not quite precise enough to be of service. (Received 
December 27, 1949.) 


106. H. C. Davis: Closure lattices. Preliminary report. 


Corresponding to a Boolean algebra B there is defined (uniquely) a lattice L(B) 
with the following properties: (1) It contains the partition lattice over B as a sub- 
lattice; (2) it is pseudo-complemented; (3) if B is finite, L(B) is semi-modular. There 


156 AMERICAN MATHEMATICAL SOCIETY [March 


is a natural dual homomorphism of L(B) into the lattice of closure algebras over 
B—the latter lattice being defined in immediate generalization of the case where B is 
the field of all subsets of some set. The extension to the case where B is replaced by a 
more general lattice is discussed. (Received December 14, 1949.) 


107. D. T. Finkbeiner: A general dependence relation for lattices. 


Let M be an arbitrary set, and let D be a relation between the elements and 
subsets of M. D is called a dependence relation if D satisfies (1) mD(S\/m) for arbi- 
trary SCM, and (2) mDS and SDT imply mDT. A subset S is called closed if mDS 
implies mC, and the closed subsets form a complete lattice L. MacLane (Duke Math. 
J. vol. 4 (1938) pp. 455-468) has characterized dependence relations for which L is 
a semi-modular point lattice. In this paper M is considered to be partially ordered, 
and a corresponding characterization is given for dependence relations which preserve 
the ordering of M, in that L is a complete lattice whose set of completely join ir- 
reducible elements is isomorphic to M. Furthermore L satisfies a point-free exchange 
axiom which defines semi-modularity for lattices in which coverings may not exist. 
If M is not ordered, this characterization reduces to the classical result for semi- 
modular point lattices. (Received November 14, 1949.) 


108; A. L. Foster: On n-ality theories in rings and their logical 
algebras; trt-ality principle in three-valued logics. 


The K-ality theory, as launched in a series of previous publications, represents a 
simple abstract framework which numbers among its realizations—and thus serves to 
unify—disciplines as widely dissimilar as, for example, the classical Boolean theory 
together with many new extensions thereof on the one extreme, and the traditional 
invariant-transformation theories (for example, tensors, groups, forms, geometries, 
and so on) on the other. The broad program involves the study of arbitrary disci- 
plines (for example, rings, and so on) “in” different "coordinate systems” belonging 
to a group K of admissible "coordinate transformations" in the discipline. Thus, 
specialized to rings R and with K chosen as C, the “simple complementation” group 
(of order 2) generated by x* —1 —x, one obtains the C-ality (or “simple” duality) theory 
of rings, which further reduces to the classical Boolean duality when R is Boolean. 
The present communication, while still confined to rings, is not restricted to the C- 
level. The K-ality theorems, successors of the simple duality notions, are given, and 
various problems elevated to the general K-level. Among these is the concept ring- 
logic (mod K), generalizing theclassical Boolean ring-Boolean algebra (logic) equiva- 
lence. (Receiyed November 25, 1949.) 


109%. A. L. Foster: p-rings and their Boolean-vector representation. 


In connection with the K-ality theory (see previous abstract), the general struc- 
ture of p-rings is studied. Using certain results previously obtained, it is found that 
all £-rings are isomorphic with a certain (generalized) hypercomplex “vector p-ring” 
over a suitable Boolean algebra—namely the idempotent Boolean sub-algebra of 
the p-ring. (In the vector representation, the vectors are componentially determined, 
but are not in general additive—hence the expression “generalized.”) This leads to a 
generalized hypercomplex representation of f-rings which is a generalization of the 
familiar Stone representation for the special Boolean (p=2) case. Earlier results on 
p-rings of McCoy and Montgomery are subsumed and generalized. (Received 
November 9, 1949.) 
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110%. A. L. Foster: Ring-algebras (logics) and p-rings. 


The ring-logic (mod N) status of p-rings for p>3 was left unsolved in a previous 
paper (see first abstract above). Applying the results on the structure (decomposition 
and p-vector synthesis) of f-rings obtained later (see preceding abstract), the general 
theorem is proved: each f-ring is a ring-logic (mod N). (Received November 9, 1949.) 


111. Emil Grosswald: On some algebraic properties of the Bessel 
polynomials. 

For Bessel polynomials (see paper by H. L. Krall and Orrin Frink, Trans. Amer. 
Math. Soc. vol. 65 (1949) pp. 100-115), two asymptotic formulas are established and 
upper bounds for the errors terms are found. Using recursion formulas, it is shown that 
all the roots of Bessel polynomials are simple and non-real, except a single root, £a, 
of the polynomials of odd degree s, which is real and satisfies —1 Stn S —i/n. Let p 
be an odd prime, m a positive integer, d an integer less than p”; then, using mainly 
Dumas’ theorem (Journal de Mathématiques (6) vol. 2 (1906) pp. 191—258), it follows 
that Bessel polynomials are algebraically irreducible in the field of rational numbers, 
at least for n $323, and also for # >323, if n is of one of the forms: £*, f*--1, q- f, 
d:$—1, £^—1, 2^ —1, q: ?* (in the last 3 cases, with some restrictions); if not ir- 
reducible, any Bessel polynomial contains an irreducible factor of degree not less than 
A * (n —1), where A 16/17. Using theorems of I. Schur (Preuss. Akad. Sci. Sitzungs- 
ber. (1929) pp. 443—449) and Dedekind, it is found that all irreducible Bessel poly- 
nomials (except, perhaps, for #9, 11, 12) lead to equations without affect. (Received 
November 7, 1949.) 


1125, Franklin Haimo: A representaison for Boolean algebras. 


For a direct sum G of additive Abelian Ga, elements x= {xa} and y= {ya} are 
said to be in the relation x.y if x20 implies ya-*0, and likewise with the x's and y'a 
interchanged. Abelian groups which have a partial ordering like that of a direct sum, 
where xz: y means that y. x — y, are called vector ordered groups (quasi vector ordered 
if the generalization is based on weak rather than on strong summation). It is proved 
that every complete Boolean algebra can be represented faithfully by the suitably 
ordered set of all endomorphisms bounded above by the identity endomorphism on a 
vector ordered group. Each of these endomorphisms is splitting, and their image 
spaces contain elements maximal therein. Conversely, such endomorphisms on a 
vector ordered group form a complete Boolean algebra. The not necessarily complete 
Boolean algebras are linked, in a somewhat similar fashion, to the quasi vector 
ordered groups. (Received November 14, 1949.) 


1134. Franklin Haimo: Decomposition of complete Boolean algebras. 


Direct decompositions of vector ordered groups (see the preceding abstract) are 
connected with join decompositions of the corresponding complete Boolean algebra. 
To each infinite cardinal corresponds a pair of decompositions, one for the group, the 
other for the algebra. One of the components of the group decomposition turns out to 
be a strong direct sum of subgroups, each of which is the image space of a splitting 
endomorphism. Correspondingly, every complete field of sets can be generated by a 
set of disjoint sets in the field. Each of these generators is small in that each contains, 
set-theoretically, only a limited number of such generators. This subsumes a result 
due to Tarski, Fund. Math. vol. 24 (1935) p. 197, Theorems 6. (Received November 
14, 1949.) 


H 
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114. I. N. Herstein: On a conjecture on simple groups. 


If G is a finite group, let T, be the group ring G over a field of characteristic p, and 
Np the radical of Tp. Consider the following two assertions: (A) A simple group of 
odd order is of prime order. (B) If the order, s, of G is odd, then for some prime p, 
|n, there exists a g©G, g»t1, with g—1C- N,. The result found in the paper is that 
(A) and (B) are equivalent; that (B) implies (A) follows easily by showing that 
{g&o|g—1EN,} is a normal p-subgroup of G. To show (A) implies (B), use is made 
of Clifford's theorem on the representations induced in normal subgroups. (Received 
November 14, 1949.) 


115. B. W. Jones: An extension of Meyer's theorem on indefinite 
ternary quadratic forms. 


Let f be a properly or improperly primitive indefinite ternary quadratic form of 
determinant d such that its matrix has integer elements, Q is the g.c.d. of its two-rowed 
minor determinants and d= QA determines A. The principal result of this paper is: 
there is one class in the genus of f if neither N nor A is divisible by 4, they are not 
both even and if, for every prime factor p common to Q and A, the following condi- 
tions hold: 1. pì divides neither Q nor A; 2. There exists a q, depending on p, which is 
either a prime or double a prime, does not divide 2d, and such that every solution 
of x1—4y3::1 (mod $) is congruent (mod f) to a solution of x1—9y1-:1. If (p: 1)/2 
is a prime for proper choice of the ambiguous sign, condition 2 holds. Hence it seems 
likely that there is an infinite number of primes f satisfying this condition. (Received 
November 14, 1949.) 


116. W. J. LeVeque: On the equation a* —b* —1. 


It is shown that the Diophantine equation a*—b*-—1 has at most one solution 
unless a —3, b 2, when it has just the two (1, 1) and (2, 3). If a is even and b is odd, 
the only possible solution is with x —8/a, where 2? is the highest power of 2 dividing 
a and 28 is the highest power of 2 dividing 6+1. If a is odd and b is even and (a, b) 
»4(3, 2), then the only possible solution is with y=}, where £ is half the exponent to 
which b belongs (mod a). As an application, it is shown that the identity 27, ,& 
=() rk) is the only one of its kind; that is, that the only solution (r, s, £) of 
De = (214) is (2, 3, 1). (Received November 14, 1949.) 


1172. R. C. Lyndon: Groups with one defining relation. 


If R=Qe for Q a word in a free group F and g maximal, then an identity 
JIT.R°7.4=1 (where T, in F, e,» +1) implies that the indices fall into pairs (s, 7) 
such that ¢,= —e, and that, for some f, T;=7,Q?s modulo R. A slightly more general 
theorem is proved, by a method derived from Magnus (J. Reine Angew. Math. 
(1930)). From incidence matrices (with operators) one calculates the Eilenberg-Mac- 
Lane groups H*(G, K) for G defined by a single relation, and any coefficients K. For 
52 these groups are the exact analogues of the special case G cyclic of order q (infi- 
nite cyclic if g=1), as given by Eilenberg and MacLane (see Bull. Amer. Math. Soc. 
vol. 55 (1949) p. 22). (Received November 14, 1949.) 


118¢. F.I. Mautner: Unitary representation of locally compact groups. 
II. 


This is a continuation of Unitary representations. 1. Whereas part I dealt to a large 
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extent with discrete groups, the problems of the present part II are mainly relevant 
in the case of non-discrete groups. Indeed the main problem treated is the structure of 
the operator algebra W generated by any given unitary representation of a semi-simple 
Lie group. And after various preliminary sections dealing with general properties of 
unitary representations and generalized direct sums of Hilbert spaces (cf. von Neu- 
mann, Reduction theory, Ann. of Math. (1949)) it is shown that if G is the 2X2-uni- 
modular group (or the Lorentz group), then the ring W generated by any continuous 
unitary representation of G gives rise to factors of type I only in the sense of von 
Neumann (loc. cit.). An easy consequence of this is a proof of the (known) Fourier- 
inversion formula for G, which uses relatively few special properties of G. The anal- 
ogous problem for arbitrary semi-simple Lie groups is reduced to a problem about the 
behavior of invariants of the Lie algebra (such as the fundamental bilinear form) 
under unitary group-representations. (Received November 10, 1949.) 


119. A. J. Penico: The Wedderburn principal theorem for Jordan 
algebras. 


The title of this paper is the same as that of a paper by Albert (Ann. of Math. 
vol. 48 (1947) pp. 1-7). He considered the "special" Jordan algebras obtained from 
associative algebras by the quasi-multiplication ab=(¢-b+b-a)/2. The algebras 
considered here are the “general” Jordan algebras defined by the identities: ab =ba, 
G(a3b) —a*(ab). The following theorem is proved: If A is a Jordan algebra over a field 
of characteristic zero, and if N is the radical of A, then there exists a subalgebra S 
of A such that A is the direct sum A=S+WN, and SaA—N. For N?<(0), and A 
with unity element, it is proved that ÆN? is an ideal of A properly contained in N, 
and, by the usual inductive proof, the theorem is reduced to the case N= (0). This 
latter case is then established for 4 — N any one of the five types of split Jordan alge- 
bras. (Received November 14, 1949.) 


1201. P. A. Samuelson: Solving linear equations by continuous sub- 
sittulion. 

To solve the s linear equations ax «5, define rectangular matrices [,4.4]=[a, b] 
and b4s] = [a4 — 53) -Ga42)7 a4 { — &$aAa(1 — 54) + 9a] ] where & 
=1, 2,» +», n and [55] 7, the identity matrix. Then the writer's solution is [d] 
=[I, a], whatever the number of columns of b. This invariant ritual, easily 
mechanized, avoids the usual "back-solution? but at the cost of about n*/6 extra 
multiplications beyond the 5/3 involved in the closely related conventional Gauss- 
Chio-Doolittle-Crout-Aitken solution of asymmetrical equations. The validity of the 
present variant of one of Aitken's methods follows from the elementary fact that the 
typical successive substitution process can be used on al} n equations, not just on the 
dwindling number of interdependent equations involved in the reduction process. It 
may be useful to note that if o4 is bordered below by [c, d], then „A will be bordered 
by [0, d —ca^15]; this tells how to interpretall parts of 44 for any k. (Received Decem- 
ber 23, 1949.) 


121. Ernst Snapper: Completely primary rings. III. 


Let R and S be completely primary rings, that is, commutative rings with unit 
elements whose radicals N(R) and N(S) are maximal ideals. Let RCS and let N(S) 
be nilpotent. Assume that the field extension R=R/N(R)CS/N(S)=S either has 
characteristic zero or preserves p-independence. For any ideal aC_R, the smallest ideal 
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of S which contains a is denoted by a*. If (N(R))*=N(S), Sis a principal extension of 
R. If furthermore a =a*/\R for each aC R, S is a canonical extension of R. The theory 
of algebraic and transcendental ring extensions, reported at the October meeting of 
the Society in New York, is used to prove that two canonical extensions S and S’ are 
equivalent ring extensions of R if and only if S and SS’ are equivalent field extensions of 
R. The proof uses the theorem that, whether or not S is a canonical extension, there 
exists a principal, completely primary ring extension T of R, where RC TC. S and 
T/N(T) =S; this fact is closely connected with a theorem of I. S. Cohen on local 
rings. (Received November 10, 1949.) 


1221. M. A. Woodbury: On games whose mairices are the sums of the 
matrsces of other games. 


and by X(G) and Y(G) respectively denote the (convex) sets of good strategies for 
the first and second players for G. Define the sum of two games by the addition of 
their matrices. If Ný, X (G9) #¢ then (*)v( 275 ,G0?) = SOF ,v(G9), since there exists 
a strategy x such that for all k=1, 2, - - « , K, xG®y20(G), If also Ls Y(G) h 
then the equality sign holds. Clearly X(27; ,G&) DNL, X(G) but the inclusion 
may be proper as is shown by the case GO 2 —G(9 =a matrix whose first row is 
i, —1and whose second row is —1, 1. Another example, G:=a matrix whose first row 
is 1, —1 and whose second row is —1, 1, G:=a matrix whose first row is 2, —1 and 
whose second row is —2, 1, due to D. Gale shows that the equality sign may hold in 
(*) even if nr; Y(G9) =¢. A result of A. W. Tucker follows as an easy consequence 
of this result (9), namely: Let the matrix of G be divided into blocks by subdividing 
the strategies of the first and second players into M and N groups respectively, de- 
note by Ga the game defined by the corresponding block and by w, the value of this 
game. Further let (9;,) be the matrix of a new game V. Then the relation v(V) $S»(G) 
holds provided that (LX (Gi) 40 for $51, 2,---, M. (Received November 14, 
1949.) 


123. Daniel Zelinsky: Rings with ideal nuclei. 


Decomposition theorems like those of Kaplansky and of van Dantzig are proved 
for certain complete topological rings with a neighborhood system at zero consisting of 
ideals. Such a ring decomposes as a (complete, usually infinite) direct sum exactly 
when its discrete homomorphs decompose concordantly. Such a concordant decompo- 
sition is at hand if the ring has a restricted minimum condition on open ideals and is 
either semisimple with first countability axiom or is commutative. The summands are 
respectively discrete classical simple rings, or primary rings like p-adic completions of 
the original ring. A corollary on Dedekind rings implies that an algebraic number 
field topologized so as to have a bounded open additive subgroup has as completion a 
local direct sum of p-adic fields. (Received November 15, 1949.) 


ANALYSIS 
124. T. M. Apostol: Identities involving ihe coefficients of certain 
Dirichlet series. 


The Dirichlet series $(s) = 2 a(n)n™ under consideration are of signature (A, «, y) 
in Hecke's terminology, converge absolutely for o>«>0, have at worst a first order 
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pole at s=x, and have functional equations of the form (A/2s)*I'(s)¢(s) 
= (A/2r)" T (x—s)ġ(x—s). The author derives the identity 2^ , a(n)(x—n)t/gl 
= px ST (X) /F(c--g-F1) -y0,/22) cers 57 | a(n)n- 090/27, (LN (n2)!) where 
J, is the ordinary Bessel function of order » and p is the residue of $(s) at s=xx. The 
series on the right converges absolutely for positive g>x—1/2. This includes as spe- 
cial cases many known identities in analytic number theory. In particular, when a(n) 
is the number of representations of s as the sum of two squares this gives the inte- 
grated form of Hardy's identity in the famous problem concerning lattice points in a 
circle. The proof is based on a certain Mellin integral for J,(z). The method used also 
applies to identities of a different type involving the functions F,(z) cos (»5/2)J,(s) 
—sin (zp/2)( Y(s) -2K,(z)/z) and Vp(3) = (Fi-5(z) — Fis(2))/P where Y, and Kp 
are the usual Bessel functions. Mellin integrals for these functions are also obtained in 
the course of the analysis. (Received October 26, 1949.) 


125%. Helmut Aulbach: Some geometrical inequalities for sets in 
Hilbert space. 


Certain constants (5S) and e(S) are introduced for any bounded set S in Hilbert 
space. p(S) was first implicitly introduced by K. Loewner in Grundsuge einer Inhalts- 
theorie im Hslbertschen Raume, Ann. of Math. vol. 40 (1939), and o(S) - ims, s7, 
where sf is the least upper bound of the sides of st-dimensional simplices whose vertices 
are in S. By the side of an n-dimensional simplex T is meant the length of the edge of 
that regular n-dimensional simplex whose volume equals the volume of T. A lemma is 
then proved which states that the side of an n-dimensional simplex T is not greater 
than the geometric mean of the sides of the (#—1)-dimensional simplices which 
constitute the faces of T. Using this lemma, it is shown that p(S) &e(5)/2! and a set 
is exhibited for which the equality holds. Furthermore, a necessary and sufficient 
condition for a closed set to be compact is that it be bounded and e 0. (Received 
November 18, 1949.) 


126. Emilio Baiada: An $soperimeiric problem for ship-bodses. 


Let y=¢(x), 30,0 8x £1, $(0) =4(1) 20, be an A.C. positive function (profile); 
and x —/(z), y=0 (bow); x —g(z), y=0 (stern) two arbitrary A.C. functions such that 
£(0) 1, f(0) =0. A suitable law being given (similitude in the simplest case), out of 
the profile and for any 0 «si & m, we obtain curves y= d (x, 2), =, similar to the 
profile and with first and second end points on bow and stern lines respectively. The 
solid [ship or wing-body] enclosed by the surface built up and planes z=0, y=0, 
z=m, has an "external" area A and volume V. Two problems are solved: I. Mini- 
mum of A, V being given. The author obtains (1) Existence theorem, (2) Euler equa- 
tions, (3) When 4 is minimum, bow and stern are C; and convex, and $(x) being con- 
vex, they meet in a point with tangent parallel to the x-axis. II. Same problem, but 
profile being given in shape but not in size; (1), (2), (3) are obtained and (4) length of 
minimum body is found, (5) Euler equation reduces to the first order. (Received 
November 14, 1949.) 


127%. Stefan Bergman: On solutions with algebraic character of 
linear partsal differential equations. I. 

The author associates with every harmonic function H(X), X = (x, y, 2), a function 
x(Z, Z*) "m (Z, Z*) -(2Z*)!t(Z, Z*), xe2(ZZ*)u*, ym —4(Z- Z*), x (Z—Z*), 
of two complex variables. x, are analytic at Z—Z*=m0. P(x) =2 r-o" (a[ut* 
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* (uy 7175, ut(1 —T)]/du} dT, u=mx+tZ+f Z* transforms x (the Crassociate of 
H) into a function f(u, t) (the B-associate of H); fi(f) - Qui) ^f f(u, Ddt/t 
transforms f into H(X). The {x} and {f} formalgebras, while {H} forms only a linear 
space. The author studies functions H and harmonic vectors H -Hiji--Hij4-Hih, 
div H=0, curl H «0, generated by Pi from rational f(u, f) =p(u, $)/q(u, t), b(u, D) 
E Dia w( o» brad”), a(s¢, t) = 2 u'( pala st He obtains algebraic 
harmonic functions H(X) « R(t, X) = 222-1 Gawas (*/(8Q/A$)) p.p if M « N, 
where G, Lond; ia x Ty, T= Draw 27 C, C, (by —g)'(2x)11? ($y 4-295, 
A S2», and the (X) satisfy the equation Q(t; X) e Xx A(X)?” =0. Fixing g and 
letting p vary, one obtains a family of algebraic functions which are single-valued 
on the R-manifold (an analogue of a Riemann surface) Q(¢; X) —0. Canonical repre- 
sentation for R(t, X) is derived. An analogue of the Riemann-Roch theorem is estab- 
lished. (Received December 19, 1949.) 


128. Lipman Bers: Abelian minimal surfaces. Preliminary report. 


Let é(x, y) be a solution of the equation of minimal surfaces. If é(x, y) can be 
continued analytically along any path in the (x, y)-plane which avoids a finite number 
of points, and if this continuation leads to only a finite number of determinations of 
¢s—t,, the minimal surface s=¢(x, y) is called Abelian. Relations are established 
between the number of critical points (points where ¢,™=¢,=0) of the surface and 
the number and character of the singularities. A parametric representation of all such 
surfaces is obtained in terms of Abelian integrals. This representation establishes a 
one-to-one correspondence between Abelian minimal surfaces and a class of real 
algebraic plane curves, and associates infinitely many Abelian minimal surfaces to 
any closed orthosymmetric Riemann surface of positive genus. Two Abelian minimal 
surfaces belong to the same (abstract) Riemann surface if and only if the correspond- 
ing algebraic curves are connected by a birational transformation which takes real 
points into real points. (Received November 14, 1949.) 


129. Lipman Bers: Partial differential equations and generalised 
analytic functions. 


The author considers functions f=u(x, y)-Fir(z, y) satisfying us—o(x, y)ty, 
uy = —o(x, y)v., « being a given positive function defined over the whole Riemann 
sphere and possessing Holder-continuous partial derivatives of first order. He proves 
the existence of such “pseudo-analytic” functions which behave like a(z—20)" (r arbi- 
trary rational number). He also establishes theorems generalizing the theorems of 
classical function theory on the characterization of analytic functions by a dif- 
ferentiability requirement, on the existence of derivatives of all orders, on Taylor and 
Laurent expansions, on the classification of singularities, on representation of ra- 
tional functions by partial fractions, on zeros of polynomials, on the Cauchy integral, 
on the logarithmic function, on approximation by polynomials, and on the uni- 
formization of algebraic functions. (The case ¢™a(x)b(y) was treated by Gelbart 
and the author, cf. Trans. Amer. Math. Soc. (1944), by different methods.) (Received 
December 23, 1949.) 


130. P. W. Carruth: Maxtmal functions of ordinals. 


Let {aa}, 0Sa<8, be an ordinal sequence of ordinals. Every one-to-one map 
ala’) of the ordinals less than 8 onto themselves reindexes the system [aa] as 
[aac], and defines a sum D osa cpta’) and a product Tose cpta. Let S 
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denote the class of sums and P the class of products thus obtained. B. Dushnik, 
Trans. Amer. Math. Soc. vol. 62 (1947) pp. 240-247, has given a sufficient condition 
that S contain a maximum. Let {ce}, 0a «r, be the ordinal sequence such that 
Ca &c whenever 0 a« 5 <r, and such that any ordinal in {ca} is “repeated” either $ 
times or ws times according as it is “repeated” in {aq} the finite cardinal & times or 
N, times. Conditions that S contains a maximum are determined, these conditions 
being both necessary and sufficient whenever 7 is such that the power of the set of 
ordinals less than r is equal to that of the set of ordinals less than the smallest trans- 
finite remainder of r. Results analogous to most of these, concerning the class P, 
also are obtained. (Received November 14, 1949.) 


131. L. W. Cohen and Casper Goffman: On completeness in the 
sense of Archimedes. 


It is shown that an ordered abelian group G is complete in the sense of Archimedes 
if and only if, for every proper isolated subgroup ICG, G/T is non-discrete and topo- 
logically complete. (Received August 15, 1949.) 


132. V. F. Cowling: On some representations of functions defined by 
Taylor and Newton sertes. 


Let f(s) = 277 x ane" (K integral and not less than 0) with finite nonzero radius 
of convergence R. Suppose there exists a single-valued function a(é) analytic in some 
right half-plane Re(s) z L and there satisfying conditions (1) a(n) a, »=[£]4+1, 

+++, (2) ae =O), kz1. Then choosing L non-integra] and greater than K (if 
necessary) one can write f(s) =axs¥-+ - + - +aprsl41-+ f, (plu) (se ™) Et (1 —267»)) du 
where ¢(u) — (1/221) f, Pin e“'a(#)dt, for all s not on that portion of the positive real 
axis from 1 to ©, Similar results are obtained for Newton series. Examples are given. 


(Received November 14, 1949.) 


133. T. M. Danskin: On ihe existence of minimizing surfaces in 
parameiric problems in ihe calculus of variations. 


The problem solved is that of minimizing a certain functional Z(S) among all 
Fréchet surfaces S bounded by a given Jordan curve g in space which bounds some 
surface of finite area. Z(S) is defined for all surfaces of finite Lebesgue area by an 
integral due to Cesari which reduces for sufficiently regular representations to the 
form I(S) = fff(x!, x9, 33, X1, X3, X?) dud», where f is even, positively homogeneous 
in the generalized Jacobians X*, positively regular, and positive definite. The lower 
semicontinuity of this functional with respect to uniform convergence is known. It 
thus suffices to obtain a uniformly convergent minimizing sequence. From an initial, 
arbitrary minimizing sequence results a minimizing sequence of polyhedra represented 
conformally on the unit circle. A subsequence of the representing sequence of vector 
functions converges uniformly on the boundary to a representation of g, and also 
along each of a countable everywhere dense set of parallels to the axes, and weakly 
in a Morrey space P, to a continuous limit function. Each surface of a further subse- 
quence is modified by a geometrical process, so that the modified sequence is also 
minimizing and converges uniformly to the limit function obtained above. (Received 
November 21, 1949.) 


1342. H. C. Davis: Symmetry tn Banach spaces. 
The following theorem is proved. A Banach space is a Hilbert space if and only if 
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there exists, for any vector g and in any 2-space containing g, a nonzero f such that 
\|f-+agll =||f—cgl| for all scalars a. The proof is by straightforward construction of 
an inner product. Two other symmetry characterizations of Hilbert space (one of 
them known previously) are corollaries. [It has been pointed out that this theorem 
was proved by R. C. James, Duke Math. J. vol. 12 (1945) pp. 291-302, Theorem 4.7 
and Corollary 4.7.] (Received November 15, 1949.) 


135. Aryeh Dvoretzky and C. A. Rogers: Absolute and uncondi- 
tional convergence $n normed linear spaces. 


The well known conjecture that the equivalence of absolute and unconditional 
convergence of series in a Banach space implies the finite dimensionality of the space 
is established. This is done by exhibiting in every infinitely dimensional Banach space 
a series which is unconditionally but not absolutely convergent. The problem of con- 
structing such a series is reduced to proving the following result: There exist positive 
constants c, Ca, * * * with lim inf,.. c./n —0, having the property that, if K is any 
bounded n-dimensional convex body with the origin as centre, there are n points 
X1,° °°, Xx on the boundary of K such that all 2* points (4X: Xa ++ E X4)/cs 
are in K. The points of contact of K with an inscribed ellipsoid of maximum volume 
are considered, and the existence of such constants with c,-O0(594) is established. 
(Received November 14, 1949.) 


136. W. F. Eberlein: A note on ergodic means. 


Connections between Abel and Cesaro means on one-parameter semi-groups of 
operators have been obtained by an extension to Banach spaces of classical Tauberian 
theory. It is shown that such relations follow in a direct and much more transparent 
fashion from the author's abstract ergodic theorem. (Received November 14, 1949.) 


137. D. B. Goodner: Normed linear spaces which have property Pi. 


A normed linear space X has property P, s21, if and only if for every normed 
linear space Y containing X there is a projection T, ||T|| <s, of Y onto X. Theorem 1. 
If the normed linear space X has property P; and the unit sphere C of X has an ex- 
treme point, then C is the closed convex hull of its extreme points. Theorem 2. À 
finite-dimensional normed linear space X has property P; if and only if the unit 
sphere C of X is a “parallelepiped.” Theorem 3. A normed linear space X does not 
have property Pi if there exists in X a hyperplane H= {x| f(x) -1 =(Lsll} such that 
ACYC (C the unit sphere of X) is an n-dimensional simplex, 3 Sn. (Received Novem- 
ber 14, 1949.) 


138. R. G. Helsel: Remarks on the tsoperimetric inequality. 


Radó [Trans. Amer. Math. Soc. vol. 61 (1947) pp. 530—555] has established the 
spatial isoperimetric inequality for a general closed surface in terms of its Lebesgue 
area and an enclosed volume defined as the integral of the absolute value of the topo- 
logical index with respect to the surface. In the present paper it is shown that a 
stronger inequality is obtained if the enclosed volume is defined as follows. Let P be a 
polyhedron and Vg(P) its enclosed volume as defined by Radó. Then for a general 
surface S, let the enclosed volume be V*(S) —inf lim inf Va(Pm), where the limit 
inferior is with respect to a sequence of polyhedra which converges in area to S and 
the infimum is taken for all such sequences. It follows from a paper of the author 
[Duke Math. J. vol. 16 (1944) pp. 111-118] that V*(S) = Ve(S) if S isa surface which 
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occupies a point set of zero three-dimensional Lebesgue measure; however, the present 
paper includes an example to show that V*(.S) can exceed Vr(S) for surfaces occupy- 
ing a point set with positive measure. (Received November 7, 1949.) 


139. M. R. Hestenes: Gradtents of integrals in the calculus of 
variations. 


The purpose of the author is to study the concept of the gradient of a function 
F(x) in a Hilbert space and to apply the results obtained to problems in the cal- 
culus of variations. In particular it is shown, under certain conditions, that if Ya is 
the gradient of F at x, and æ is a suitably chosen positive constant, the sequence 
Laji = Xn Ayn will converge to a minimum point xo. It is shown further that if the 
norm is properly choser this sequence obtained is identical with one obtained by an 
application of Newton's method of differential corrections. The conditions imposed 
are too atringent to be applicable to the general integral in the calculus of variations, 
but is applicable to cases when the Euler equations are linear in the derivatives. The 
method appears to be amenable to numerical computations. (Received November 14, 
1949.) 


140; R. C. James: A non-reflexive separable Banach space iso- 
morphic with tis second conjugate space. 


For any sequence x—=(x, 5&-:--) of real numbers, let ||x]| - [Lu.b. 
{ 2245 (xai ios ppa over all finite increasing sequences of positive 
integers £1, t B be the Banach space of all such x for which lims... 
xn=0 and (i is ue s B can be shown to have a basis {s*}, where 2* has ' 
all components zero except the sth, which is 1. The sequence of linear functionals 
{f*}, where f*(z*) == 32, isa basis for B*. B** isa sequence space with a norm equiva- 
lent to that of B, but without the restriction lims.. +20. However, lima. Xa exists, 
and the natural image of B in B** is a closed maximal linear subspace of B**. B** is 
isomorphic with B, and all conjugate spaces of B are separable. B does not have an 
unconditionally convergent basis, since it is known that any Banach space B is re- 
flexive if B has an unconditionally convergent basis and B** is separable. (Received 
November 14, 1949.) 


1414 Herbert Jehle: On ihe Majorana representation of Dirac 
matrices. 


Abandoning the requirement of covariance with respect to reflections, the rela- 
tivistic Schroedinger equation can be put into a pair of first order differential equa- 
tions with two complex components (Jehle, Physical Review vol. 75 (1949) p. 1609; 
Zeitschrift für Physik vol. 100 (1936) p. 702; Bull. Amer. Math. Soc. Abstract 50- 
1-57) .**(8/0x* —44.)V = op* where ("4-1 y) /2- —g?, Y" yk — ivt, V mn 
—$j;. The two-by-two matrices y" have been extensively studied by O. Veblen 
(unpublished manuscript). It has been shown by J. Serpe (Physical Review vol. 76 
(1949)) that the above equations are equivalent to an equation with four real 
components I*(d/dx*—I'¢,)¥ =p, where the first two rows four columns of I* are 
Yf, — yj, the second ones — yf, —y£, and the matrix T= FIMTI; Y is a column 
matrix with the four components V and yr. The T'* satisfy (D*T^4-T^r*)/2 5 —g"M, 
everything being real. The hermitean matrices I'l, I, I3, 431? give a Majorana repre- 
sentation (Nuovo Cimento vol. 14 (1937) p. 171) of Dirac matrices (H. A. Kramers, 
Proc. Amsterdam vol. 40 (1937) p. 814; F. J. Belinfante, Physica vol. 6 (1939) p. 859; 
W. H. Furry, Physical Review vol. 54 (1938) p. 56). (Received November 25, 1949.) 
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142. D. E. Kibbey and P. C. Rosenbloom: A theorem of Doob on 
the ranges of analytic functions. 


In 1935 Doob introduced the class K(p), 0 <p $1, of functions f analytic in [s| «1 
such that f(0) =0 and there is an arc A of length 2xp on zl =1 with the property 
that if [2,] isan arbitrary sequence approaching a pointof A, then lim inf HE ei. 
He proved that if 0<r:<r3<1, then there is an ri e s(rs, rs, p) >O such that the range 
of f covers either |w| Sr: or rs |w| Sra. Also there is a &(p) >0 such that if EK (o), 
then the range of f covers a circle of radius (p). Doob's proofs give no method of 
estimating the constants (rs, fs, p) and k(p). In the present paper, by the use 
of the elliptic modular function, it is found that n(r2, rap) >287r, exp (—16(3.2 
—log (1—n))65!/*/5?) and k(p)>95 exp (—285(651//p2)). (Received September 28, 
1949.) 


143. B. O. Koopman: Exponential limiting products in Banach 
algebras. 


Let {a} be a sequence of elements in a Banach algebra containing the unit 
element, and let fwn} be a monotonic subsequence of positive numbers with 
€4— 0 and e.41/«.—1 as 1— «. Then it is shown that if (m+ +--+ +¢,)/o.—m 
and [N(a)2- -- - --N(a.)]/e. remains finite as n>, the product (1--ai/ex) 
+++ (1+4,/e,) approaches e”. A similarly explicit exponential result is established 
for the limit of the product (bi-Fai/o.) > © «(bas / os), where {ba} are also in the 
Banach-algebra. These theorems have applications to asymptotic distributions in- 
volving dependent probabilities. (Received October 31, 1949.) 


144. B. W. Lindgren: An integral on a space of continuous functions. 


Let C’ denote the space of real, continuous functions x(#) defined for 0 $2 S1. Leta 
“quasi-interval” Q be the set of functions of C’ corresponding to real constants as, * - °, 
dn, 5,7, bs, and OS +--+ XE S1, satisfying the s inequalities a;<-x(é,) Sbi 
i=1,: --, n. Let its measure be defined to be the integral in n-dimensional space 
m(Q) = [aah +++ (an H exp [— Di (wena) (5—5-)71] du. This 
definition leads to a Lebesgue type measure and integral over C' analogous to those 
defined by Wiener over the subspace C of x(f) such that x(0) «0. Although m(C") 
= œ, there is a countable set of quasi-intervals of finite measure whose union is 
C'. The new integral is related to the Wiener integral by the formula /o-F[x]dx 
=f" dtf F[y--£]doy, where F[x] is summable. Using this relation and certain known 
formulas for the Wiener integral, the author obtains corresponding integration 
formulas for the integral over C'. (Received November 10, 1949.) 


1454. B. W. Lindgren: Transformation formulas for an integral on a 
space of continuous functions. 


Let C’ denote the space of real, continuous functions x(#) on 0 St S1. The author 
has defined (see previous abstract) an integral on C' related to the Wiener integral 
on C-E,[xC: C', x(0) «0] by the formula fe F[x]dx —» f" dt fy F[y4-£]d«y. Using 
this relation and transformation formulas for the Wiener integral given by R. H. 
Cameron and W. T. Martin (Trans. Amer. Math. Soc. vol. 58 (1945) pp. 184-219), 
formulas are obtained for the integral on C' identicalin appearance with those for the 
Wiener integral on C. (Received November 10, 1949.) 
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1461. H. F. MacNeish: The application of the logarithmic method 
of integration to the binomial differential. 


From the Chebyshev theorem, — U = fx*(1 —2):dx, p and q rational, is integrable 
in a finite number of terms containing only elementary functions, if at least one of 
b, d, and p+ be an integer. For the binomial differential this theorem becomes: 
I-/[x*(a-4-bx")rdx, for m, n, r, s rational, s»40, is integrable in a finite number of 
terms containing only elementary functions, if at least one of r/s, +=(m-+1)/n, 
j=(m+1)/n+r/s be an integer. The following results are proved by elementary 
methods: Case 1, ¢ an integer. (a). If ¢ is an integer not less than 1, J is algebraic and 
can be found by the logarithmic method of integration. (b). If ¢ is an integer less than 
1, J is transcendental. Case 2, j an integer. (a). If j is an integer less than 0, J is alge- 
braic and can be found by the logarithmic method of integration. (b). If j is an integer 
not less than 0, J is transcendental. (Received November 14, 1949.) 


147. Szolem Mandelbrojt and H. D. Brunk: A composition theorem 
for asymptotic series. 


In a recent theorem (S. Mandelbrojt, Quelques thtorèmes de composition, C. R. 
Acad. Sci. Paris vol. 226 (1948) pp. 1155-1157), Mandelbrojt gives conditions suffi- 
cient for one of two infinitely differentiable functions of a real variable to vanish 
identically, provided that the product of their 2kth derivatives vanishes for each non- 
negative integer &. The following analogue, for holomorphic functions having asymp- 
totic representations in a half-plane, is proved: if (i) F(z) and 4(z) (s—x-++#y) are 
holomorphic in the half-plane x >0 and continuous on x - 0, if (ii) there exists a posi- 
tive number 5 such that | F(s)| -O([s|5) and | &(2)| =O(|s|*) as 20, if Gii) there 
exist sequences Ían} and {bẹ} of complex numbers such that aa 1 53 =0, arabzr™ O 
(k=1, 2, - - - ), and sequences [M.] and [MZ ] of positive numbers such that log 
M. and log Mt are convex functions of s, and such that | F(z)— 2 a>] <M,|2| T 
and |$(z) — 227 bus] « MZ |s| for x>0, and if (iv) 2, M, M [Mnn Minm ©, 
then either F(z)m0, in which case ag=0 (k=1, 2, * - - ), or &(s)=0, in which case 
by m0 (k=1, 2, * - - ). (Received October 25, 1949.) - 


148%. C. N. Moore: A convergence factor theorem $n general analysis. 


The purpose of the author is to prove a theorem in general analysis which includes 
as special cases a. theorem concerning series due to Hardy and Bohr and an anal- 
ogous theorem concerning integrals obtained by Hardy. Using the notations intro- 
duced in a previous paper (Trans. Amer. Math. Soc. vol. 24 (1922) pp. 79~88), this 
theorem deals with two classes of functions n(o), (0), an operation (Jn)(o), and the 
conditions under which the existence of the generalized limit lim, (Can) (e) implies the , 
existence of the limit lim, (C,[n¢])(c). (Received November 4, 1949.) 


149. C. N. Moore: A generalized Tauberian theorem for Dirichlet’s 
series, with application to the prime pair problem. 


In the present paper a Tauberian theorem for Dirichlet’s series obtained by 
Ikehara and later somewhat generalized by Wintner is extended to series of the type 
> an(x)e**, which for a particular value of x are Dirichlet series but for a variable 
x constitute a generalization of such series. It is shown that if the function f(s, x) de- 
fined by the above series for R(s) >1, in which region the series converges absolutely, 
tends to a continuous limit as R(s)—1, for [Z(s)| >0, and if further f(s, x) 
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cv(x) /(—1) as s1, then (Xza«(3), &xveré(x). This theorem may be applied to 
the problem of the distribution of prime pairs. (Received December 19, 1949.) 


1505. Zeev Nehari: Conformal mapping of open Riemann surfaces. 


It is shown that open Riemann surfaces of given genus and bounded by a finite 
number of closed curves can be mapped conformally onto certain types of multiply- 
covered slit-domains which are analogous to the classical schlicht slit-domains. It is 
likewise shown that many of the relations between various canonical mapping func- 
tions and domain functions have their counterpart in the theory of open Riemann 
surfaces. (Received December 7, 1949.) 


151; Zeev Nehari: Extremum problems $n ihe theory of bounded 
analytic functions. 


Let B be the family of functions f(z) which are regular and single-valued and 
satisfy | HOJ Z1 in a multiply connected domain D. Generalizing the classical case in 
which D is the unit circle, it is possible to pose a large number of extremum problems 
for continuous functionals defined on B. Some problems of this kind were solved by 
L. V. Ahlfors (Duke Math. J. vol. 14 (1947) pp. 1-11), P. R. Garabedian (Harvard 
Thesis, 1948) and the author (Duke Math. J. vol. 15 (1948) pp. 1033-1042). In the 
present paper, a method is developed which permits one to solve a large variety of 
such problems. The method works equally well when the class B is restricted by vari- 
ous additional conditions. In all cases, the extremal functions yield (1, m) conformal 
maps of D onto the unit circle, where m depends on the particular problem and can be 
explicitly stated in each case. The method consists in associating with each particular 
extremum problem an allied extremum problem within a family of specified functions 
involving a finite number of parameters. The boundary values of the solution of the 
associated problem are used to set up a Dirichlet problem, which is then shown to 
yield the solution of the original problem. (Received November 14, 1949.) 


1524. Athanasios Papoulis: On the strong differentiation of the in- 
defintie tntegral. 

Given a function f(x, y) integrable on a plane set E of positive measure, form 
W) e ffr.xf(, y)dxdy and F(I) = ffin f(x, »)| dxd». It can be seen that from the 
existence of the strong derivative F/ (x, y) pp. on E, the existence pp. of W; (x, y) 


follows. The purpose of the author is to show that the converse is not true. (Received 
December 9, 1949.) 


153. F. W. Perkins: Properties of Nécolesco’s means for certain 
classes of functions. Preliminary report. 

Nicolesco has defined a denumerable set of related integral means of particular 
interest in connection with the theory of polyharmonic functions (Bull. Soc. Math. 
France vol. 60 (1932) pp. 129—151). In the present paper the author gives d number of 
examples illustrating properties of these means as applied to polyharmonic functions 
and some metaharmonic functions. (Received November 14, 1949.) 


154. Tibor Rado and P. V. Reichelderfer: On n-dimensional con- 
cepts of bounded variation, absolute continuity, and generalized jacobian. 
Let f be a bounded continuous mapping from a bounded connected open set in 
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n-dimensional space into #-dimensional space. The purpose of the authors is to de- 
velop from f concepts of essential bounded variation, essential absolute continuity, 
and essential generalized jacobian which generalize those presently in the literature 
for the 2-dimensional case [T. Radó, Length and area, Amer. Math. Soc. Colloquium 
Publications, vol. 30, 1948]. Transformation formulas for s-tuple integrals and 
closure theorems for essentially absolutely continuous transformations are developed, 
which represent complete generalizations of those presented in Part IV of the above 
reference, (Received November 14, 1949.) 


155. Walter Rudin: A theorem on subharmonic functions. 

Let P denote a point in the plane. Put AJ(P) =m(f; P, r) -f(P), where m(f; P, r) 
denotes the mean of the function f on the circle of radius r, with center at P. The 
following theorem is proved. Suppose (i) the function s is upper semi-continuous in 
the finite plane domain D; (ii) lim sup,.o Au(P)/r!i0 for P in D—E, where E is a 
countable subset of D; (iii) lim supy.o A,s(P)/r 20 for P in E. Then # is subharmonic 
in D. The theorem is used to extend some of the author's previous results (Bull. 
Amer. Math. Soc. Abstracts 55-7-303 and 55-11-541). (Received November 14, 1949.) 


156. Robert Schatten: Some Banach spaces of operators. Pre- 
liminary report. d 
The conjugate space of the Banach space of all linear bounded operators on a 


Hilbert space is characterized. In it the “trace-class” of operators on a Hilbert space 
can be imbedded in a "natural" fashion. (Received November 14, 1949.) 


1571. I. E. Segal: Equivalences of measure spaces. 


Any one of the following conditions on a measure space M implies all the others, 
and defines a "localizable" space: (a) completeness of the lattice of all measurable 
sets modulo null sets, (b) being strongly equivalent to (that is, having a measure ring 
isomorphic to that of) a direct sum of finite measure spaces, (c) the algebra 4(M) of 
all multiplications by bounded measurable functions on I4(M) being maximal abelian 
in the algebra of all bounded linear operators, (d) validity of the conclusion of the 
Radon-Nikodym theorem for M. Any uniformly locally compact space is localizable, 
and so also is any “perfect space,” this being a regular locally compact measure space 
in which for each measurable set of finite measure there is a unique continuous func- 
tion equal nearly everywhere to the characteristic function. Any measure space is 
“metrically” equivalent (equivalent as far as integration is concerned) to a unique 
perfect space (for finite spaces the existence part of this is due to Kakutani). Two 
measure spaces M; and M; are strongly equivalent if and only if the corresponding 
multiplication algebras A (Mı) and 4 (M:) are algebraically isomorphic, which in turn 
is the case if and only if they are unitarily equivalent. (Received November 14, 1949.) 


1587. Seymour Sherman: Non-negative observables are squares. 


It is shown that the sum of squares of observables is the square of an observable. 
This makes the hypotheses of Theorem 4 and Corollary 4.1 of I. E. Segal, Postulates 
for general quantum mechanics, Ann. of Math. vol. 48 (1947) pp. 930-948 redundant,: 
so that (1) in a system of observables a pure state of the subsystem coincides on that 
subsystem with a pure state of the system and (2) a spectral value of an observable 
equals the value of the observable in some pure atate of the system. Thus part of the 
gap between systems of observables and the collection of self adjoint elements of a C* 
algebra is closed. (Received October 27, 1949.) 
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159. Seymour Sherman: On a theorem of Banach. 


S. Banach [Studia Math. vol. 10 (1948) pp. 159-179] has shown that if A is a 
denumerably independent family DER] of Borel fields of subsets of 0, where 
with each 87 there is a measure m? such that m7(Q)=1, then there exists a common 
extension measure m of each of the m? to $8 the least Borel field containing the 87 
with respect to which measure the $7 are stochastically independent. The set theo- 
retical theorem that 3B is isomorphic to the Borel field generated by the rectangles of a 
certain product space and standard results on the existence of an independent product 
measure yield a simple proof of Banach’s theorem and clarify its relation to the theory 
of product measures. (Received September 28, 1949.) 


1604. Seymour Sherman: Order $n operator algebras. 


The set S of self-adjoint elements of C* algebra cA forms a real vector space which 
may be ordered by U20 meaning the spectrum of -U is real and non-negative. If the 
hermitian elements of a self-adjoint algebra (with or without unit, no topological 
assumptions) of bounded operators on a complex Hilbert space forms a lattice then 
the algebra is commutative. By example, the various possibilities for lattice ordered 
subspaces of § are explored. (Received November 14, 1949.) 


161. Fritz Steinhardt: Os equivalent gauge funcitons. 


Let F(x), where (x) stands for (x1, * - + , x), be of class Cl and be the gauge func- 
tion of a (smooth) convex body K in E*. The gauge function G(x) is called equivalent 
to F(x) if the convex body K’ represented by G(x) S1 is congruent to K under a trans- 
lation, say by (b)e(b, ---, ba). Write G(x) - F(x; b). For the class { F(x; b); 
—bCint. K} of all gauge functions equivalent to F(x) = F(x; 0), a system of first- 
order partial differential equations is obtained (soi involving the support function of 
K). F(x; b) is convex in b also (even logarithmically so). Applications to the theory of 
polar convex bodies are considered, as wellas to gauge functionsas such. For example, the 
property f'a(9F(£)/àx.)/ F*(E)do 0 ($21, +++, s) of (not necessarily convex) gauge 
functions (where N surface of n-dim. unit sphere; || 21; dw=dw(t)) is an immedi- 
ate consequence. (Received November 14, 1949.) 4 


162:. Gabor Szegö: On a generalization of Dirichle! s integral. 


Let B be a ring-shaped domain bounded by the curves Ko and K, where Ko is in 
. the interior of Ki. Let Ko contain the origin. The author denotes by p(r) (r is the 
distance from the origin) a monotonically decreasing function for which rpf(r) is 
integrable in a neighborhood of r0. Let 1 —-4(B) be the minimum of ffa{ [grad «| 1 
+p(r)u2}do—Jfap(r)de (G is the interior of Kj) where the admissible functions # 
satisfy the boundary conditions: u=0 on Ko, t »» 1 on Kı. Considering now all domains 
B whose boundary curves Ko and K; have given areas, the quantity u(B) will bea 
minimum if Ks and K; are concentric circles about the origin. This is a generalization 
of a theorem of Carleman (Math. Zeit. vol. 1 (1918)) which corresponds to the special 
case p(r)=0. (Received November 14, 1949.) 


163%. W. J. Thron: Singular points of functions defined by C-frac- 
tions. 

In the C-fraction (1) 1+K(dax%/1) let d,50 for all #21, lim [d,|/"=1, and 
let {ax} be a monotone nondecreasing sequence of positive integers with lim a ©, 
It is known that under these conditions (1) converges to a function f(x) which is mero- 
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morphic for | x| <1. It is shown in this paper that f(x) has at least one singular point 
(not a pole) on the circle |x| =1. From this it follows that f(x) has the circle |x| =1 
as a natural boundary provided that there exists a sequence of positive integers (m) 
with lim m= © such that, for every k, tn. divides as for all n >ne. This theorem con- 
tains the only previously known general results on this problem, due to Scott and 
Wall (Ann. of Math. (2) vol. 41 (1940) pp. 328-349) as special cases. (Received 
November 14, 1949.) 


164. W. J. Trjitzinsky: Multidimensional principal integrals, 
boundary value problems, and integral equations. 


In this work, a study is made of integrals in the sense of principal values, extended 
over surfaces with edges. Included are related boundary value problems of Hilbert- 
Riemann type and singular integral equations with principal kernels. (Received 
November 14, 1949.) 


165. C. A. Truesdell: A form of Green's transformation. 


Let the polyadic sth powers b™ of a vector b be defined by b90, b(9 1, 
DO mb, bG bb, b wbbb, and so on. Let Z be any polyadic, and let {xd} 
mbm ZX-FbG-O b+- + 2%, It is shown that Green's transformation may 
be put into the form fs[dS- (bc--cb)r'9 —d.Sb - er ] fv [b (er79] --c( bre] 
—b: c(r'*-91] + (curl cXb-Fcurl bXc+b div c--c div b)r'9 ]dV, where r is the radius 
vector. The case n=0 was given by Burgatti (Bollettino della Unione Matematica 
Italiana vol. 10 (1931) pp. 1—5). The cases n =Qand n=1 yield as consequences several 
formulae useful in mechanics and physics. (Received November 14, 1949.) 


166. J. L. Ullman: A moment problem. 


Let a(f) bea nondecreasing function of total variation one, defined on the interval 
I, (—1StS1). The moments of the non-negative density function da(!) are defined 
to be the numbers my J” dali) (k=0, 1, - - - ). For each positive integer n, the 


numbers é1, * * * , fan, which may be complex, are uniquely determined by the condi- 
tions that (1/m) 27; Gema (k=1,-++,m). Let A be the derived set of the 
fy, (n21, 2,* 5; $51,**-, 5). The answer to the question of when A lies 


entirely in I, is as follows. Let M, be the constant term in the expression 
(oT my /3*) exp (~j 2 m,/ks*), and let 7 -1im inf Ja log |s—é|da(t), for |s—1| 
+|z+1|>2. The necessary and sufficient condition that A be contained entirely in 
J, is that lim sup (log M;/j) Sr. This theorem is proved using methods developed in 
the author's Studies on Faber polynomials, being prepared for publication. (Received 
November 15, 1949.) 


167t. M. A. Woodbury: A decomposttion theorem for finitely additive 
set functions. Preliminary report. 


Let m be a finitely additive measure defined for a field F of subsets of a base set 
W. Let mj(A)=inf 27, m(A,), where the infimum is over coverings of A by a 
denumerable family of subsets A, in F. Then my is a Carathéodory outer measure 
and there eixsts a countably additive measure function mo defined for a Borel field of 
sets B which is shown to contain the field F. Since mo(4) S m(A) for all A in F, the 
difference m,=m—#m is a purely finitely additive measure. If F consists of all sub- 
sets of a denumerable set, then m vanishes for finite sets and W is the union of count- 
ably many sets of m measure zero. That the requirement of denumerability of W can- 


- 
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not be relaxed and conclusion retained is shown by an example of B. Jessen who de- 
veloped the decomposition theorem separately. (Received November 14, 1949.) 


1682. M. A. Woodbury: Invariant functionals and measures. 


Let G be a commutative semi-group of linear transformations of a linear space L 
into itself leaving a subspace Lo invariant. Let p(x) be a Hahn functional (Banach, 
Operations lineatres, pp. 27-29) defined on L and invariant under G. Let f(x) Sp(x) 
be a linear functional defined on Lo and invariant under G. Then there exists F(x) 
defined on L, coinciding with f(x) on Lo and such that —p(—x) § F(x) Sp(x) on L 
with the additional property that it is invariant under G. Also shown isa related result 
on bounded finitely additive measures defined over a quorum of subsets [Abstract 35, 
Ann. Math. Statist. vol. 20 (1949) pp. 141-142]. Specifically if p(x) is such a measure 
which is invariant under a commutative semi-group of 1-1 transformations of the base 
set W into itself, then the measure can be extended to the field of all subsets of W 
and remain invariant under G. This implies a result of Banach (loc. cit. p. 231). 
(Received November 14, 1949.) 


APPLIED MATHEMATICS 


169. Nashman Aronszajn: Approximation methods for eigenvalues 
of differential problems. 


In recent years the methods of Rayleigh-Ritz and of A. Weinstein were greatly 
extended and made more precise. These methods present,a great advantage as com- 
pared with other methods in that they give lower and upper bounds of eigenvalues. 
The author develops new methods presenting the same advantages, which can be ap- 
plied in cases where the generalized Rayleigh-Ritz and Weinstein methods are not 
applicable. (Received December 21, 1949.) 


170. J. R. Foote and C. C. Lin: Some recent investigations in the 
theory of hydrodynamic stability. 


Two new elements in the theory of hydrodynamic stability of parallel flows are dis- 
cussed. (1) When the main velocity distribution extends to infinity in both directions, 
the “viscous” solutions must be rejected. An example of this case has been calculated 
by Lessen and investigated by Chiarulli from a more general point of view. (2) When 
the distribution gives rise to two “critical” points the proper branch of the asymptotic 
solution must be re-examined. It is shown in the paper that for determining the proper 
asymptotic solution of the stability equation, the path in the plane of the (complex) 
independent variable must be taken below the critical point where the velocity is 
increasing and above it where the velocity is decreasing. Specific discussions are re- 
stricted to the inviscid case, for which general criteria of stability are worked out. 
The problem of the instability of zonal winds in the atmosphere is then considered. It 
is shown that, by a proper transformation of coordinates, this problem can be treated 
by the present theory. The gradient of “absolute” rotation is shown to be the crucial 
quantity. (Received November 14, 1949.) 


171. A. E. Heins: A note on a pair of dual integral equations. 


E. C. Titchmarsh [Theory of fourier integral, p. 334] solves a pair of dual integral 
equations by some rather involved analysis. It is shown here that this problem can 
be solved by the method of Wiener and Hopf [Paley and Wiener, Fourter transforms 
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in the complex domain, chap. 4]. The special character of the kernels of the integral 
equations and the application of the Mellin transform to these equations reduces the 
problem to one of factoring of the Wiener-Hopf type. (Received November 14, 1949.) 


1721. S. N. Karp: Conical solutions of the time free wave equation. 


The conical flows, or homogeneous harmonics of degree zero, have been employed 
by Busemann in the linearized theory of supersonic flow, and by J. Keller in the theory 
of reflection of pulses in optics and acoustics. (The equation arising in those cases is 
Au =0, one of the variables being pure imaginary.) These solutions are generalized for 
use with equations aa-I-ttyy-l-t45--b*u 7 0 and conical surfaces of arbitrary cross sec- ` 
tion, excited by a point source at the vertex, The semi-infinite triangular lamina is a 
special case, A new derivation of the diffraction of a plane wave by a semi-infinite plane 
is obtained. Various applications are considered. (Received December 27, 1949.) 


1731. S. N. Karp: Diffraction at wedge shaped boundaries with 
cylindrical tips. 


A series solution is obtained for the problem of the acoustic or electromagnetic 
reflection or diffraction of an arbitrary time periodic incident wave by a perfectly re- 
flecting wedge of arbitrary angle whose tip is surrounded by a cylinder of radius a 
and center at the vertex of the wedge, by a generalization of the method employed by 
H. M. Macdonald (Electric waves, S. 186, Cambridge, 1902) for the same problem 
in the absence of the cylindrical tip. There are various applications including the 
transmission of waves over a ridge, the reflection of a wave by a “bump” on a wall, 
and the comparison of scattered field in the present case with the edge effect for the 
pointed wedge. (Received December 27, 1949.) 


1741, S. N. Karp: Leading and trailing edge solutions for ihe osctllat- 
ing airfoil in subsonic compressible flow. 


Solutions of the two-dimensional flutter problem valíd near the leading and trailing 
edge of an airfoil were studied by treating the airfoil as a semi-infinite plane whose 
leading or trailing edge is in evidence. After Lorentz transformation tbe linearized 
theory of subsonic flow leads to the equation t24-]-ugy 3- ku =0. The velocity potential 
is represented as a superposition of the singular solution (e#”/p¥/*) cos (5/2), where p 
and ¢ are polar coodinates referred to a variable, origin (xo, 0). The origin xo is 
distributed along the airfoil cross section in the leading edge case. In the trailing edge 
case, & distribution over the trailing vortex sheet is added. The resulting integral 
equation is solved by inspection, for vertical oscillations. The leading edge solution is 
equivalent to the scattered field in diffraction of a plane wave by a semi-infinite plane. 
In the case of more general excitations the integral equation may be transformed to an 
Abel equation by change of variable, and the solution is then well known. (Received 
December 27, 1949.) 


175%. S. N. Karp: Refraction at a wedge shaped boundary. 


An integral equation is obtained for the refraction and reflection of electromagnetic 
or acoustic waves at a wedge shaped boundary between two media. The integrals in- 
volved initially represent single and double layers on the boundary, and mass distribu- 
tions. An iterative solution is described, and the first approximation is calculated. 
(Received December 27, 1949.) 
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176. S. N. Karp: Wéener-Hopf techniques and mixed boundary value 
problems. 


The duality between Green's function and eigenfunction procedures for exact 
solution in simple boundary value problems is shown to carry over the mixed b.v. 
problems resulting when the coordinate system is not perfectly suited to the boun- 
daries. The Green's function procedure in the latter case has been introduced into 
diffraction problems by J. Schwinger and generalized by G. Carrier. The problems 
thus treated hitherto are shown to correspond to use of cartesian coordinates in 
separation, where the boundary cross section is one or more semi-infinite lines. These 
are characterized as two part b.v. problems. The three part boundary problem 
(y=0; — © «x«0;0€x«1;1«x« o) is reduced to a two part boundary in polars 
(r, €), and solved in the case of Laplace's equation. (The eigenfunctions are r” et’, 
and this suggests Mellin transforms in the Green's function procedure.) A similar 
treatment may be employed for a circular disc, with Laplace's equation (using spheri- 
cal coordinates). The question is raised of carrying out the solution for these two 
geometries when Au-+k*u=0. (Received December 27, 1949.) 


177. E. D. McCarthy: The motion of a particle which changes mass 
when acted upon by a plane central force. Preliminary report. 


Let a large mass M attract a point mass m with a force (—k»! Mm/r?) which 
changes m, the direction of the velocity, but not fol . If this force is added to a gravita- 
tional force let BOI be the same as if the gravitational force acted alone. The equa- 
tions of motion are Dmv, = ma;+-0,D ym =f, ($= 1, 2). If the added force is Newtonian, 
m=m exp (kM/r)/exp (&M/ry). Results agree closely with general relativity for two 
problems of the solar system and have a removable disagreement for the motion of 
Mercury. The formula from physics (hy — mc?) is used in discussing the frequency (v) 
of a light ray in a gravitational field. M is taken as (2mo—m) when a small particle of 
mass m is attracted by a second particle and the mass of each is mo at r *ro. Gravita- 
tion is considered negligible and z| as constant. It is found that if kme is greater than 
ro and the ratio v,/|v| is not too large, the first particle can be restricted to a closed 
region. (Received November 28, 1949.) 


178t. L. F. Meyers and Arthur Sard: Best approximate integration 
formulas. 


Among the approximations ecox(0) --exx(1) H- - ++ -Fesx(m) of Spx(dt which are 
exact for degree s, those which are best in the sense of a previous paper (Amer. J. 
Math. vol. 71 (1949) pp. 80-91) are given for n=1, 1m S20; n2, 2SmS12; 
n=3, 2 Sm £9. Recursive relations are established which determine the best formulas 
for n=1, all m. (Received November 7, 1949.) 


179. L. F. Meyers and Arthur Sard: Best interpolation formulas. 


Best interpolation formulas in the sense of a previous paper (Amer. J. Math. vol. 
71 (1949) particularly p. 90) are studied. The basic relationships are set forth in 
matrix form. Among formulas which are exact for degree 0 and use any number of 
ordinates, the conventional formulas (that is, those using fewest ordinates) are best. 
Likewise among formulas which are exact for degree 1 and use no more than 5 ordi- 
nates. Among formulas which are exact for degree 2, the conventional formulas are 
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not best. The best formulas among those which are exact for degree 2 and use no more 
than 6 ordinates are given explicitly. (Received November 7, 1949.) 


1801. K. S. Miller and R. J. Schwarz: Analysts of a sampling servo- 
mechanism. 


An analysis of a sampling servomechanism with an error-clamping device and 
linear forward and return paths is given. The method leads to a determination of the 
continuous output of the system in terms of quadratures and gives explicitly the value 
of the output at the discrete sampling instants. Frequently this is all that is needed in 
order to study the output variation with time. The question of stability is discussed 
and a criterion for testing the stability of the system is given in terms of the system 
parameters. (Received December 15, 1949.) 


1814. H. H. Mostafa: On flows governed by simplified gas dynamical 
equations. 


The equation of state conidered is a polygonal approximation to the adia- 
batic equation of state. Flows governed by this equation have been considered 
before by others. The author obtains the prametric representation 2=A,B,f(f) 
—4-1(4,/B,) f ([G' (7) ]*/f’(2)) dt of the complex coordinate z of the physical plane in 
terms of an arbitrary analytic function f(t). Here £y, B, are constants and G(¢) is the 
complex potential of an incompressible flow around a circle in the ¢-plane. This is a 
generalization of Gelbart’s representation [N.A.C.A., T.N. 1170] for a flow under the 
linearized equation of state. This polygonal approximation is equivalent to consider- 
ing a step-function approximation to the function K(#) in the equations $e-y, 
$1— — K(Dio, where K(i) — (1— M?)/g*; 0, t the independent variables in a modified 
hodograph plane, p density, M Mach number. In each region for which the step 
function is constant in #, the partial differential equations can be reduced to Cauchy- 
Riemann equations. Ín an unpublished paper, Bers and Gelbart have obtained a 
parametric representation in terms of the hodograph variables. The author uses their 
results to determine the coefficients 4,, B,. A practical method is also given to obtain, 
flows round preassigned bodies by suitably computing f(t). (Received November 14, 
1949.) 


182. G. G. O'Brien, M. A. Hyman, and Sidney Kaplan: On the nu- 
merical solution of parital differential equations. I. 


In a numerical solution one customarily attacks a partial difference equation ap- 
proximating the partial differential equation to be solved. Thus an error of approxi- 
mation is introduced. Additional errors enter during the process of solving the dif- 
ference equation numerically. Here precise definitions are given of truncation error and 
numerical error as well as of the convergence and stability (strong and weak) of a given 
numerical procedure. It is shown that a satisfactory numerical procedure for solving a 
partial differential problem (equation plus accessory conditions) must be both convergent 
and strongly stable. Detailed investigation is restricted to hyperbolic and parabolic 
problems, whose numerical solution involves “stepping ahead.” Strong stability 
is a necessary property of a satisfactory numerical procedure but weak stability is 
more readily analyzed. The gap is bridged here and weak stability is studied, using 
extensively the Fourier-analytic method outlined by von Neumann but never pub- 
lished. This method gives quantitative information about error growth and empha- 
sizes the advantage to be obtained from use of “implicit” numerical procedures. A 
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large number of calculations have been carried out for the parabolic equation $, «$5. 
It has been found: (a) for a (weakly) stable numerical scheme, the truncation error 
is small and the numerical error negligible; (b) for a (weakly) unstable numerical 
scheme, the numerical error is appreciable but completely overshadowed by the 
truncation error. (Received October 21, 1949.) 


183¢. Eric Reissner: On the theory of beams on an elastic foundation. 


The problem in question is formulated by means of the following system of equa- 
tions: (1) Bd*w/dx'eg(x)—p(x), (2) w(x)- f. k(|x—t|[)b(Ddt, with appropriate 
boundary conditions at a, b. The results obtained include (1) determination of a 
kernel function for the /hree-dimensional elastic foundation, (2) reduction of the 
problem to an integral equation of the first kind for the foundation pressure distribu- 
tion p. In this reduction the boundary conditions are taken in the form w''(a) 
=w" (b) =w" (a) »w'"(b) «0. It is shown that for a class of kernels which include 
those for the two-dimensional and for the three-dimensional elastic half-space as 
foundation, the nature of the integral equation for p is analogous to certain equations 
arising in aerodynamics so that established techniques may be applied in the solution. 
The importance of the present reduction lies in the fact that with it the use of relations 
between divergent series is avoided. Such divergent series are encountered in a direct 
solution of equations (1) and (2). (Received November 14, 1949.) - 


184. E. K. Ritter: Second differential effects on irajectortes. 


An earlier paper (Second differentials of functions in exterior ballistics, Bull. Amer. 
Math. Soc. Abstract 55-11-537) established the existence of the second differential of 
the mapping defined by the equations of motion of the mass-center of a projectile. 
This second differential is expressible in terms of the second variations of the co- 
ordinates of the mass-center. The present paper contains: (1) formulas for the second 
variations in terms of double Stieltjes integrals; (2) formulas for the second differential 
effects of abnormal forces on trajectory elements (range, time-of-flight, and so on) in 
terms of the second variations of the mass-center coordinates; and (3) a theorem on 
the second differential analogous to that of McShane (The differentials of certain 
functionals in exterior ballistics, Bull. Amer. Math. Soc. Abstract 55-1-37) on the first 
differential. (Received November 14, 1949.) 


185. J. B. Rosser: A general iteration scheme for solving simultane- 
ous equations. 


Solving simultaneous linear equations and making least squares fit are both spe- 
cial cases of the following general problem. Given a vector b and vectors c, to find a 
linear combination g=b— > a,c, of minimum length. The following simple pro- 
cedure is studied. First subtract from b a multiple of cı, choosing the factor so as to 
minimize the length. From the result, subtract a multiple of cs again minimizing the 
length. After going through all the c's, start over with c; and repeat the process. It is 
proved that the process converges to the desired g. It is shown that the process is 
improved if the c's are taken in reverse order on alternate cycles. The rate of con- 
vergence is studied, and it is shown that when slow convergence occurs, the process 
reduces to the summation of a slowly convergent geometric series; using this fact one 
can modify the process so as to get rapid convergence. The process is essentially free 
from round off errors, and is admirably suited for use with modern high speed com- 
puting machines, Several known methods of solution of equations by iteration are 
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shown to be special cases of the general procedure outlined. (Received November 9, 
1949.) 


186¢. J. B. Rosser: Transformations to speed the convergence of 
sertes. 


Numerical instances are given of the speeding of the convergence of series by the 
Euler transformation. This is even applied advantageously to certain divergent series, 
and a rigorous justification is given. An example is given of a series for which use of 
the Euler transformation is not useful. Instances are given of several less widely 
known methods. Finally, the method of summation by transformation into a con- 
tinued fraction is illustrated successfully in the case of certain divergent series. The 
possibility of applying two different methods in succession to a given series is exploited 
throughout the paper, in spite of the fact.that this often requires summing a divergent 
series, (Received November 9, 1949.) 


187. Charles Saltzer: On the numerical determination of the con- 
formal mapping function of a nearly circular regton. 


Theodorsen and Garrick (T. Theodorsen, Theory of wing sections of arbitrary shape, 
N.A.C.A., T. R. No. 411; T. Theodorsen and I. E. Garrick, General potential theory of 
arbitrary wing sections, N.A.C.A., T. R. No. 452) reduced the problem of finding the 
function which maps a "nearly circular region? whose boundary is given in polar co- 
ordinates by p=p(0) (0027) on the interior of the unit circle to the problem of 
solving the integral equation, 6(¢)—¢—=L {log o[0(¢)]} =—(1/2x) JF {log plee +] 
—log e[6($ —12]] cot (£/2)dt. They proposed solving this equation by iteration, re- 
placing the integrals involved by finite sums. Warschaweki (S. E. Warschawski, On 
Theodorsen's method of conformal mapping of nearly circular regions, Quarterly of 
Applied Mathematics vol. 3 (1945) pp. 12-28) proved under certain hypotheses that 
the sequence of functions (6, ($) js defined by 60(¢) =e, 9n,1(¢) —¢ = L {log p[@.(¢)]} 
converges to the solution of this integral equation. The author shows that the pro- 
cedure of Theodorsen and Garrick is equivalent to replacing the integral raa ton bya 
system of simultaneous equations f—ğ = H {log [»(D)]] where 8 — (D, 01, - - , 6), 
$— (2x/m, 4x/m, - - - , 2x) and approximating the solution of this system by the 
sequence 8,9, babe {log »(8.)] . It is proved under certain conditions that 
this sequence converges to the solution 6 of the above system. Estimates are given 
for |6—8,| and for the accuracy of the approximation of the solution of the integral 
equation by the solution of the system of simultaneous equations. (Received Novem- 
ber 14, 1949.) 


188%. B. R. Seth: Finite elasto-plastic deformation of a rotating disc. 


In the first paper on finite elasto-plastic deformation it was shown that, for a first 
approximation which corresponds to ordinary small strains, both the plastic flow 
and deformation theories give similar results for the torsion of a circular cylinder. A 
second approximation, obtained by using finite components of displacements and 
strains, showed that unlike the plastic flow theory, the deformation theory gives dis- 
continuities in the stresses across the elasto-plastic boundary, and hence could not be 
expected to give satisfactory results. In the second paper the rotation of a circular 
cylinder was discussed and explicit forms for the components of displacements were 
obtained. In the present paper the method is extended to a rotating disc. (Received 
November 4, 1949.) 
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GEOMETRY 


189%. L. M. Blumenthal: Generalized euclidean space in terms of a 
quasi inner product. ] 

An abstract quasi inner product space Q is formed by an abstract set S in which a 
binary operation (x, y) on SS to R (the set of real numbers) is defined (quasi inner 
product) such that (1) (x, y) 2 Qs x), (2) (x, x) £0, and (3) if (x, x) = (x, y) e y) 
then x=y. The author characterizes generalized euclidean spaces (real, normed linear 
spaces with an inner product related to the norm in the customary way) among the 
class of spaces Q by means of three conditions on the quasi inner product and three 
(existence) conditions on the space. Addition, scalar multiplication, and norm are 
defined in such a space Q entirely in terms of the quast inner product, and these opera- 
tions are proved to possess the desired properties. It is noted that the problem solved 
in this paper is the reverse of the well known problem of defining an inner product 
in a normed linear space, solutions of which have been given by Fréchet, Jordan and 
von Neumann, Aronszajn, Birkhoff, and others, (Received December 5, 1949.) 


1902. Edward Kasner: The spherical sections of an arbitrary surface. 


The system of œ? plane sections of any surface S has been extensively studied. 
In the present paper the system of œt spherical sections of S is investigated. The 
differential equation, in arbitrary coordinates, is of the form y'/''  Ay'/3-- By''' -- C. 
This form presents itself in many dynamical situations and in the calculus of varia- 
tions. The fundamental property is that the œ? curves determined by a given point, 
direction, and curvature have osculating conics whose centers lie on a conic. The 
spherical! curves of S may be regarded as another analogue of circles, to be compared 
to the standard definitions of Gauss and Minding. (Received November 21, 1949.) 


1914. Edward Kasner and John DeCicco: General theorems of 
physical systems of curves. 


The five characteristic properties of a physical system S, of œ curves connected 
with an arbitrary field of force in the plane are discussed. Additional properties of a 
system Sz are obtained. If the lineal element E(x, y, 0) is fixed and & varies, the cor- 
responding focal circles form a hyperbolic pencil, all of which pass through the fixed 
point P(x, y) of E and a point Q on the line of E. The foci of the osculating parabolas 
of the actual curves of a system S+ describe the circular arcs PQ. The directrices of 
the osculating parabolas all pass through a point D. As k varies, D describes the line 
DQ, which is perpendicular to PQ at Q. As 0 changes, D describes a conic section, and 
the lines to which the osculating parabolas are tangent envelop an algebraic curve 
of class four. The envelope of the focal circles, where & is fixed and 9 varies, is a bi- 
circular quartic with a singular point at P. This reduces to a circle in the case So of 
dynamical trajectories. The locus of the centers of the focal circles is a conic. Finally 
the point Q describes a conic which passes through P in the direction of the force 
vector at P. (Received September 29, 1949.) 


192. Edward Kasner and John DeCicco: The hyperosculating speed 
for physical systems of curves. 


For a given physical system Sz, there is a single trajectory through a lineal element 
E such that it has four point contact with its osculating circle at E. The corresponding 
hyperosculating speed v of the particle, and the curvature x at E, depend on 
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(b, x, y, y’). The cases where v and x are constants, or depend only on (k, x, y), are 
studied in detail. For the general case, some of the results follow. If v; and » are the 
hyperosculating speeds of the systems Sa, and Si, at E, then j/z = (3--k)/(3 +a). 
For a given S, there are two possible extremal speeds v; and vs at an ordinary point P, 
for which the directions Af and 44 are symmetrical with respect to the line of force 
through P. If, through P, M and X are the angles between a direction y’ and the two 
etremal directions yf and 44 , then (v1 —5))/s sin? y= (v1 —72)/9; sin? ^s. Finally the 
ratio of the hyperosculating curvature of a system Sa to that of a velocity system S. 
at any direction through P is (1+%)/(3+-k). This is another extension of Kasner's 
theorem which states that the curvature of the rest trajectory (k =0) to that of the line 
of force is 1/3. (September 29, 1949.) 


193. T. S. Motzkin: Initial sets $n p-adic geometry. Preliminary 
report. 

Let f()= $,ay*, k=0,1, ++ - , with coefficients a in an algebraically closed field 
K of characteristic p, and f(t4-c) ^ > ge(c)#. The set of integers k for which gs(c) =0 
does not hold identically in c is an initial set, that is, together with & it contains every 
k' whose p-adic digits are not greater than the corresponding digits of k. For p =0 write 


p= œ; the condition for k’ becomes k’ Sk. Let f(x) =) Ost, k=O, 1,--+,m, bea 
form in €o, - * + , xa with coefficients in K. The initial set of f, considered as type of the 
point (1,0, - - - ,0) withrespect to the hypersurface f=0, providesa first classification of 


singular points on and outside f =0. Let x, (4) = 9 a”, k bi 0 bo E «& +++ <ka, bea 
branch in projective d-space over K. For the branch of an irreducible algebraic curve C 
at its general point  (afterK(£)-reduction), & 1 and (Eo, - - * , ka) is an initial set. 
If and only if ka <p (whence &, -4 and d<) does the dual of the dual of C coincide 
pointwise with C, which is tantamount to saying that the natural correspondence be- 
tween C and its dual is birational. Case d=2 of this is the condition given in Bull. 
Amer. Math. Soc. Abstract 56-1-25. (Received November 14, 1949.) 


194. T. S. Motzkin: Main exponenis and p-adic curve branches. 
Preliminary report. 


Let f(@) = Za, bz: —n, with coefficients a, in an algebraically closed field of 
characteristic p. Let ke 6*0, 1, - - - , be the smallest bs£0 (p***) with a&7£0, and ko —0 
if n —0, aox40; these are the main exponents. For unitary parameter transformations 
I» u-- 2 cut, k 2, the general /(/) with given main exponents has a finite number of 
independent invariants which equals the number of its terms from the first to the last 
main exponent, both included. Every f(i) can be transformed into a polynomial with 
this number of terms, which thus furnishes a canonical expansion generalizing the 
Puiseux expansion with f(t) =ao+an™ for p —0. The main exponents of the projective 
coordinates vanishing at the origin of a, not necessarily plane or algebraic, branch B 
define a finite set of projectively covariant linear manifolds belonging to B, including 
the tangent, quasitangent, and quasiorigin of Bull. Amer. Math. Soc. Abstract 
56-1-25. (Received November 14, 1949.) 


LOGIC AND FOUNDATIONS 
195. A. H. Copeland: Logic and Boolean rings. 


A more precise formulation and a deeper understanding of logic can be achieved by 
means of Stone’s representation theorem and the theory of ideals in Boolean rings. 


D 
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In the present paper the following topics in logic are studied from the point of view 
of ideal theory: proposition, meaning, truth, falsity, truth tables, strict implication, 
material implication, non-transitive implication, the nature of proof, propositional 
function, logical quantifiers, and scientific intuition. (Received November 14, 1949.) 


196%. R, L. Goodstein: The formal structure of a denumerable system. 


A strictly formal mathematical system comprising number and function signs, 
logical constants and operators, and employing the sentential calculus, is called de- 
numerable if the application of the operators is restricted to variables whose range of 
values is a denumerable class. The system is not fully determined by the restriction 
on the operators but depends also upon the method of formalisation and the types of 
function definitions allowed. The denumerable system under consideration is a finitist 
superstructure built on an extension to a rational field of the Hilbert-Bernays 
formalisation Z,, function theoretic attributes being expressed by the method of proof 
schemata. All the foundation theorems of classical analysis are shown to have demon- 
strable analogues in the system. (Received September 23, 1949.) 


197. Leon Henkin: An algebraic characterization of quantifiers. 


A characterization of universal and existential quantifiers is given which is valid 
for functional calculi of the classical (two valued), intuitionistic, and modal systems 
of logic. This is accomplished by treating a subsystem Hy common to these three 
logics, in which the only propositional connective is an implication symbol. An alge- 
braic structure called an $mplicative model is defined as a set of elements, including a 
special one, 0, on which is defined a binary operation — satisfying certain simple 
axioms. Writing x Sy for x--y —0 it can be shown that a model is partially ordered 
with 0 as minimal element. Certain canonical mappings of the formulas of Hy into an 
arbitrary implicative model are described, in which quantifiers (x) and (Sx) cor- 
respond to operations sup and inf respectively. The principal theorem is to the effect 
that a formula is formally provable in Hz if and only if it is mapped into 0 by every 
canonical mapping. This provides an answer to a question posed by Mostowski 
(Journal of Symbolic Logic vol. 13 (1948) p. 207). (Received December 5, 1949.) 


198. Ira Rosenbaum: Ordered q-ads in an No-membered universe. 


In a universe with No elements, denoted by the positive integers, one g-ad is to 
precede another if the sum of the g elements of the one is less than the corresponding 
sum for the other; gads in a set each of which has the same ¢fold sum are to be 
ordered by Hausdorff's principle of last differences. In theresulting ordering, the order 


number, N(xi, * * * , Xa), of the ordered g-ad, (m, +--+, xg), is the sum of the rank, 
Rm, +++, 2a), and the height, h(xy * ^ * , Xe), of the gad, where R(m, +++, x4) is 
the number of gads with sum less than mizet * ^ * -Ex,—s, and R(xy ***, a) 
equals the binomial coefficient .1C,, while (Bxi, * * * , x4) is the order number of the 
given gad among those with sum s, and is recursively determined by the relations, 
ha, PEE | £q) m I a(x, JPQ~l, stm, UT , Xe), with d(x, J =0 if 
XQSj, and -1 otherwise, h(xi x.)=%3, and P(q—1, s—f) =. -1Cg-a=the num- 
ber of (g-1)-ads with sum s—j. The formula N(x, +++, %q)=R(%1, *** , X) 
+h(m,°+-+,%g) is easily used and generalizes the familiar formula N(xi s) 


sm (201-203 — 1) (2 +x —2) /2 +2 (Carathéodory, Vorlesungen uber reele Funktionen, pp. 
28-29) in which # is the height, and the product the rank, of the dyad (x1, x3). These 
processes are reversible; given N, the Nth g-ad is computable. (Received November 
14, 1949.) ] 
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STATISTICS AND PROBABILITY 
1994. H. D. Brunk: Note on a theorem of Kakulant. 


A recent thorem of Kakutani (S. Kakutani, On equivalence of infinite product meas- 
ures, Ann. of Math. (2) vol. 49 (1948) pp. 214-224), giving conditions necessary and 
sufficient for the equivalence of direct infinite product measures, is used to derive 
conditions of an apparently less restrictive nature sufficient in order that one of two 
sequences of independent random variables shall satisfy one of a large class of limit 
theorems, provided the other sequence satisfies the limit theorem. An example is 
given, illustrating the manner in which this result may be regarded as extending 
known sufficient conditions for limit theorems. (Received October 25, 1949.) 


200. D. A. Darling: On the limtting distribution of sums of random 
variables with infinite expectations. 


Let Xi, Xs, * * * be independent, identically distributed random variables which 
are non-negative and have the (common) absolutely continuous distribution function 
F(x)-1—f(x) e Pr {Xy<x}, and let S,—9 Xi--Xs- - ++ --X4. If E(xg) = o for all 
a0 itis well known that T, = (54—2a4)/b, has no nondegenerate limiting distribution 
for any two sequences a, and ba. The author studies the limiting distribution for S, 
under a different normalization, and proves that if lims.. f(ax)/f(x) =1 for all a0 
then limyz.. Pr { nf(Sn) <a} =1—exp (—a). He obtains, for example, for the example 
discussed by P. Levy, where f(x) = (log x)71, xe, the expression lim,... Pr {Si=<a} 
mexp (—(log a)71). It is further shown that if f(x) does not satisfy the above condi- 
tion, no normalization yielding a nondegenerate limiting distribution for 5S, exists. 
This result is an extension of the necessary and sufficient conditions given by Doeblin 
for S, to have a semi-stable limiting distribution. If moments of all orders 
are infinite then Sa is essentially dominated by its largest term in the sense that if 
Xt=smax (Xi Xs-:*, Xa) then S,/X2—1 in the mean. Furthermore, if some 
moment is finite, but E(X1-9) = œ, then Sa and X? are of comparable magnitude in 
the sense that given any e>0 there exists an M m M (e) such that Pr {5,/X*>n} Se 
for all n sufficiently large. If E(X1) « o, then S,/X*— « stochastically. (Received 
November 15, 1949.) 


201. Einar Hille: On continuous transition probabilities. 


The transition frequency f(é; ¢, x) of a temporally homogeneous stochastic process 
normally satisfies the adjoint equations of Kolmogoroff: b(£)Sg-t alt) Se= Ss, 
{ [b(x)T],—a(x)T}e=Ti, b(x) >0, — © <x< ©, The converse problem of deciding 
when such differential equations determine a unique frequency, leads to problems 
for semi-groups: C. When is C[f]=0(£)f’’+a(¢)f’ the generator of a semi-group 
{S}, £20, of positive contraction operators in C[— œ, œ], leaving g(x)me1 in- 
variant, and strongly continuous in ¢ with S(0) =Z? L. When is L[f]-- ([b(X))]' 
—a(x)f]" the generator of a semi-group (T(1)], t20, of positive contraction oper- 
ators in L(— œ, ©), isometric on positive elements, and strongly continuous in / 
with T(0) — I? Necessary and sufficient conditions for the solvability of these problems 
are found in terms of integrability properties of W(x)=exp (—/z[a(s)/b(s) ds] in 
the intervals ( — œ, 0) and (0, œ). If L is solvable, so is C, but not vice versa. If both 
problems are solvable, then there is a unique transition frequency satisfying Kolmogo- 
roff's equations. If C has a solution, but L does not, there is a transition frequency 
satisfying both equations, unique as far as the first equation is concerned. Cauchy’s 

Á 
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problem for the second equation, however, does not have a unique solution in 
L(— ©, œ). (Received December 19, 1949.) 


2021. R. B. Leipnik: On the number of zeros of a random polynomial. 


By means of a result of Schur, upper bounds are obtained in terms of integrals for 
the probability that a(0)s^-I- - - - +a(n) has p real zeros, where a(0), - - - a(n) are 
independent random variables with the same distribution F. These integrals are 
evaluated for several choices of F. (Received November 14, 1949.) 


2031. Herman Rubin: On the existence of nearly locally best unbiased 
estimates. 


For any family § of distributions, and any distribution Fp of $$, there exists a bi- 
linear function x whose arguments are all parameters defined for all distributions of § 
and for which there exist unbiased estimates which have finite variance if Fo is the 
true distribution, and which has the following properties: (1) If @ is any parameter in 
the domain of x, and ¢ is any unbiased estimate of 0, then var (e| Py) 2; (8, 0). (2) This 
result is best possible, that is, for any 6 there is an unbiased estimate ¢ of 8 whose 
variance differs from x(0, 8) by less than any preassigned amount. (Received Novem- 
ber 14, 1949.) , 


204t. Jacob Wolfowitz: Minimax estimates of the mean of a normal 
distribution with known variance. 


The classical estimation procedures (point and interval) are proved to be minimax 
solutions of properly formulated estimation problems, sequential and non-sequential. 
For example, for the problem considered by Stein and Wald (Ann. Math. Statist. 
vol. 18 (1947) pp. 427-433), it is proved that, for any choice of parameters in the 
classical (fixed-sample) procedure C, there exists a positive constant c with the fol- 
lowing property: Let G be the generic designation of the sequential estimation pro- 
cedure, a(£, G) the probability under G that the estimating interval will contain the 
mean £, and s(£, G) the expected number of observations. Then 1 —a(£, C) -F-en(£, C) 
=infg supe [1 —a(t, G) J-en(£, G)]. The result of Stein and Wald is an immediate 
consequence. Other such optimal properties are obtained. (Received September 12, 
1949.) 


2051. L. A. Zadeh and J. R. Ragazzini: An extension of Wiener's 
theory of prediction. 


The authors give an extension of Wiener’s theory of prediction which differs from 
the latter in the following respects: I. The signal (message) component of the given 
time series is assumed to consist of two parts: (a) a non-random function of time 
which is representable as a polynomial of degree not greater than a specified number 
n, and about which no information other than » is available; and (b) a stationary 
random function of time which is described statistically by a given correlation func- 
tion Var(7). (In Wiener's theory, the signal may not contain a non-random part ex- 
cept when such a part is a known function of time.) II. The impulsive response of the 
predictor or, in other words, the weighting function W(#) used in prediction, is assumed 
to vanish outside of a specified time interval OS#ST. (In Wiener's theory T 
is assumed to be infinite.) The determination of W(f) reduces to the solution 
of a modified Wiener-Hopf equation Sw) baa (t—1) dr 4 -H- cee Pe 
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+ JE k(r)ya(f —7)dr, where the Xs are Lagrangian multipliers; 2(¢) is the prescribed 
prediction operator (in the time domain), and ¥w4w(r) is the correlation function of 
the random part of the time series. An explicit solution of this equation is given. 
(Received November 11, 1949.) 


TOPOLOGY 
206. R. D. Anderson: Monotone interior dimension-ratsing map- 
pings. 
The author proves two theorems: (I) There exist a one-dimensional continuous 
curve M in the plane and a monotone interior mapping of M onto the plane; and (II) 
For any positive integer #, there exist a one-dimensional continuum M, in Euclidean 


three-space and a monotone interior mapping of M, onto Euclidean n-space. (Re- 
ceived November 14, 1949.) 


207. R. H. Bing: A characterization of 3-space by partiitonings. 


It is known that if S is a compact continuous curve, there exists a decreasing se- 
quence of regular partitionings Hı, Ma, - - - such that (a) H, is a finite collection of 
mutually exclusive connected open sets whose sum is dense in 5, (b) each element of 
H, equals the interior of its closure, (c) H, is a refinement of H,, and (d) as + in- 
creases without limit, the diameters of the elements of H, approach 0. A necessary 
and sufficient condition that a compact continuous curve be a simple solid (set topo- 
logically equivalent to a 3-sphere in Euclidean 4-space) is that one of its decreasing 
sequences of regular partitionings have the following 4 properties: (1) The boundary 
of each element of C; is a simple surface. (2) If the boundaries of two elements of XG, 
intersect, this intersection is a 2-cell. (3) The intersection of the closures of three ele- 
ments of G; is 1-dimensional at each of its points. (4) The elements of G; may be 
ordered [gn, gs, * ^ - , gun, | such that if g is an element of G; 1(g»*.S if $—1) and j is 
an integer less than m, then g intersects S—g+2u-that + ^ ^ +u in a connected 
set. Unicoherence cannot be substituted for condition (4) because projective 3-space 
is unicoherent and has a decreasing sequence of regular partitionings satisfying condi- 
tions (1), (2), and (3). (Received November 14, 1949.) 


208i. A. L. Blakers and W. S. Massey: The homotopy groups of a 
covering. Preliminary report. 


Let (X; A, B) be a triad (see A. L. Blakers and W. S. Massey, Proc. Nat. Acad. 
Sci. U.S.A. vol. 35 (1949) p. 323) with x€ AQB, AUB =F. Let 5" be an n-sphere, 
n>0, ES, We the “upper” and “lower” hemispheres, and # a point of the equator 
Et(\Ex. Denote the function space of maps f: (S*; E», E*., p)->(Y; A, B, x) by 
G^(A/B, x) and the homotopy classes of G*(A/B, x) by wa(A/B,x). If n>1, «4(4/B, x) 
can be made into a group, called the nth homotopy group of the covering A/B. These 
groups are abelian if » 72 and fit into exact sequences: + * + —«(4, x) —3x4(4/B, x) 
—xs(B, ACMB, x) 4a(4, x)9 +++, and + + + rays (X; A, B)9m(4/B)—«(X) 
—ra(X; A, B). Denote the function space of maps (S*, p)—»(X, x) by F*(X, x); let 
Gy(A/B, x) and F(X, x) be the components of G*(A/B, x) and F*(X, x) respectively 
which contain the constant map. Then the homotopy sequence of the pair [E , €), 
G(A/B, x)] is naturally isomorphic to that of the triad (X; 4, B); for example, 
vid FG, x), G(AZB, x) ] 5m (X; A, B). This isomorphism enables one to define a 
natural homomorphism of the homotopy sequence of the pair (Rss, Ra-s) (where 
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R,, rotation group of S*) into that of the triad (S*; Eh, E»). This is useful in study- 
ing the higher homotopy groups of spheres. (Received November 29, 1949.) 


209. L. W. Coben and Casper Goffman: On completeness and 
category in uniform space. 


A uniform space S, metrizable by an ordered abelian group, is called complete in 
the sense of Archimedes (a-complete) if certain associated spaces, analogous to factor 
groups, are topologically complete (/-complete). It is shown that an a-complete space 
- is of the second category. The authors have shown elsewhere (A theory of transfinite 
convergence, Trans, Amer. Math. Soc. vol. 66 (1949) pp. 65—74) that a t-complete space 
may be of the first category. (Received October 10, 1949.) 


210. E. E. Floyd: The decomposition maps associated with 0-dsmen- 
sional transformation groups. 


Let X be a locally compact metric space; let G be a compact 0-dimensional trans- 
formation group operating on X such that no element of G except the identity leaves 
any points of X fixed. Let Y be the orbit decomposition space, and f: X—Y the de- 
composition map. Analogues of theorems concerning covering maps are proved for f. 
For example, the conclusion of the covering homotopy theorem holds here. As an 
application, it is proved that if X is an n-manifold and G is infinite, then Y contains 
no (5 —1)-cell. (Received November 14, 1949.) 


211. David Gale: Compact sets of functtons and function rings. 


Let Y7 denote the space of continuous functions from the space X to the space Y 
in the compact-open topology. The author investigates conditions under which a 
subspace FC YX is compact. The classical conditions when Y is a metric space involve 
equicontinuity and uniform boundedness of F. If Y is not metric equicontinuity may 
be replaced by a sort of mutual continuity requiring that if U is open in Y, then 
{ver f ?(U) be open in X. Boundedness is replaced by the condition that Urer/(x) 
be compact. Using these ideas one obtains simple, necessary and sufficient conditions 
for the compactness of F. The result is then applied to obtain a duality theorem for 
the ring R(X) of real valued continuous functions on a space X. Namely, if R(X) is 
given the compact-open topology and H is the space of all continuous homomorphisms 
of R(X) onto thereal numbers with the same topology, then, with mild restrictions on 
x, itis shown that H is homeomorphic with X. (Received November 9, 1949.) 


212. F. B. Jones: An elementary two color problem. 


Consider a unit square in the number plane with the ends of a diagonal at (0, 0) 
and (1,1). Let M; denote the set of all straight line arcs spanning the square parallel 
to the y-axis and let M, denote a similar set parallel the x-axis. Color the intersection 
of a line in M, with a line in M, either red or green, except along the line y «x which is 
left uncolored; furthermore the coloring is symmetrical with respect to y=x. 
THEOREM: If H, is the subset of Mx with rational abscissas and Hy, is the corresponding 
subset of My, then H, contains an infinite subset Hi such that Hj intersects Hy (the 
image tn Hs with respect to y x) $n only one color. QUESTION: Does M. contain a sub- 
set Mi of the same number of elements as M. such that M} intersects Mj in only one 
color? (Received December 23, 1949.) 
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213. A. N. Milgram: A solution of the frame problem for the three 
sphere. 


H. Rademacher raised the question as to whether every bounded subset of E, 
(Euclidean n-space) can be circumscribed by an n-dimensional cube. A solution for 
subsets of E; was given by S. Kakutani (Ann. of Math. (2) vol. 43, pp. 739-741). This 
note provides an affirmative answer to the four-dimensional case. Specifically we 
prove that if f is a continuous function defined on the sphere Sa with center O in E, 
there exist points P;E Ss, #=1, 2, 3, 4, such that the vectors OP, are mutually or- 
thogonal and f(P,)=/(P), i, jm1,+-++,4. The proof makes essential use of the 
lemma: If f(x, y) is a doubly periodic function of the real variables x, y, with period 1, 
there exist xo, Yo, Zo such that f(xo, yo) —f(xo--1/4, yo) (so, yo--1/2) m f(so--1/4, 
3o -1/2). (Received November 15, 1949.) 


214. L. T. Ratner: An extended theory of semi-coni$nuity. 


X and Y are Hausdorff spaces satisfying the first axiom of countability ; further, 
Y is simply ordered by a proper transitive relation < such that [5'|y/ X y] and 
{y’ly<y'}, for any yC Y, are closed subsets of Y. Let f be a single-valued trans- 
formation of X into Y. For U any open set containing x, denote by I(x; f; U) the set 
of lower bounds for f(U) and by L(x; f; U) the set of upper bounds for f(U); let Kx; f) 
be the closure of the union of all (x; f; U), L(x; f) the closure of the union of all 
L(x; f; U). f is said to be lower semi-continuous, upper semi-continuous, or continuous at 
x provided that f(x)C-I(s; f), SAELE; f), or (HEME; POLE; f), respectively. 
These definitions provide a generalization of the notions of semi-continuity employed 
in real variable theory and elsewhere; continuity reduces to the normal concept. À 
sequence of standard theorems is carried over for this theory of semi-continuity. 
(Received November 15, 1949.) 


215t. Russell Remage: Invariance and periodic properties of non- 
alternating transformations $n the large. Preliminary report. 


Extensions of some of the results of cyclic element theory to compact connected 
Hausdorff spaces are obtained by means of nodal set theory. If X is a non-vacuous 
subset of a continuum S, a D-chain, D(X), is the set C(X) defined by Wallace as the 
intersection of all nodal sets containing X. Let X in nondegenerate Z(X) be the set 
of points separating a pair of points of X in S. A nondegenerate prime chain P is 
contained in D(X) if and only if either PA (XU ZX) is nondegenerate or P/ VZ(X) 
is a single point which fails to separate P from X. End-elements which are not cut 
points are prime chains not contained in D(z; 22) for any pair of cut points z, z;. Any 
power of a n.a.l. transformation T of a continuum S onto itself is n.a.l. If PT is nota 
cut point unless P is, and either PC PT or PTC, P is called nonvariant, and con- 
tains an invariant set. If a nodal set meets its image, it contains a nonvariant P. If R is 
the union of all nonvariant primie chains, then 2C-Z(R) is either fixed or has no recur- 
rence properties. Applications yield extensions and analogues of several theorems 
dealing with element-wise recurrence. (Received N ovember 14, 1949.) 


216i. Jane C. Rothe: The topological degree of certain mappings in 
Euclidean n-space. 


Mappings in complex and real Euclidean s-space E» which are defined by s poly- 
nomials in s variables, the polynomials homogeneous of degree k in the s variables, 
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are studied. By using resultant theory, it is proved that if E" is complex and the 
topological degree at zero of such a mapping is defined, the topological degree is $”. 
By elementary methods, it is proved that if E* is real and s =2, the topological de- 
gree is one of the following values: if k is odd, +1, +3,---, +k; if k is even, 
0, X2, +4, » <» , ck. The results are applied to obtain existence theorems for certain 
types of non-linear integral and differential equations, (Received November 4, 1949.) 


2171. G. T. Whyburn: Dimension raising on surface sets. 


A locally connected generalized continuum every true cyclic element of which is a 
2-manifold (open or closed) is called a surfacoid. It is shown that if A is a locally con- 
nected generalized continuum on a surfacoid and f(A) =B is a light open mapping, 
for any branch point y of B, every point of f(y) is an isolated point of f(y) and 
dim B=dim A. Further, if A is a locally connected continuum on a cactoid and 
f(A) =B is a quasi-monotone mapping, then dim B £2. Also it is shown that if A and 
B are compact metric spaces of dimension greater than 0 and f(4) —B is a light open 
mapping, there exist locally connected continua A’ and B’ topologically containing A 
and B respectively, with dim A' «dim A, dim B' «dim B, and a light open extension 
f(A =B’ of f. (Received October 28, 1949.) 


T. R. HOLLCROFT, 
Associate Secretary 
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APPENDIX 
EXCERPTS FROM REPORT OF TREASURER 


December 22, 1949 
To THE BOARD OF TRUSTEES OF THE 
AMERICAN MATHEMATICAL SOCIETY 


Gentlemen: 


I have the honor to submit herewith the report of the Treasurer 
for the fiscal year ended November 30, 1949, with certain pertinent 
comments. 


Investment Portfolio and Income 


On November 30, 1949, the market value of securities held for In- 
vested Funds exceeded book value by $20,403, but the market value 
of securities held for Current Funds was less than book value by 
$4,333. On the whole portfolio, the market value therefore exceeded 
book value by $16,070. Reserves held in accounts “Reserve for In- 
vestment Losses” ($4,386) and “Profit on Sales of Securities” 
($15,851) may still be considered adequate protection against con- 
tingent depreciation in market value. 

The following is a summary of the changes in security holdings 
made during the year. 


Acquired 


10 shares American Can Co. common 
100 shares Borg-Warner Corp. common 
100 shares Sterling Drug, Inc. common 


$2,000 U. S. Treasury 2's 1954/52 
Sold 
100 shares General Electric Co. common 
Redeemed 
$8,000 U. S. Savings Bonds 1949 


'The investment portfolio, valued at market November 30, 1949, 
now includes Government bonds 32.6 per cent, other bonds 7.6 per 
cent, preferred stock 15.3 per cent, common stock 39.6 per cent, 
cash in savings banks 4.9 per cent. 

Income received during the year from investment of Current Funds 
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amounted to $2,991. This represents a return of 3.1 per cent com- 
puted on average book value of investments. Income on Invested 
Funds amounted to $8,832, representing a return of 4.6 per cent. 
Total investment income from all sources was $11,823, representing 
a return of over 4.1 per cent. 

Income from the Henderson Estate was $5,200; in 1948 it was 
$4,990. ` 


The Year's Operations 


The budget for 1949 adopted by the Trustees authorized an ex- 
penditure of $47,000 in excess of anticipated income. Actually, for a 
number of reasons it was not necessary to expend the full amount 
authorized. The principal reasons were the inability of the Society to 
appoint an Executive Director until November 1 and delay in the 
publication of certain material, particularly the Birkhoff papers. 

Another factor which should be noted is that the Society has in- 
curred obligations of approximately $25,000 for work in process for 
which bills have not been rendered or were rendered so late in the 
fiscal year that it was possible to defer payment until 1950. The 
Society could have paid these bills had they been rendered only by 
substantially liquidating invested current funds. In other words, 
while the assets of the Society decreased only approximately $3,000, 
had all of the obligations incurred during the year been paid during 
the year, assets would have declined by nearly $30,000. 

The Society has incurred a new fixed obligation through the em- 
ployment of an Executive Director and will in all probability have to 
incur additional fixed obligations in the near future to provide ade- 
quate office, working, and storage space. Unless additional sources of 
income are developed, it would appear to be financially impossible to 
expand the program of publication or even to maintain it at its present 
level unless the Society wishes to borrow from its invested funds or 
from banks. However, the sale of mathematical publications, while 
dependable, is so slow that it is unlikely that any commercial bank 
would regard such a loan as attractive. 

Respectfully submitted, 
ALBERT E. MEDER, JR. 
Treasurer 
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BALANCE SHEET 
November 30, November 30, 


1949 1948 
Assets 
CURRENT FUNDS 
Cash...... unes ey. CE, ate ur SROSC EN $ 12,057.26 $ 16,292.01 
Due from invested Funds Verg iates S RR GREE YN AIRE aie 31.58 
Account Receivable from United States Government. 3,440.49 480.21 
Investments... .......00 0c cece eee e eens aA 76,292.42 77,500.19 


$ 91,821.75 $ 94,272.41 


Cash...... š We od £o Xu xg $ 531.01 
Investments.. ELTA "ease $192,153.46 192,102.21 


$192,153.46 $192,633.22 


m $283,975.21 $286,905.63 








TOTAL ASSETS... . 
Liabilities 
CURRENT FUNDS: 

Publications.. ....... .. . cee eee : $ 23,928.48 $ 41,167.18 
International Congress. .. ... . ae M 18,089.17 5,484.84 
Policy Committee . (160.70) 97.64 
Prize Funds and Other Special F unds Accumulated 

Income..... ....... Eus aney dv AE OM 9,553.82 8,238.39 
Sinking Fund — .... = De alee ak ie 1,244.97 1,156.05 
Profit on Sales of Securities ne ien : 2,032.98 2,032.98 
Miscellaneous........... .. bean, d ; 986.90 746.46 
Surplus... cuoc lo dae Ped we es 36,146.13 35,348.87 

$ 91,821.75 $ 94,272.41 
INVESTED FUNDS: 
Endowment Fund Principal. ... . Su € $ 71,000.00 $ 71,000.00 
Prize Funds and Other Special Funds. ipe. denies 33,033.22 33,033.22 
Life Membership and Subscription Reserve . .... 2,851.70 3,073.09 
Mathematical Reviews........ c4 ue eR 65,000.00 65,000.00 
Reserve for Investment Losses . — ...... ats 4,385.89 4,385.89 
Profit on Sales of Securities. . oiv ees E 15,851.07 16,141.02 
Due to Current Funds.. ... ts : ae 31.58 
$192,153.46 $192,633.22 
TOTAL LIABILITIES... ..  . . use ee ee $283,975.21 $286,905.63 





, Note: Inventories of books and periodicals are not included in the balance sheet. 
Books on hand may be expected to yield eventually a net income from sales of ap- 
proximately $40,000. Back issues of periodicals are difficult to value; average annual 
sales over the last five year period were approximately $7,500. 


' 
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SUMMARY STATEMENT OF INCOME AND 


EXPENDITURES 
1948-1949 
1949 1948 

GENERAL RECEIPTS 
Dues—Ordinary Memberships..... : $ 30,017 $ 29,120 
Dues—Contributing Memberships. .... : 746 712 
Dues—Institutional Memberships. . 2. 9,408 9,582 
Initiation Fees.............. NE 1,091 1,880 
Investment Income.... .. ... NC 12,526 11,953 
Miscellaneous........ ..... .. suse 122 191 
$ 53,910 $ 53,438 
PUBLICATIONS RECEIPTS...... DEEP 73,775) 77,680 
OTHER RECEIPTS..... . ..... .. P 1,884 4,470 
TOTAL RECEIPTS..... ....... .. ... $129,569 $135,588 
GENERAL EXPENSE........ ee less $ 25,507 $ 19,684 
Cost oF PUBLICATIONS AND SALES. ... ... 118,837 110,144 
OTHER EXPENSE................. P 533 1,212 
TOTAL EXPENSES....... ......... $144,877 $131,040 
EXCESS OF RECEIPTS OVER EXPENSES.... . $ 4,548 


Excess OF EXPENSES OVER Recerpts.... . $ 15,308 


1 This includes $7,140 received under a contract with the Office of Naval Research 
for support of Mathematical Reviews. 

2 This includes $22,560 received under a contract with the Office of Naval Re- 
search for support of Mathematical Reviews. 


BOOK REVIEWS 


Quantum mechanics. By L. I. Schiff. New York, McGraw-Hill, 1949. 
404 pp. $5.50. ; 


The subject matter of quantum mechanics is emphasized in dif- 
ferent ways by different professional groups. To the philosopher the 
field has a personal interest because of its bearing on the relationship 
between man and the natural world about him. To the mathematician 
the subject represents a rich field of problems dealing with function 
space and operator theory. To the physicist it is important as an ex- 
tension of classical physics into the domain of the microscopic world 
and as an indispensable tool for solving the many problems of 
interest. 

Introductory books written for each group will exhibit cor- 

responding differences in emphasis. That for the philosopher will 
stress the statistical interpretation of quantum mechanics and will 
deal only with the most elementary physical situations. That for a 
mathematician will stress the character of the boundary value prob- 
lems and operators which appear, placing emphasis upon mathe- 
matical rigor. That for the physicist should expand the connection 
between classical and quantum mechanics, give ample illustrations 
of the applications of quantum mechanics to physical problems for 
which it was invented, and which it has been eminently successful in 
solving, and should at least lead to that frontier region, dealing.with 
high energy particles, in which quantum theory is being extended at 
present. 

'This excellent book is written primarily and emphatically for the 
physics student so that it falls definitely in the third category. Yet 
the writer has managed throughout to preserve interest in the philo- 
sophical applications of the subject and in mathematical rigor; any 
reader will recognize that the subject is rich in philosophical connota- 
tion and that mathematical neatness and rigor have an important 
place in its evolution. 

Perhaps the importance of the book in contemporary graduate 
education is best illustrated by the fact that about a half dozen 
theoretical physicists with whom the reviewer has spoken have com- 
mented on the fact that the text is closely similar to the lecture notes 
they have employed for a number of years in teaching quantum 
mechanics to graduate students. All regard it as one of the most im- 
portant recent additions to graduate training in physics. The writer 
has no hesitation in saying that it probably will become the standard 
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reference text in this country for a substantial period of time in the 
future. 

This relatively unique position rests not only on the fact that it is 
a clear and accurate version of quantum mechanics, for other books 
such as those of Rojansky and Kemble have the same virtues. This 
book has the additional virtue that it is intended to prepare the 
reader for an understanding of the frontier problems of quantum 
mechanics as they are being attacked at the present time by theo- 
retical physicists. That is, the book has what might be termed vector 
content in the sense that the student not only obtains an apprecia- 
tion of the problems in which non-relativistic quantum mechanics 
has triumphed in treating atomic and nuclear problems, but is also 
guided systematically to the frontier problems of relativistic field 
theories which play so important a role in current developments of 
the physics of high energy particles. Perhaps the last introductory 
account of the subject which attempted to do this is Pauli’s Dte 
allgemeine Prinzipien der Wellenmechantk which appeared in the Hand- 
buch der Physik, vol. 24, in 1933. 

The book contains 14 chapters and may be divided into three parts. 
In Schiff's own words, “The first three chapters constitute an intro- 
duction to quantum mechanics, in which the physical concepts are 
discussed and the Schrödinger wave formalism is established. The 
next eight chapters comprise the central part of the book. This part 
presents exact solutions of the wave equation for both energy-level 
and collision problems, the Heisenberg matrix formalism and trans- 
formation theory, approximation methods, radiation theory, and 
some applications to atomic systems. Since the first eleven chapters 
correspond to a typical one-year graduate course, it seemed desirable 
to include a semi-classical treatment of electromagnetic radiation in 
the central part of the book (Chapter X) even though some of the re- 
sults are obtained again in Chapter XIV. The last part of the book 
corresponds to a short course in what is often called advanced 
quantum mechanics. It consists of relativistic particle theory and an 
introduction to quantized field theory and quantum electrody- 
namics.” 

FREDERICK SEITZ 


Plastic deformation. By L. N. Kachanov, N. M. Beliaev, A. A. 
Ilyushin, W. Mostow, and A. N. Gleyzal. Ed. by H. H. Hausner. 
New York, Mapleton, 1948. 192 pp. $8.00. 


This book consists of a set of seven independent papers on plastic- 
ity. Five of these appeared originally in Russian periodicals and the 
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two remaining ones are based on technical reports prepared under the 
auspices of the U. S. Navy. Advance notices of this book gave the 
impression that it forms a coherent account of the current state of 
art in the field of plasticity. This is far from being the case. The 
rationale followed in the selection of papers is not clear and the 
choice appears to be almost random. 

The book is divided into seven chapters corresponding to seven dis- 
tinct papers reproduced in it. The first five of these are photo-offset 
reproductions of mimeographed free translations of original articles 
prepared by the Applied Mathematics Group of Brown University 
for the use of the personnel of the David Taylor Model Basin. 
They appear as: 

Chapter 1, On ihe mechanics of plastic solids, a 5-page largely 
synoptic article originally published in Prikladnaia Matematika i 
Mekhanika vol. 4 (1940) pp. 37-42, by L. N. Kachanov. 

Chapter 2, Theories of plasise deformation, Izvestia, Acad. Sci. 
USSR, Technical Series (1937) pp. 49-70, by N. M. Beliaev. 

Chapters 3, 4, and 5 consist of three significant papers by A. A. 
Ilyushin, (a) Some problems in ihe theory of plastic deformations, 
Prikladnaia Matematika i Mekhanika vol. 7 (1943) pp. 245-272. 
(b) Relation between the theory of Saint Venani-Levy- Mises and the 
theory of small elastic-plastic deformations, ibid. vol. 9 (1945) pp. 207— 
218. (c) The theory of small elastic-plastic deformations, ibid. vol. 10 
(1946) pp. 347-356. 

The two remaining chapters are drawn from a report entitled 
Plastic deformations of thin plates under hydrostatic pressure, prepared 
by W. Mostow for the U. S. Navy Bureau of Ships, and a report by 
A. A. Gleyzal on Plastic deformation of a thin circular plate under 
pressure, which originally appeared as David Taylor Model Basin Re- 
port No. 532 (1946). 

The reproduction is below average in quality, Some mimeographed 
material did not photograph well and the publishers had it retyped 
and introduced so many errors in the process as to make several pages 
unintelligible. An indication of the careless way in which the book 
was thrown together may be gleaned from the short page of introduc- 
tion which contains no less than a dozen errors including the mis- 
spellings of the names of three authors of this book. For some reason 
the backbone and cover carry only the name of L. N, Kachanov whose 
contribution to the volume consists of a paper occupying less than 
five typewritten pages. 

The usefulness of this book lies only in the fact that it makes trans- 
lations of several Russian papers readily available. 
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The reviewer feels impelled to call attention to the questionable 
ethical conduct of the publishers. Despite the fact that all papers 
reproduced in this volume are in the public domain, the book bears 
the notice of copyright by the Mapleton House. It is certain that no 
authors’ or translators’ permission was obtained by the publisher to 
reproduce this material. Considering the inexpensive photo-offset 
mode of reproduction of existing material, the price of the book is 
exorbitant. 

I. S. SOKOLNIKOFF 


. Mathematical biophysics. By Nicolas Rashevsky. Rev. ed. Paley 
of Chicago Press, 1948. 234-669 pp. $7.50. 


The wide attention and considerable acclaim given to the first 
publication of Rashevsky's Mathematical biophysics in 1938 was due 
in large part to the rich promise contained in that book. Those mathe- 
maticians who loved to see mathematics in the role of fathoming 
nature's secrets viewed mathematical biophysics as a new area of 
conquest. Those biologists who were “monists” or “reductionists” at 
heart hailed it as the much needed link between their own methods 
and those of mathematical physics. 

The revised edition gives ample evidence that the promise is being 
fulfilled. Almost twice as large as the original publication, the re- 
vised edition includes in its pages ten years’ progress in mathe- 
matical biology. 

The progress is largely due to the work of Rashevsky himself and 
that of his principal collaborators, who are or have been members of 
the Committee on Mathematical Biology at The University of Chi- 
cago. The work covers a wide range of topics, but essentially it can 
be viewed as pursuing two main directions: (1) The extension of the 
theory and methodology; (2) The applications of the theory. 

With regard to the first direction, an important extension of the 
previous approach is the approximation method used in computing 
the forces of metabolic origin acting on a cell of “arbitrary” shape. 
The method was sketched in the appendix to the first edition and is 
more fully developed in the new book. The previous line of attack 
was through the diffusion equation, a partial differential equation 
which could be solved explicitly only in very special cases involving 
highly symmetrical boundary conditions. By means of a bold ap- 
proximation method, Rashevsky was able to reduce the partial dif- 
ferential equations to ordinary ones and to express the forces in terms 
of parameters amenable to “rough and ready” measurement: the 
“long” diameter and the “short” diameter of an “oblong” cell. 
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The inclusion of a kinetic theory of diffusion also appears as a 
worthwhile extension of the old avenues of attack. One would guess 
that the “true” picture of the diffusion processes of a metabolizing 
cell lies somewhere between the two extremes—the hydrodynamic, 
continuous model and the kinetic, discontinuous one. A two-sided 
attack on the problem seems the logical way to proceed. 

A third, extremely promising, methodological innovation is the in- 
troduction of Boolean algebra (or logical calculus, or symbolic logic) 
methods in the construction of models for neural nets with specified 
properties. The method was initiated in a paper by McCulloch and 
Pitts published in The Bulletin of Mathematical Biophysics in 1943. 
In the hands of Rashevsky and his collaborators, notably House- 
holder and Landahl, the method was greatly extended and enriched. 
In particular the previous “continuous” theory of neural nets was re- 
interpreted as a limiting case of the “discontinuous” theory involving 
a large number of neural elements. One is inclined to regret that a 
more extended development of the method was not included in the 
revised edition. 

The new applications of mathematical biology form the other di- 
rection in the extended work of Rashevsky. It is particularly gratify- 
ing to see the inclusion of a considerable amount of experimental data, 
which were only scantily represented in the first edition. Signifi- 
cantly, the reason for the paucity of experimental evidence in the 
first edition is that a great deal of it was obtained since 1938. It thus 
forms to some degree a corroboration of the predictions of the theory. 

In part I, the most interesting data are those dealing with the rates 
of cell division, exhibiting an interesting relation between the rate 
of elongation and the rate of constriction, predicted by Rashevsky’s 
theory of cell division based on the approximation method. 

The most abundant extensions of applied mathematical biophysics 
are found in Part III, which deals with the central nervous system, 
especially in the chapters on discrimination, delayed reflexes, error 
elimination and learning, and visual perception. These chapters now 
include an impressive amount of experimental evidence in sufficient 
agreement with the Rashevsky two-factor theory of nervous excita- 
tion to put beyond doubt the usefulness of the theory. 

A. Rapoport 


Equazione differenziali. By Francesco Tricomi. Turin, Einaudi, 1948. 
312 pp. 


This text contains a somewhat unusual but interesting and well 
integrated sequence of topics. A Picard type existence theorem is 
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given and a singular point for a first order differential equation is in- 
vestigated. Most of the discussion is concerned with second order 
equations or the equivalent systems. For these the linear dependence 
of solutions, the Wronskian theory, the variation of parameters 
method, the circuit of a singularity in the complex plane, Fuchs 
theorem, solution by power series, the Sturm-Liouville theory and 
the asymptotic behaviour of characteristic furictions and character- 
istic values are given. The last chapter also contains a Cauchy type 
existence theorem, based on majorants. 

There is a valuable emphasis on individual functions, whose prop- 
eties are derived from the fact that they are solutions of a differen- 
tial equation. For instance the circular and elliptic functions aré 
treated in this way. The asymptotic behaviour of the Laguerre and 
Legendre polynomials and the Bessel functions are used to illustrate 
the characteristic function theory. The hypergeometric series is de- 
veloped in the last chapter. On the other hand as a matter of policy 
the usual methods for the integration of first order equations are 
omitted. 

The style is clear and the book should prove 4 valuable reference. 
The author claims, quite justly, that this corresponds to a “modern 
course” in differential equations and there is quite a contrast with 
the American courses on “methods of solution” and “theory.” The 
pressure from applications and the results of theoretical develop- 
ments are clearly present. However the existence theory is not the 
most general possible and the elementary methods and the constant 
coefficient linear equations are worth considering. The need of two 
courses seems clear but they should be carefully organized for maxi- 
mum usefulness. 

F. J. Murray 


Tables of generalized sine- and cosine-integral functions. Parts I and II. 
(Annals of the Computation Laboratory of Harvard University, 
vols. 18, 19.) Harvard University Press, 1949. Part I, 384-462 pp. 
$10.00. Part II, 84-560 pp. $10.00. 


DEFINITIONS: 


z siny z Í — cos # 
S(a, x) - f dt; C(a, x) -f — di; 
0 “o. 0 


u 





* [sin «] cos é 


z [sin «] sin ¢ 
Ss(a, .x) - f ——————— di; Scla, x) -f — dt; 
0 u 0 Hu 
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Cs(a, x) = * [cos «(1 — cos) di 


5 |cos #j sin é 
f Lr Lr 3-f 
0 u 0 u“ 
where 
u = (a? + #)1/2, 


The above six functions are tabulated to six decimals over the 
range of both a and x from 0 to 25. The intervals in the arguments 
vary from 0.01 in both a and x when they are less than unity, to 0.2 
in both arguments for az: 10. In addition to the main table, there are 
a few pages of coefficients which occur in the various formulas that 
were employed for computing the functions. 

The introduction by J. Orten Gadd, Jr., and Theodore Singer gives 
the more familiar properties of the tabulated functions, the method 
used to compute the entries on the automatic sequence controlled 
calculator, and methods of interpolation in the tables. Some of the 
derivations in this introduction are correct for positive values of a 
and x only, although this limitation is not stated. For example, it is 
implied that 


S(a, 2) = fi [sin a(1 + £)15]/(1 + 3} dt; 


this is of course true only for positive values of a. Moreover, the 
authors derived their integration formula from a system of linear 
algebraic equations. It should be pointed out that the formula is well 
known, and can be derived more simply from the integration of the 
interpolation polynomial. In fact, the coefficients of this formula 
have been extensively tabulated. These may be minor flaws, but the 
definitions of the functions deserve improvement in any future edi- 
tion of the tables. For instance, the authors write 


= cos u(1 — cos x)dx 
Cecla, x) -f ——————— 3 
0 u 


with u= (x?--a2?)!/*, All the other functions are defined in the same 
spirit, and at best these definitions are ambiguous. : 

The method of computation described in the introduction em- 
phasizes rigorous accuracy, and in the light of past performances of 
` the Harvard Computation Laboratory, there is every reason to be- 
lieve that the entries are trustworthy. The format of the tables is 
pleasing; reproduction is by a photo offset process. 

GERTRUDE BLANCH 
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Formeln und Sdize für die Speziellen Funktionen der Mathematischen 
Phystk. By W. Magnus and F. Oberhettinger. (Die Grundlehren 
der Mathematischen Wissenschaften in Einzeldarstellungen, vol. 
52.) 2d. ed Berlin-Gottingen-Heidelberg, Springer, 1948. 8--230 
pp. 24.60 D.M. 


Much of the toil of mathematical physics consists in the trans- 
formation of mathematical expressions which have been arrived at by 
a conceptual process (of theoretical physics) to other more applicable 
forms. The book under review is intended to be an aid to this process, 
and should be of great value to the toilers of mathematical physics. 

There are no numerical tables or graphs in the book. Except for the 
necessary preliminary definitions, the collected material is limited to 
formulas which are likely to be usable in the solution of special 
problems. Thus all proofs are omitted. Most physical scientists will 
probably find the omission of questions relating to expansions in 
orthogonal systems of functions to be more serious. It does not seem 
that such an addition would entail much greater length of the text. 
In that fine synoptic treatment by E. Madelung, Die Mathematischen 
Hilfsmitiel des Physiker, one finds the relevant material condensed 
into twlve pages. A treatment on the same order, but extended to 
cover the additional functions considered, would make the present 
book more nearly self-contained, and probably unrivaled in com- 
prehensiveness. A mere repetition of the Madelung material would 
help. Even old worn descriptions, like Mark Twain’s diamonds, are 
better than none at all. 

The following suggestions for future editions may also be made: 

(A) Every root of an algebraic equation can be expressed as a 
hypergeometric function of the coefficients of the equation (a fact 
considered at least as early as 1914 by Mellin); it would be of value 
to give the corresponding formulae in the chapter op the hyper- 
geometric function. 

(B) There are a few slips in the otherwise excellent typography. 
The appropriate limits of integration and superscripts are missing in 
several places, as, for example, on pages 2, 98, and 208. 

Of the functions common in mathematical physics, only the Lamé 
functions are omitted altogether, and the treatment of the Mathieu 
functions is perhaps unduly brief in view of their growing importance 
in applications. 

Chapter I deals with the gamma function, its logarithmic deriva- 
tive or Y function, and the beta function. Chapter II, on the hyper- 
geometric function, treats of the series and its generalizations, inde- 
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pendent solutions of the hypergeometric differential equation, and of 
its generalized form known as the Riemann differential equation. The 
specialization of the generalized series on the one hand, and the equa- 
tion and its solutions on the other, to the many simpler and more 
familiar forms which they take is concisely and clearly described 
throughout the book. Chapter III on the cylinder functions, the 
longest in the book, gives results on the functions of Bessel, Struve, 
Anger, Weber, Lommel and Mathieu, Kapteyn, Schlómilch, and 
mixed cylinder-elementary-function types of series are also given. 

It is interesting to note that the cylinder functions, for which so 
much theoretical material has been developed, have also been by far 
the most worked on numerically. This may be seen by a quantita- 
tive survey of the amount of tabular material in a book like Jahnke 
and Emde's Funktionentafeln. In fact, the only outstanding com- 
petitor among the non-elementary functions in this matter of popu- 
larity with the computers seems to be the family of elliptic and theta 
functions. If one enlarges the category of cylinder functions to that 
of the confluent hypergeometric functions, of which it is a special 
case, one finds that the vast majority of all the numerical-graphical 
material is shared between the confluent hypergeometric family and 
the elliptic-theta family. There remains mainly the small number of 
tables associated with the gamma and Legendre functions. 

In Chapter IV on sphere functions (spherical harmonics) the vari- 
ous special forms are discussed, as well as the functions of Gegen- 
bauer in their connection with many-dimensional sphere functions. 
We remark that an interesting physical interpretation may be given 
to Hecke's theorem on integrals of functions over hyperspheres (end 
of Chapter IV). Imagine a general system of dipoles (a multipole) 
at the origin of a unit hypersphere in an n-dimensional space. Sup- 
pose further that on the unit hypersphere there is a continuous dis- 
tribution of charge, arbitrary in every way except that it is rota- 
tionally symmetric with respect to a given axis of the sphere. Then 
the contribution to the total energy, of the continuous charge dis- 
tribution in the field of the multipole, is entirely equivalent to that 
for a certain single point charge located at the place where the sym- 
metry axis intersects the hypersphere. Now, the really interesting 
feature of the theorem is that, no matter how we vary the structure 
(but not the multiplicity) of the multipole at the center, it is the 
same point charge which may replace a given continuous distribution, 
as far as its energy contribution is concerned. 

Orthogonal polynomials, the confluent hypergeometric function, 
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elliptic integrals, theta functions, and elliptic functions are taken up 
in the next three chapters. The relations between the various func- 
tions are clearly given and transformations and degenerations are 
carefully listed. 

The two last chapters depart from the treatment of special func- 
tions to more general considerations. Chapter VIII treats of integral 
transforms and their inverses. Included are concise accounts and 
tables of Fourier, Laplace, Hankel, Mellin, and Gauss transforms, All 
of these transform relations may be regarded as integral equations of 
the first kind, with essentially singular kernels and infinite domains of 
integration. Further analogous integral equations are given, among 
which are several with finite integration interval, for example, Hil- 
bert’s cotangent-kernel equation and Abel’s integral equation. 
Chapter IX is a summary of, for the most part, conventional material 
on coordinate transformations. A novel feature here is the material 
on the system of many-dimensional polar coordinates. 

Several appendices, one on linear second order differential equa- 
tions, one on Fourier series, partial-fraction and product representa- 
tions of some elementary functions, and one on certain summations, 
complete this comprehensive, scholarly, and useful compilation. 

M. AvRAMY MELVIN 


Sequential analysis. By Abraham Wald. New York, Wiley, 1947. 
12--212 pp. $4.00. 


This book could be reviewed from the point of view of the general 
mathematician, the probability theorist, the mathematical statis- 
tician, the theoretical statistician, or from the point of view of any of 
many kinds of users. We shall try to provide a somewhat composite 
view. 

The central feature of this book is the sequential probability ratio 
test, abstractly a random walk between adsorbing barriers. We have 
only to think of a “particle” moving in “steps,” the amount of each 
step being determined by chance in the same way, the stepping 
process ending whenever the particle, which started from the origin, 
passes certain “barriers” and leaves an assigned interval. Some 40 
pages of the mathematical appendix is devoted to exact and ap- 
proximate results for such walks. The theory of sequential analysis 
is growing, and more complex processes are entering; yet this simple 
random walk is still the core. 

To read the body of the book, the reader needs, explicitly, a knowl- 
edge of calculus, and, implicitly, a feeling of comfort with sentences 
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where the mathematical characters outweigh the punctuation by 
three to one. 

Destructive inspection of military equipment, where every item 
tested was a scarce item lost to use, called the SPR test into being. 
Milton Friedman and Allen Wallis’s keen appreciation of the need 
for, and probable value of, sequential methods “gave the incentive 
for the author’s [Wald’s] investigations which then led to the de- 
velopment of the sequential probability ratio test” (page 2). This test 
solved the problem of deciding whether a lot had distribution A or 
distribution B with given risks of error (there are two ways to be 
wrong) with the smallest average number of items tested. (The proof 
that the number of items tested is a minimum was given by Wald 
and Wolfowitz [1], a year after the appearance of Sequential analysts.) 

The solution to this one problem, in the hands of Wald and the 
other workers at Statistical Research Group, Columbia University, 
gave usable solutions for testing one mean, or comparing two means, 
from binomial, normal, and chi-square distributions, where the al- 
ternative distributions are really infinite in number, and the true 
problem is still unmanageable. The theoretical background of these 
working tests is discussed in considerable and careful detail, as is 
their connection to the general theory. The practical problem of dis- 
tinguishing between distributions has learned much from the SPR 
test, but reducing the average number of trials is not always the con- 
sideration; it may be worth more to schedule testing neatly than to 
reduce it to a minimum. The SRG-C manual on sampling inspection 
[2], and Wald’s later work [3, 4], show some directions in which 
the subject of sequential testing has broadened out. 

In Chapters 4, 10, and 11, Wald opens a strong attack on an ade- 
quate treatment of problems with more than two alternatives. When- 
ever the alternatives, as in testing composite hypotheses, or the de- 
cisions themselves, as in multiple decision problems, are more than 
two in number, there is a great increase in the difficulty of the prob- 
lems at the philosophical, theoretical, mathematical, and computa- 
tional level. This is an important open frontier. Wald’s work in these 
chapters, and his frankly heuristic discussions at appropriate points 
is of great interest to both the theoretical and the mathematical sta- 
tistician and should be a continuing stimulus to new work. 

In its present form, the book is unsatisfactory for a reader wishing 
to study the advanced theory of sequential analysis, whether from 
the point of view of probability or mathematical statistics. Three 
facts contribute to this: (1) The relegation of the more complex de- 
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tails to the appendices, which makes the body of the book accessible 
to a wider class of readers, has inevitably made a smooth and co- 
herent presentation almost out of the question. (2) The discussion of 
the various applications are quite repetitive, and while this may be 
desirable for the general reader, it does not help the mathematician. 
(3) The book is now two years old, and was written when many 
parts of the field were undergoing very active development. It is to 
be hoped that future editions, or a book at a higher level, will provide 
a more coherent account, covering such new work as that of Wolfo- 
witz [5] and Seth [6] on sequential estimation, Wald [3, 4] and Ar- 
row, Blackwell, and Girshick [7], on multiple decision functions. 
The book is relatively free from typographical errors. We may 
mention that a “A” should appear in the denominator of the fraction 
appearing at the very end of page 9, that in expression (3.3) on page 
38 the inequality should be reversed, that in expression (4.22) on page 
85 the fraction on the right should be inverted, and that the sum- 
mand of the sum in the third line of page 133 should be squared. 
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MELVIN P. PEISAKOFF AND JOHN W. TUKEY 


Variétés abéliennes et courbes algébriques. By A. Weil. Paris, Her- 
mann, 1948. 165 pp. 


This is the second of a series of papers with which the author 
promised to follow his book, Foundations of algebraic geometry, Ameri- 
can Mathematical Society, 1946. The first paper, entitled: Sur les 
courbes algébriques et les variétés qué s'en dédutsent, is concerned in 
particular with the theory of correspondences of an algebraic curve 
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and contains the author’s proof of the Riemann hypothesis over a 
finite field. In a sense this study is generalized to the case of general 
abelian varieties in the present work. 

In the classical sense an abelian variety is a variety in a complex 
projective space whose nonhomogeneous coordinates are 2n-ply peri- 
odic meromorphic functions in s complex variables. An essential 
feature is the possibility of defining a group operation on the variety, 
which the author takes as point of departure in his theory of abelian 
varieties over a field of characteristic p. Varieties are abstract 
varieties in the sense of the author, and a function in a variety U, 
with values in another V, is defined by a sub-variety Z of UXV 
such that [Z: U]=1. The values of the function are defined only at 
points where the projection of Z into U is regular. With the notion 
of function so defined, a group variety G is one such that a function is 
defined everywhere in GXG, with values in G, with the usual group 
axioms satisfied. If the variety is complete, then the group operation 
has to be commutative, a result analogous to compact complex Lie 
groups. An Abelian variety is a complete group variety. 

The classical theory of abelian varieties, in the hands of Scorza, 
Rosati, Lefschetz, and Albert, is essentially a theory of Riemann 
matrices, the period matrices of the periodic functions, and one of 
the main problems is to study the complex multiplication of Riemann 
matrices. To arrive at these concepts in the abstract approach we con- 
sider functions f defined in an abelian variety B, with values in an 
abelian variety A. Up to an additive constant f preserves group addi- 
tion. Such a function is called a homomorphism of B into A, and 
an endomorphism if B=A. With addition defined by adding the 
function values and multiplication defined as successive application 
of the endomorphisms all endomorphisms of A form a ring /f(A), the 
ring of endomorphisms. This ringe4(A) can be imbedded into a ring 
e/fy(A) over the rational field Q. e4)(A) is a semi-simple algebra over 
the rational field. If A is a simple variety, that is, one which contains 
no proper abelian sub-variety, e40(A) is a field of finite rank over Q. 
The study of the rings /f(A4) and e/fo(4) takes the place of complex 
multiplication. 

The construction of abelian varieties of a given dimension is 
achieved by the consideration of the Jacobian variety of a curve. 
Let T be a complete curve without multiple point, of genus g » 0. It is 
possible to construct an abelian variety J¢ and a function $, defined 
on I’, with values in J, such that if Mi, - - - , M, are g independent 
generic points of I (with respect to a field of definition K for T, J, 


204 BOOK REVIEWS [March 


and ¢), the point z= 2 4.,9(M;) is generic on J with respect to K. 
The Jacobian varieties furnish concrete examples of abelian varieties 
of a given dimension and give a link between abelian varieties and 
curves. 

But the more important link is furnished by the application of 
abelian varieties to the theory of correspondence of curves. In fact, 
there exists an isomorphism between the module of classes of cor- 
respondences between T and I” and the module of homomorphisms of 
J into J’. In the case I' 2I" this isomorphism is one between the 
ring of classes of correspondences on T and the ring of endomorphisms 
of J. Thus the study of endomorphisms of an abelian variety is a 
generalization of the theory of correspondences of a curve. 

The above gives perhaps a broad outline of some results of this 
book in relation to the classical theory. The author has not only 
generalized the classical theory into a more profound new theory, 
with new results, but has presented the results in such a way that the 
development seems most natural. Among other things the book 
gives ample justification of the struggle one has to go through in 
reading the Foundations of the author. 

SHIING-SHEN CHERN 


Lattice theory. By G. Birkhoff. (American Mathematical Society 
Colloquium Publications, vol. 25.) Rev. ed. New York, American 
Mathematical Society, 1949. 14+280 pp. $6.00. 


In the preface to the first edition of Lattice theory, Professor Birk- 
hoff remarked that one of the attractive features in writing such a 
book was "fitting into a single pattern ideas developed independently 
by mathematicians with diverse interests." Thus the first edition 
contained a quite exhaustive account of those topics in mathematics 
which make extensive use of lattice operations. The same philosophy 
prevails in the new edition though it is a complete revision of the 
original. Due to the large number of contributions to the subject in 
the intervening years, the new volume is nearly twice the size of the 
old, and yet many important topics are barely mentioned. 

'The general plan of the book is unchanged. Beginning with par- 
tially ordered sets (Birkhoff now uses the term “partly ordered set,” 
though he was not completely successful in changing every "partially? 
into “partly”), the author treats successively more special systems 
concluding with chapters on lattice-ordered groups and vector lat- 
tices. This method of presentation has the advantage that results for 
particular lattices often follow as natural specializations of results 
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already proved for more general lattices. On the other hand, this 
order is sometimes awkward in that the structure of the more general 
lattices is often characterized in terms of the structure of special 
lattices which are treated later in detail. For example, the most use- 
ful tool for the study of semi-modular lattices is the fact that inde- 
pendent covering elements generate a Boolean algebra. 

There are several additions that should be particularly noted. A 
new chapter on chains and chain conditions contains a detailed ac- 
count of the various forms of the Axiom of Choice with their inter- 
relations and the applications to transfinite induction. A separate 
chapter has been devoted to the rapidly developing subject of semi- 
modular lattices. The inclusion of a proof of Ore’s theorem on direct 
decompositions rectifies a serious omission in the first edition. Finally, 
there are new chapters on lattice ordered groups and semigroups, the 
study of which had just been initiated when the original edition was 
published. 

Another feature which considerably improves the new edition is 
the addition of an extensive collection of exercises. These serve both 
to give the reader a chance to try the various lattice techniques for 
himself and to acquaint himself with further results which, for rea- 
sons of space, could not be given a more formal treatment. 

The new Lattice theory will be invaluable as a reference book for 
workers in the field. The fact that it contains an account of nearly all 
of the work to date in the subject makes it ideal for this purpose. 
The theorems have been carefully formulated, the proofs are concise 
and, for the most part, well presented? Since the author has empha- 
sized the applications of lattice methods to other fields of mathe- 
matics, the book should prove particularly helpful to researchers in 
other fields who are interested in the connection between lattice 
theory and their specialties. On the other hand the book will not 
provide a satisfactory introduction to the subject for the beginner. 
The comprehensive character of the treatment which makes it useful 
to the expert is likely to confuse the beginner. It will also be difficult 
for him to recognize the methods and techniques which are best suited 
to each of the various branches of lattice theory. For example, it 
may not be clear that formal algebraic methods using the basic 
lattice operations are appropriate for the study of distributive and 
modular lattices while more local and structural methods are appro- 
priate for semi-modular and general relatively complemented lat- 
tices. 

The emphasis upon the many points in which lattice theory 
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touches on other mathematical fields tends to obscure the fact that 
there is a considerable body of pure lattice theory which is motivated 
in a natural manner from the postulates, and which has produced 
many results and ‘problems which are fascinating and quite difficult. 
This is in contrast with many of the applications where the lattice 
theory is often quite trivial and the difficulties are those associated 
with the field in which the application is being made. Thus the lat- 
tice theory involved in the study of vector lattices is of a very ele- 
mentary nature, while many of the results are not at all easy. 

As a minor criticism, it appears that several of the “unsolved” 
problems should have been considered more carefully. For example, 
problem 82 asks for a characterization of Boolean algebras which 
are isomorphic with the lattice of all regular open sets of a suitable 
Tispace. But such a Boolean algebra must be complete and any 
complete Boolean algebra is isomorphic with the lattice of regular 
open sets of its associated Boolean space. Also the answer to problem 
93 is trivially in the negative. It should be pointed out in general 
that the problems vary widely both in difficulty and importance. 

Clearly, the new edition is a great improvement over the original, 
and it should be the definitive work in the subject for some time to 
come, particularly, since the rapid growth of the field makes it un- 
likely that another such comprehensive account will be written. 

R. P. DILWORTH 


Calcolo tensoriale e applicazioni. By B. Finzi and M. Pastori. Bologna, 
Zanichelli, 1949. 8-+-427 pp, 2000 Lire. 


Despite the wealth of the literature which concerns itself with 
vector and tensor analysis and allied subjects, the present volume is a 
unique and worthwhile addition to the field. It is a broad survey of 
tensor algebra and tensor calculus, skillfully interwoven with geo- 
metric considerations, followed by applications to the mechanics of 
deformable continua, electromagnetic fields, and the theory of rela- 
tivity. 

The exposition is lucid throughout, proceeding from particular in- 
tuitive ideas to general abstract concepts. The account is replete 
with illustrative examples. The many applications make it of equal 
interest to the mathematician and theoretical physicist. 

As is natural in such a broad, undetailed treatment, little attention 
is given to questions of rigor (as, for example, Duschek-Mayer, 
Lehrbuch der Differentialgeometrie, vol. 2, 1930) and the discussion of 
. many topics appears to be compressed excessively. Even the survey 
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of differential geometry, which comprises four chapters and is an 
excellent introduction to the subject must, of necessity, restrict itself 
to the high points of the field. In the opinion of this reviewer, the 
inclusion in later editions of a chapter on the classical mechanics of 
particles and rigid bodies would be especially desirable. 

Vector fields in euclidean 3-space are treated in the first chapter. 
The concepts of circulation, gradient, curl, flux, divergence are de- 
veloped. Harmonic fields, the integral theorems, Green’s lemmas are 
discussed and the chapter concludes with various formal properties 
of differential operators. 

The second chapter develops tensor algebra in a euclidean space, 
first by the use of cartesian coordinates and then more generally. The 
fundamental tensors are introduced. In the third chapter, linear 
vector functions are considered. The connection with second order 
tensors is exhibited. Special homographies, decomposition, and in- 
variants are discussed. 

The next two chapters concern themselves with tensor fields in 
euclidean and Riemannian n-dimensional spaces, respectively. The 
latter chapter also contains some material about non-Riemannian 
spaces such as the space defined by the Weyl connection. Dif- 
ferentiation of vectors and tensors, the Riemann tensor, Gaussian 
curvature, divergence, gradient, curl are among the topics considered. 

The preceding results are used to develop the differential geometry 
of a surface and of a Riemann space in the sixth and seventh chapters, 
respectively. Aspects of the subject which are treated are the geo- 
metric properties of the first and second fundamental forms, paral- 
lelism, geodesics, curvature, asymptotic lines and lines of curvature, 
congruences. 

The last three chapters deal with various aspects of theoretical 
physics. The statics and dynamics of deformable continua including 
elastic bodies, fluids, plastic continua are developed in Chapter VIII. 
The following chapter contains a discussion of electromagnetic fields 
and includes Maxwell's equations, wave propagation, the Lorentz 
transformation, the energy tensor. An outline of the theory of rela- 
tivity, both restricted and general, is given in the last chapter. 
Among the topics discussed are inertia, gravitation, energy, statics, 
dynamics, cosmology. 

A bibliography and an adequate index are given at the end of the 
book. 


A. D. FIALKOW 
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Cardinal algebras. By A. Tarski. New York, Oxford University Hem 
1949. 12+326 pp. $10.00. 


Professor Tarski's latest book is built around an axiomatic study 
of cardinal numbers (including zero) under finite and countable addi- 
tion. Besides the commutative and associative laws in their general 
(countably infinite) form, these operations satisfy a Refinement 
Postulate (a+b= > c; implies the existence of a; b; such that 
$5a,—a, $.,b.b, and a;--5;—c,), and a Remainder Postulate (if 
812 bid-0s4-D34- + + + 4-5, tany for all finite z, then c exists such that 
a= 3 sb; c). 

A “cardinal algebra” is a system satisfying these postulates. Among 
cardinal algebras, we may include: Boolean o-algebras; the non-nega- 
tive elements of any complete /-group, if + is adjoined; and rela- 
ton numbers under cardinal addition. On the other hand, since 
3| 2-2-2 +++ (countable multiplicands) without dividing any factor, 
cardinal numbers do mot form a cardinal algebra under multiplica- 
tion. The first part of the book is devoted to the formal properties of 
such cardinal algebras. After defining a Sb to mean that a-4-x =b has 
a solution, and n-a as a+ - - - +a (n summands), the following 
typical results are proved: a<b and b Sa imply a=b (Schroeder- 
Bernstein Theorem); if àd-n-cSb--n-c, then a+c Sb-Fe—whence 
n-a=n:b implies a =b; if a, Sby for all s, j of a finite or countable set, 
then c exists such that a; Sc <b; for all $, 7. Again, if aOb exists in the 
sense of lattice theory, then ab exists and a+b = (ab) + (ab); 
under other existential hypotheses, aN ? icebi= Dicw(a(b,) and 
a+Nicads=Nico(@+b,). In fact, since 27i.a;—Sup { 27], 
one can define countable sums in terms of binary sums; but the postu- 
lates in terms of binary sums alone would be more awkward. 

Since the proof of the postulates for addition of cardinal numbers 
does not involve the Axiom of Choice for uncountable sets, deduc- 
tions from the postulates are also independent of this Axiom, pro- 
vided no further appeal to it is made. Hence the book is an important 
axiomatic contribution to the foundations of set theory. 

On the other hand, some readers may find it difficult to accept the 
author's use of *the class of all sets? (p. 215). When it comes to 
“generalized cardinal algebras," in which closure under the opera- 
tions is not assumed, there are further logical difficulties, noted in the 
addenda. 

However, many noteworthy theorems about generalized cardinal 
algebras are proved. Thus every generalized cardinal algebra can be 
extended to a cardinal algebra; again the ideals of any cardinal 
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algebra form, under set-union, a cardinal algebra in which ¢+a=a. 

Another interesting feature of the book is the construction, given a 
cardinal algebra % and a group G of “partial automorphisms” of M, of 
a “refinement algebra,” very similar to a cardinal algebra, in which 
elements of A equivalent under G (directly or by decomposition) are 
identified. In this direction, various abstract analogs of theorems 
relating to the existence of measure, and to the Banach-Tarski para- 
dox, are proved. (Let A consist of Borel sets, and let G be the group 
of isometries of space.) The algebra of cardinal numbers under addi- 
tion is deduced from the algebra of sets by the same construction. 

Another section deals with the relation between “cardinal algebras” 
and other types of algebraic systems—especially semigroups and dis- 
tributive lattices. Finally, an appendix discusses “cardinal products 
of isomorphism types”—that is, with the direct factorization of gen- 
eral algebraic systems with a binary operation and a zero. The results 
here are related to the monograph Direct decompositions of finite 
algebraic systems, by the author and Bjarni Jónsson. 

It seems certain, to the reviewer, that the postulates and ingenious 
deductions of Professor Tarski will permanently enrich modern alge- 
bra—at the same time that they show once more the value of con- 
sidering infinitary operations. On the other hand, it seems less clear 
that the particular combinations of conditions labelled by the author 
“cardinal algebra,” “generalized cardinal algebra,” and “refinement 
algebra” will survive without modification. At all events, the author 
is to be congratulated for penetrating deep into new and heretofore 
uncharted mathematical territory; the book is a “must” for everyone 
seriously interested in modern algebra or set theory. 

GARRETT BIRKHOFF 


Theory of functions. By J. F. Ritt. Rev. ed. New York, Kings Crown 
Press, 1947. 10--181 pp. $3.00. 


A student's introduction to the theory of functions has certain 
aspects in common with a youth's emergence into the adult world. 
Here he meets directness and subtlety, power and simplicity, beauty 
and rigor in quantity and proportion not previously experienced. A 
mathematician who undertakes to mediate this introduction by 
means of a book must be in control of these properties. Beyond that 
he needs the tact which prevents him from overwhelming the student 
with needless detail or deluding him with insufficient mathematical 
content. In the book under review these conditions have been met 
with ease. The teacher in search of a textbook will find, agreeably, 
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that each chapter of the book has one theme and may be presented 
in one lecture. 

The book seems to fall into five parts: 

1. Real numbers and real functions occupy nine chapters covering 
51 pages. The real numbers are identified with the non-terminating 
decimals; the arithmetic for terminating decimals being extended to 
them by means of the least upper bound theorem. There follow theo- 
rems on limits and on linear point sets. For real functions there are 
considerations of continuity, uniformity, monotoneity, and the basic 
theorems of the differential and integral calculus. This portion con- 
cludes with a study of the convergence, integrability, and differenti- 
ability of infinite series and the exhibition of an integrable function 
which is discontinuous on a dense set. 

2. Functions of two variables, regions and curves in the plane, and 
curvilinear integrals are discussed in the next 40 pages. An interesting 
feature here is the distinction between the equivalence and inverse 
equivalence of two curves according as one is obtained from the other ` 
by an increasing or decreasing transformation of the parameter 
interval. This is neatly exploited in orientation questions involved in 
curvilinear integrals. In these pages are introduced the complex 
numbers, complex functions and their differentiation, the Cauchy- 
Riemann equations, and the conformal mapping property of analytic 
functions. 

3. The next 26 pages deal with the Cauchy integral theorem and 
formula. This material presents a most serious problem of exposition 
to anyone writing on analytic functions. A treatment of this problem 
on the clean mathematical level set for himself by the author in this 
work would have led to a digression disrupting the pattern of the 
book. It is his choice to give an elegant discussion of the topology of 
the triangle and refer to the literature for the extension to Jordan 
curves. This manner of dealing with the difficulty offers to the lec- 
turer using the text the inviting opportunity to expound his favorite 
proof of the Jordancurve theorem, a matter on which there is a wide 
range of taste. ` 

4. With the machinery developed up to this point the analytic 
product is now obtained in 43 pages covering the series of Taylor and 
Laurent, the fundamental theorem of algebra as a corollary to Liou- 
ville’s theorem, the zeros and poles of analytic functions. There is a 
treatment of the classical elementary functions, periodicity, and infi- 
nite products. 

5. The concluding 25 pages expound such results as the Weier- 
strass factorization theorem, the Mittag-Leffler theorem on mero- 
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morphic functions, the neighborhood preserving property of analytic 
functions as a corollary to Rouché's theorem, the theory of residues. 
The concept of multiple valued function is prepared for by a neat 
discussion of the variation in amplitude of a function along a curve. 
The Riemann surface is mentioned and there is a concluding chapter 
on analytic continuation. 

If we consider a presentation of function theory which is elegant 
without being formidable and simple without being trivial, then we 
have in Professor Ritt's Theory of functions a simple and elegant 
book. 

L. W. COBEN 


NOTES 


The establishment of a new journal, Zeitschrift fuer Angewandte 
Mathematik und Physik, has been announced. It is published at 
Basel, Switzerland by Verlag Birkhauser. 

New York University announces a symposium on the Theory of 
electromagnetic wave propagation, to be held on June 6-8, 1950. 

Cambridge University has announced that the 1949 award of the 
Adams Prize has been shared equally by J. C. Burkill of the Univer- 
sity of Cambridge; Subrahmanyan Chandrasekhar of the University 
of Chicago; W. K. Hayman of University College of the Southwest of 
England, who is this year at Brown University; and J. M. Whittaker 
of Liverpool University. The subject assigned for the 1949 prize was 
` Mathematical Analysis. 

The French Academy of Sciences announces the award of its 
Carriére Prize to Professor M. Gevrey of the University of Dfjon, 
the Thébault prize to Professor Raymond Estéve of the Lycée 
Jacques-Decour and Professor H. Mitault of the Lycée Saint-Louis, 
the Dickson prize to Professor René de Possel of the University of 
Algiers, the Bordin Prize to Professor Charles Ehresmann of the 
University of Strasbourg, the Petit D’Ormoy prize to J. Leray, the 
Saintour prize to Professor S. Carrus of the University of Algiers. 

Professor H. S. M. Coxeter of the University of Toronto has been 
awarded the Tory Medal by the Royal Society of Canada. 

Dr. Ilse L. Novak of Wellesley College has received a Frank B. 
Jewett post-doctoral fellowship. 

Associate Professor Henry Wallman of Massachusetts Institute of 
Technology who is now on leave at Chalmers Institute of Technology 
in Gothenburg, Sweden, has been made a foreign member of the 
Royal Swedish Academy. 

Professor G. T. Whyburn of the University of Virginia has been 
awarded an honorary doctorate of science by Washington and Lee 
University. 

Dr. M. M. Andrew of Massachusetts Institute of Technology has 
accepted a-position with the Applied Mathematics Laboratories of 
the National Bureau of Standards. 

Assistant Professor J. L. Brenner of the University of California 
has been appointed to an assistant professorship at the State College 
of Washington. 

Professor Claude Chevalley of Princeton University has been ap- 
pointed to a professorship at Columbia University. 
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Assistant Professor W. J. R. Crosby of the University of Sas- 
katchewan has been appointed to an assistant professorship at the 
University of Toronto, 

Dr. Werner Fenchel of the Technological University of Denmark 
has been appointed to a visiting professorship at the University of 
Southern California. 

Professor M. G. Gaba of the University of Nebraska has retired 
with the title emeritus. 

Dr. C. C. Hurd of Carbide and Carbon Chemicals Corporation, 
Oak Ridge, Tennessee, has accepted a position as director of the 
Applied Science Department, International Business Machines 
Corporation, New York, New York. 

Mr. J. S. Isenberg of Brown University has accepted a position 
with Bell Aircraft Corporation of Buffalo, New York. 

Dr. Shizuo Kakutani of the Institute for Advanced Study has been , 
appointed to an assistant professorship at Yale University. 

Professor W. R. Longley of Yale University has retired with the 
title emeritus. 

Professor H. W. March of the University of Wisconsin has retired. 

Mr. H. L. Merritt of Johns Hopkins University has accepted a 
position with the Ballistics Research Laboratory, Aberdeen, Mary- 
land. 

Dr. J. H. Mulligan Jr., of Allen B. DuMont Laboratories, Inc., 
has been appointed to an assistant professorship of electrical engi- 
neering at New York University. 

Dr. J. P. Nash of the Kimberly-Clark Corporation has accepted the 
position of research assistant professorship at the University of 
Illinois. 

Miss Ruth E. Porter of Berea College has been appointed to an 
assistant professorship at John Brown University, Siloam Springs, 
Arkansas. 

Assistant Professor R. W. Shephard of New York University has 
accepted a position with the Rand Corporation, Santa Monica, Cali- 
fornia. 

Mr. David Singer of City College, New York, New York, has ac- 
cepted a position as a structural engineer with M. H. Treadwell 
Company, New York, New York. 

Dr. Vivian E. Spencer of the Bureau of Census has accepted the 
position of Chief of the Minerals Section. 

Professor W. D. A. Westfall of the University of Missouri has re- 
tired. ' 

Associate Professor A. J. Zanolar has been appointed to the presi- 
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dency of St. Joseph’s College, Collegeville, Indiana. 

The following promotions are announced: 

H. H. Mostafa, Fouad I University, Guiza, Egypt, to an assistant 
professorship. 

E. G. Begle, Yale University, to an associate professorship. 

F. L. Brown, University of Notre Dame, to an assistant professor- 
ship. 

W. L. Chow, Johns Hopkins University, to a professorship. 

H. F. DeBaggis, University of Notre Dame, to an assistant pro- 
fessorship. : 

Watson Fulks, University of Minnesota, to an assistant professor- 
ship. 

R. E. Gilman, Brown University, to a professorship.- 

E. L. Godfrey, Defiance College, to an associate professorship. 

Harriett Griffin, Brooklyn College, to an associate professorship. 

L. M. Klauber, San Diego Gas and Electric Company, to Chair- 
man of the Board. 

J. P. LaSalle, University of Notre Dame, to an associate professor- 
ship. : 

J. C. R. Li, Oregon State College, to an associate professorship. 

A. T. Lonseth, Oregon State College, to a professorship. 

C. W. Mathews, Washington University, to an assistant pro- 
fessorship. 

W. L. Moore, University of Louisville, to a professorship. 

J. P. Murray, Fairfield University, to an assistant professorship. 

Helen K. Nickerson (Mrs. W. J.), Wheaton College, Norton, 
Massachusetts, to an assistant professorship. 

A. R. Poole, Oregon State College, to an associate professorship. 

E. L. Post, City College, New York, New York, to a professor- 
ship. 

O. W. Rechard, Ohio State University, to an assistant professorship. 

E. H. Rothe, University of Michigan, to an associate professorship. 

Hans Samelson, University of Michigan, to an associate professor- 
ship. 

T. H. Southard, Wayne University, to an associate professorship. 

R. L. Swain, Ohio State University, to an assistant professorship. 

D. F. Votaw, Yale University, to an assistant professorship. 

Margaret F. Willerding, Harris Teachers College, Saint Louis, Mis- 
souri, to an assistant professorship. 

Frances M. Wright, Triple Cities College of Syracuse University, 
to an assistant professorship. 

The following appointments to instructorships are announced: 
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Brown University: Leila R. Raines (Mrs. Herbert Federer); Uni- 
versity of Buffalo: Mr. Benjamin Lapidus; Santa Barbara College, 
University of California: Dr. D. D. Wall; Cooper Union: Mr. P. L. 
Chessin; Harvard University: Mr. S. F. Neustadter; University of 
Michigan: Dr. C. J. Titus; University of Notre Dame: Mr. J. C. 
Smith; Ohio State University: Dr. E. D. Cashwell; University of 
Tennessee: Miss Annette Sinclair; State College of Washington: Mr. 
P. A. Clement; Yale University: Mr. R. R. Bernard, Mr. W. H. Mills. 

Professor Alberto Dias Coimbra of the University of Coimbra, 
Coimbra, Portugal, died November 24, 1949. 

Professor S. E. Brasfield of Rutgers University died October 14, 
1949, at the age of seventy-six years. He had been a member of the 
Society for eighteen years. 

Professor F. F. Decker of Syracuse University died November 28, 


1949, at the age of sixty-nine years. He had been a member of the - 


Society for forty-two years. 

Mr. B. F. Groat died June 15, 1949, at the age of eighty-three years. 
He had been a member of the Society for fifty-one years. 

Professor Emeritus A. C. Lunn of the University of Chicago died 
November 19, 1949, at the age of seventy-two years. He had been a 
member of the Society for forty-six years. 

Professor Emeritus D. A. Rothrock of Indiana University died 
September 2, 1949, at the age of eighty-five years. He had been a 
member of the Society for fifty years. 

Professor Emeritus Lao G. Simons of Hunter College died Novem- 
ber 25, 1949, at the age of seventy-nine years. She had been a member 
of the Society for twenty-seven years. 

Professor Emeritus Virgil Snyder of Cornell University died Janu- 
ary 4, 1950, at the age of eighty-one years. He had been a member- 
of the Society for fifty-four years. 
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AREA AND REPRESENTATION OF SURFACES 
f LAMBERTO CESARI 


What is surface and what is area? This question is not a trivial 
one, because study of the literature reveals that there are several 
relevant concepts of surface and area, just as there are several 
relevant concepts of curve and length (see [1, I.I, II.5, V.4]; numbers 
in square brackets refer to the bibliography at the end of this paper). 
These concepts are not only related to one another, but they are also 
related to the solution of many problems in which they play an 
essential part. My purpose is to discuss the connection of such con- 
cepts with calculus of variations and to show how the slow develop- 
ment of some of them is closely related to advances in calculus of 
variations. 

During the war years I succeeded in developing a complete theory 
for Fréchet surfaces and Lebesgue area, which was related to previous 
work of McShane and Radó. It was with great pleasure that I learned 
after the war that, at the same time and independently, Radó and 
other mathematicians in this country had developed a theory founded 
upon the same fundamental ideas. The results obtained are partly 
overlapping and partly complementary. This allows us to combine 
our results into a single theory. Now this parallel development is not 
due to chance, but rather to an underlying common aim that has 
been a constant guide in our respective efforts: the aim to obtain a 
more general basis for the theory of double integrals in parametric 
form in calculus of variations. Indeed, the theory for such integrals 
has not yet been finally settled, as has been noticed by both Radó 
and Tonelli. - 

The concepts of curve and surface, length and area, were pre- 
sented at other meetings of this society by J. W. T. Youngs [59] 
from a general point of view. Therefore I will limit myself here to 
showing only how much our concepts owe to calculus of variations, 
and then I will discuss the most recent and important results con- 
cerning the problem of area and representation of surfaces. 

A complete list of all papers which are related to this topic would 
be too extensive for the purposes of the present paper. The bibliog- 
raphy at the end is not meant to be complete in any sense. The recent 
book of Radó, Length and area [1], will be used as a general refer- 


An address delivered before the Annual Meeting of the Society in Columbus, 
Ohio, on December 29, 1948, by invitation of the Committee to Select Hour Speakers 
for Summer and Annual Meetings; received by the editors February 21, 1949. 
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ence. Several papers that have been published since that book ap- 
peared are included in the bibliography, provided that they are 
directly related to our main topic. 

The first question which led to the modern theory of calculus of 
variations was the problem of Dirichlet, that is, the problem of de- 
termining a function f(x, y) whose values are given on the boundary 
of a Jordan region A and for which the integral 


MORO 


assumes its minimum value. From the fact that the set of the values 
assumed by such an integral has a finite lower bound, mathematicians 
inferred the existence of the minimum. This became a general 
principle, called the principle of Dirichlet, and it gave rise immedi- 
ately to numerous applications. The most general of these was cer- 
tainly the one made by Riemann, who based his theory of abelian 
functions entirely on this principle. After criticism by Weierstrass 
the principle of Dirichlet was abandoned and the question of de- 
termining a harmonic function that assumed assigned values on the 
boundary of a Jordan region was settled in another way by Neumann, 
Schwarz, and Poincaré. 

The possibility of giving a direct demonstration of the principle 
of Dirichlet was recognized by Arzelà, who was the first to try to 
prove the principle of Dirichlet in connection with concepts of the 
functional analysis of Volterra. Arzelà did not succeed in this, but his 
research, continued by Hilbert, led the latter in 1900 to the first 
proof of the principle. This achievement gave rise to a good deal of 
research between 1900 and 1904. We mention the work of Lebesgue, 
Bolza, Carathéodory, who gave existence theorems for problems of 
calculus of variations under hypotheses which were still rather re- 
strictive. However, the method created by Hilbert did not yield 
further results, so that several authors later turned to other pro- 
cedures for the solution of maximum and minimum problems in 
calculus of variations. Of these authors I would like to mention 
Hadamard and Levi. 

The reason for this fact was realized later when Tonelli observed 
first that the concept of semicontinuity introduced in 1906 by Baire 
in the theory of real functions should be introduced as the funda- 
mental concept. Tonelli noted that the most common functionals of a 
curve in calculus of variations are lower or upper semicontinuous. In 
particular the “length” of a curve is the simplest example of a func- 
tional of a curve that is lower semicontinuous. Indeed all the regular 
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positive functionals of a curve are lower semicontinuous. 

Arising from the functional analysis of Vito Volterra and the notion 
of semicontinuity introduced by Tonelli into calculus of variations, 
the direct method of calculus of variations for functionals of a curve 
was developed for the last thirty years and, with Menger, we may say 
that the results obtained are now classical. This work was carried 
on by mathematicians all over the world. I mention only Graves, 
McShane, Reid in the United States and Tonelli, Baiada, Cinquini, 
Mania in Italy. 

A new step is due to Bouligand and Menger. The former observed 
that, upon introducing a suitable metric in the space of curves, each 
integral along a curve, which is positive, regular, and therefore lower 
semicontinuous, can be considered as a “generalized length” for the 
curve. The latter observed that by means of this approach, combined 
with the Weierstrass integral, it is possible to extend the direct 
method to functionals of a curve in any abstract space. With this 
modern extension the ordinary length of a curve becomes only the 
most important “functional of comparison,” but these functionals 
are always lower semicontinuous. 

I would like to mention, however, that the concept of lower semi- 
continuity, which also had a fundamental role in Marston Morse's 
topological theory of calculus of variations, has been replaced in his 
more recent work by the concept of upper reducibility. Also in this 
connection operational concepts and metrization seem to have in- 
creasingly wide application. 

Let us now turn our attention from curves to surfaces, from line 
integrals to surface integrals, from length to area. 

Of all definitions of surface area which were known at the beginning 
of this century there was only one which, was completely general 
and which satisfied the principle of lower semicontinuity: the one 
proposed by Lebesgue in his memoire in 1900 [33]. Geócze worked 
a long time on this definition during the period from 1905 to 1916. 
Tonelli [53] used it in 1915 for a demonstration of the minimum 
property of the sphere known as the isoperimetric inequality. This 
inequality was proved recently by Radó [44] for general closed con- 
tinuous surfaces. As proved by Radó, the fundamental isoperimetric 
inequality states that 


VS) < L'(5)/(362), 
where L(S) is the Lebesgue area of the closed surface S and V(S) 


is the volume enclosed by S according to the following definition. Let 
i(x, y, 8) be the “topological index" of the point (x, y, z) with respect 
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to S, where £(x, y, z) «0 for-points on S. Then V(S) is defined as the 
integral of | (x, y, 8) | . Just as the Lebesgue area L(S) is a lower semi- 
continuous area, so also is the volume V(S) considered by Radé 
a lower semicontinuous volume. 

Of course, if the surface S is an ordinary surface or, at least, admits 
of a lipschitzian representation, then all definitions of area and of 
volume agree and the above inequality is to be expected. But with 
the concept of Lebesgue area and the preceding definition of volume, 
this inequality is completely general and holds for general surfaces 
even in cases in which not all definitions of area and volume agree. 

Let us recall the main concepts of the theory of curves 


C: x= x(t), y= (8), s = z(t), asitsd. 


A curve C has finite length /(C) if and only if the functions that 
represent it are of bounded variations; the length of a curve is always 
greater than or equal to the value of the classical integral: 


b 
UC) z f ce yt noa 


the length of a curve is equal to the classical integral if and only if 
the functions that represent the curve are absolutely continuous. 

These three fundamental facts have been extended by Tonelli 
[54] to the Lebesgue area of nonparametric surfaces 


z = f(x, y), (x, y) Sud 


Tonelli introduced appropriate definitions for bounded variation and 
absolute continuity of the function f(x, y). The main results are the 
following: the surface S has finite Lebesgue area if and only if the 
function f(x, y) is of bounded variation; the Lebesgue area L(S) of S 
is always greater than or equal to the value of the classical integral: 


1) & ff ac sers PO, q=; 


the Lebesgue area of the surface S is equal to the classical integral if 
and only if the function f(x, y) is absolutely continuous [54]. 

It is also remarkable that these concepts of bounded variation 
and absolute continuity introduced by Tonelli for the problem of 
Lebesgue area for nonparametric surfaces S have had, from 1926 to 
the present, extensive and varied applications in the theory of dif- 
ferential equations, in potential theory, and in the theory of double 
and multiple Fourier series. But one of the main applications is cer- 
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tainly that in calculus of variations to double integrals over a non- 
parametric surface S [56]: 


t= f f Se, y, s b, Qdxdy. 


A complete theory based on the concept of semicontinuity has been 
created since 1929 by Tonelli, Cimmino, Cinquini, Scorza in Italy 
and by Graves, Bliss, McShane, Morse, Reid in the United States. In 
this theory the problem of Dirichlet and also the more difficult 
problem of Plateau were settled by Courant, Douglas, McShane, 
Morse, Radó, and Tonelli [55]. At the same time some more gen- 
eral variational problems for surfaces in parametric form 


S: x= x(u, 1), y = y(u, v), z = z(u, 0), (#, 0) C A, 


were studied by McShane [34, 35, 36, 37] and Radó [45]. 

From the above discussion of applications in calculus of variations 
it appears advisable to choose for general surfaces a concept of area 
which satisfies the fundamental principle of semicontinuity, namely 
the Lebesgue concept of area, which was so useful for nonparametric 
surfaces. 

Naturally for applications in which the principle of semicontinuity 
is not so important, and even for calculus of variations if we do not 
base it on the concept of semicontinuity, other definitions of area 
can also be considered. In this connection I mention the definitions 
of Minkowski and Carathéodory. Carathéodory introduced a general 
and convenient concept of linear measure or length, and of superficial 
measure or area, of any point set in space. A complete theory for 
rectifiable sets is due to A. S. Besicovitch. This theory was extended 
by A. P. Morse and J. F. Randolph by use of a more general concept 
of Carathéodory measure; it was further extended to point sets of 
finite area by Besicovitch, Busemann, Federer, and other authors. 
This theory has been very carefully worked out and is related to 
recent trends in the theory of integration. Another definition of area 
is due to Banach [4] and Vitali [57]; the theory for this area was 
carried out by Banach and Schauder. 

Of course all definitions of area coincide in ordinary cases, and 
they also coincide when the surface has a lipschitzian representation ; 
in the general case they no longer coincide. 

Today we have various definitions of area which satisfy the prin- 
ciple of semicontinuity, but in all such cases it follows from the 
research of Radó and myself that they coincide with the Lebesgue 
area. First of all let us mention the so-called Geócze area G(.S) in the 
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sense used by McShane [34] and Morrey [41], which is introduced 
by means of the topological index of a point with respect to a closed 
plane curve. I have shown [16] that the lower semicontinuous 
Geicze area G(S) coincides with the Lebesgue area L(S). Radó 
[1, V.1] has introduced a “lower area” that is also lower semicontinu- 
ous. I have completed Radó's proof that it coincides with the 
Lebesgue area [1, V, 4.8]. Quite recently Radó modified previous 
definitions of Cauchy and Favard in order to obtain two new defini- 
tions of area satisfying the principle of semicontinuity. Jointly with 
Helsel [46] and Mickle [47], he has shown that these two concepts 
of area also coincide with the Lebesgue area. 

In 1928, in his communication at the International Mathematics 
Meeting of Bologna, Radó [48] had already stated the conjecture 
that each lower semicontinuous functional over a surface which 
coincides with the elementary area for polyhedral surfaces must 
coincide with the Lebesgue area for any surface, at least under very 
weak and natural conditions. From this point of view, which we 
shall call the tendency for an axiomatic definition of area, contribu- 
tions have been made by Kempisty, Fréchet, Scorza, Zwirner, 
Stampacchia. 

On the same occasion Radó [48] also observed that it would be 
desirable to define axiomatically the area a(S) of the surface S by 
means of a Dedekind cut in the field of real numbers. Indeed, if we 
require a(S) to be a lower semicontinuous functional coinciding 
with the elementary area upon polyhedral surfaces, then it is easy to 
prove that a(S) &L(S). Therefore L(S) is an upper bound for the 
area a(S). If we require a(S) to be greater than or equal to the value 
of the Geócze area G(S), which is intuitively the smallest possible 
interior area, then a(S) also has a lower bound 


G(S) S a(S) s L(S). 


Radó's conjecture that G(S) =Z(S) has now been proved by myself 
[16], and therefore the Lebesgue area is, in this sense, determined by 
an intuitively motivated Dedekind cut. 

The notion of surface S that we use is not the set of points covered 
by it, but comes from the consideration of all possible *transforma- 
tions” or “representations” 


(1) T: x= x(u, 0), y= y(u, 0), z= s(u, 2), (4,0) CA, 


that are equivalent in the Fréchet sense. Each of these equivalent 
transformations gives a representation of the surface S. It is well 
known that the Lebesgue area L(S) does not depend upon the repre- 
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sentation, but is a property of the surface itself. If we require the 
notion of Fréchet equivalence to conserve the orientation of the 
boundary A* of the Jordan domain A, as McShane did [34], then we 
speak of “oriented Fréchet surfaces”; otherwise, simply of “Fréchet 
surfaces” or “surfaces.” 

Important research in set topology, related to this concept of a 
surface, was carried out by Kerékjárto, R. L. Moore, Whyburn, 
Wiener, and Wilder. Of this research J point out the theory of upper 
semicontinuous collections and the theory of cyclic elements; these 
led to the topological notions of the cactoid of R. L. Moore and of 
the hemicactoid of Morrey. A complete revision of the applications 
of this theory to surface area theory has been made by Radó and his 
school, so that we now have a very simple and clear theory of the 
topology of Fréchet surfaces [1, II]. Each transformation T is the 
product of a monotone transformation M and of a light transforma- 
tion L: T=LM. This is a monotone-light factorization of the trans- 
formation T. M maps A onto a Peano space M that is called the 
“middle space”; L maps Dt onto S. For two different representations 
Tı and T; of the same surface S, we have 


Ti = LM, T: = LM; 


that is, we have different monotone factors but the same light factor 
L. The middle space is the cactoid or hemicactoid of the previous 
theory. Youngs has succeeded in giving a complete intrinsic topo- 
logical characterization of the notion of Fréchet equivalence. These 
results of Youngs are now in the process of publication [62]. . 

If we divide A into a finite number of Jordan domains 41, 45, - - - , 


A, by curves Yı, ys °° * , Ym and let Si, Ss, © © * , Sa be the continu- 
ous surfaces defined by (1) upon A41, As, - - - , Áa respectively, then 
we have 


L(S)z » L(S;). 


It is of the greatest importance to have conditions sufficient for 
equality to hold in this relation. Theorems of this type, or addi- 
tivity theorems, have been proved and applied by Radó [1] and Youngs. 
59 |. 

l ^ 1924, in order to extend to surfaces the theory of Jordan and 
Tonelli for length of curves, Banach [4] and Vitali [57] gave, inde- 
pendently of each other, a theory for the area of surfaces in para- 
metric form: ' 
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(2) S: x= x(u, o), y= y(u, 0), s= z(u, 0), (u,v) EA, 


They were the first to observe that properties of a surface, for instance 
that of having finite area, depend upon properties, not of the single 
functions x, y, z of the representation, but of pairs of these functions: 


$9 = (te, 0), | fs 8605 9), 2 (8 x(u, 2), 
= t -6 s 7 E (uo), 7 b = y(u, v); 


that is, they depend upon properties of the three “flat surfaces” or 
the plane transformations which are the three projections of the 
surface upon the three coordinate planes. From this point of view 
the results obtained by Banach and Vitali constitute a formal ex- 
tension of the theory of arc length, in the sense of Jordan and Tonelli, 
to general continuous surfaces given in parametric form. However, 
they made use of a concept of surface area which differs from Le- 
besgue area and lacks the property of lower semicontinuity. 

In quite different ways, and independently, Radó [1, IV.4, IV.5] 
and I [8, 12, 14] introduced concepts of plane transformations of 
bounded variation. These concepts, however, are completely equiva- 
lent, as Radó [50] has shown. 

Furthermore, during the war I [8] proved the following 


THEOREM 1. The Lebesgue area of a general surface S ts fintie if and 
only if the three plane transformations Tı, Ta, Ts, which are obtained 
by projecting the surface upon the three coordinate planes, are all of 
bounded variation. 


This result can also be expressed by saying that the Lebesgue area 
of the surface S is finite if and only if these three projections Ti, Ta, Ts, 
considered as flat surfaces, all have finite Lebesgue area. 

One result in Radó's theory, as well as in mine, is that each con- 
tinuous surface of finite Lebesgue area has generalized Jacobians 
Ji(u, v), Ja(u, v), Js(u, v) almost everywhere in A. For such surfaces 
these generalized Jacobians are L-integrable functions in A, generalize 
the ordinary Jacobians 


a(y, 2) a(z, x) alx, y) 
? H 
(u, v) a(s, v) ó(u, v) 
formed with ordinary first partial derivatives, and coincide with 
them provided the ordinary Jacobians exist almost everywhere. 


Radó, Reichelderfer, and I, at the same time and independently, 
have each proved the following 


THEOREM 2. If the surface S has finite Lebesgue area, then the plane 
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transformaitons T3, T3, Ts are of bounded variation and have generalized 
Jacobians Ji(u, v), J(u, v), Jalu, v) a.e. in A; furthermore the Lebesgue 
area ts greater than or equal to the classical integral 


us) & f fo» +) + JA, 9) + Ju, 9) duds. 


This result is also in agreement with the classical theory of Banach 
concerning functions of a set. 

In completely different ways Radó and I have each introduced con- 
cepts of absolutely continuous plane transformations. These concepts 
are also equivalent, as Radó [50] has shown. Radó and I have each 
proved the following 


THEOREM 3. The Lebesgue area ts equal to the classical integral if 
and only if the three plane transformations Tı, Ta, Ts, projecttons of 
the surface upon the coordinate planes, are absolutely continuous. 


I [11, 25] have also proved several tangential properties for the 
most general surfaces of finite Lebesgue area. 

The classical results of Jordan and Tonelli for curves and the results 
of Tonelli for surfaces in nonparametric form are now completely 
extended by these theorems concerning Lebesgue area to surfaces in 
parametric form. These theorems also establish the fact that the 
concepts of total variation and absolute continuity for plane trans- 
formations which were introduced by Radó, Reichelderfer, and my- 
self are completely adequate. 

It is of interest to note that the concept of plane transformation of 
bounded variation and the concept of absolutely continuous plane 
transformation have been applied to the important problem of the 
transformation of areas or of double integrals by Radó, Reichel- 
derfer, Helsel, and Mickle here in the United States, by myself [24] 
in Italy, obtaining equivalent and very general formulas of trans- 
formation. 

The Kolmogoroff principle has been proved and generalized by 
Mickle and Helsel [32] and has been applied to the stretching process 
for surfaces and in the proofs of additivity theorems. The main 
results that I have mentioned solve the fundamental problems for 
the Lebesgue area of general surfaces. The following is another very 
important problem. 

We know that each continuous rectifiable curve has at least one 
representation for which the length is equal to the classical integral 
and such a representation is obtained in a very simple way by choos- 
ing as parameter the length of the arc from a fixed point to a variable 
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point of the curve. We also know that for non-rectifiable curves the 
problem of a special representation has been solved by Marston 
Morse. 

For surfaces we have the following two problems, which may be 
termed representation problems: 

(i) Given a surface S of finite Lebesgue area, does there exist a 
representation for which the Lebesgue area is given by the classical 
integral calculated with generalized Jacobians? 

(ii) Given a surface S of finite Lebesgue area, does there exist a 
representation for which the functions x, y, z have first partial deriva- 
tives a.e. in A and for which the Lebesgue area is given by the 
classical integral calculated with ordinary Jacobians? 

McShane studied these problems because of important applica- 
tions to the calculus of variations and, in particular, to the Plateau 
problem. McShane [36] showed that such a special representation 
exists for the so-called “saddle surfaces.” More generally, Morrey [43] 
found such a representation for the surfaces that we call “open 
nondegenerate,” that is, according to the nomenclature of Radé, 
those for which the middle space is a 2-cell. For such surfaces Mc- 
Shane and Morrey found a new type of representation, the so-called 
“almost conformal representation.” A representation (1) of a surface 
S is called “almost conformal” if 

(a) the functions x, y, z are absolutely continuous in the sense of 
Tonelli in A; 

(b) the first partial derivatives xy, £v, * - * , z, are L'-integrable 
functions in A; 

(c) we have E=G, F=0, ae. in A, where E=xi+y2+2, G=x2 

TIS, Fo xus Yuet Budo. 
For such representations the Lebesgue area is necessarily equal to the 
classical integral. The theorem of Morrey can now be rephrased as 
follows: Each open nondegenerate surface of finite Lebesgue area 
admits of at least one almost conformal representation upon A for 
which the area is given by the classical integral. 

We know that a Jordan domain can be represented upon a circlein a 
conformal way. We also have the Schwarz theorem: each polyhedral 
surface which is open nondegenerate can berepresented upon a circle 
in a conformal way; that is, it admits of a representation (1) for 
which properties (a) and (b) hold and also for which the relations 
EG, F=0 hold everywhere in A with the exception of a finite set of 
points, the points which correspond to the vertices of the polyhedral 
surface. By an almost conformal representation of any open non- 
degenerate surface we mean one for which the exceptional points 
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form a set of measure zero. The theorem of Morrey thus appears as 
a generalization of Schwarz's theorem. 

The almost conformal representations of an open nondegenerate 
surface of finite Lebesgue area satisfy a minimum principle [15, 17]: 
Among all possible representations of the surface, which are equiva- 
lent in the sense of Fréchet and which satisfy conditions (a) and (b), 
there exist some for which the double integral of the sum of the 
squares of all the first partial derivatives of the functions x, y, 2is a 
minimum: 


Sf (tut yu tga H ty + ye + 5,)dude. 
A 


This minimum is equal to the Lebesgue area of the surface itself. 
The minimal representations are all almost conformal and the al- 
most conformal representations are all minimal [15, 17]. 

This problem is considered here as a problem of calculus of varia- 
tions and is very similar to the problems of Dirichlet and Plateau. 
Indeed, the proofs of McShane and Morrey contain ideas similar to 
that used by Lebesgue, Radó, Courant, Tonelli for such variational 
problems. Using the direct method of calculus of variations, I have 
proved a theorem of the type of Schwarz’s for the representation of 
polyhedral surfaces, and I have also proved the theorem of Morrey 
directly [15]. 

Starting from this result I have, moreover, succeeded in proving 
the following 


THEOREM 4. [23] Each general surface S of finite Lebesgue area ad- 
mits of a representation upon a circle A such that the Lebesgue area ts 
equal to the classtcal integral calculated with generalized Jacobtans 


2, 1/3 


L(S) = f f Git Ja + Js) dude. 
A 


In such a representation the nondegenerate parts of the surface, 
that is, in the nomenclature of Radó, the parts that come from the 
cyclic elements of the middle space, are represented almost con- 
formally. This solves the first representation problem. 

Now by means of an observation that was suggested by a previous 
simpler remark of Youngs, I have proved the following 


THEOREM 5. [29] Each general surface S of fintie Lebesgue area 
admits of a representation upon a circle A such that 
(a*) The functions x, y, s have ordinary first partial derivatives a.e. 
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in A; 

(b) the first partial derivatives xx, Xo, - * © , Zy are L*-tntegrable func- 
tions in A; 

(c) we have E=G, F=0 ae. in A, where E=xi+yitd, Gox, 
yis, Fmxves-d Yuyo t Sete 

(d) the Lebesgue area ts given by the classical integral calculated with 
ordinary Jacobians: 


2 ay 1/2 
ra- (eS eT amy" 
O(u, v) (u, v) (u, v) 

This theorem solves the second representation problem. Here we 
have replaced the condition (a) of the theorem of Morrey by 
the weaker condition (a*). This fact is related to a remark of 
Mickle [40]: there exists a surface S of finite Lebesgue area which 
admits of no representation satisfying the strong condition (a). In 
this new weaker sense the above theorem can be expressed by saying 
that each continuous general surface of finite Lebesgue area admits 
of an almost conformal representation. 

These concepts and results are already being applied to the notion 


of integral upon surfaces in parametric form. I recall here that the 
notion of integral upon a surface 
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as a Lebesgue integral was studied in 1932 by McShane [34, 35, 37] 
for surfaces S that are given by representations satisfying conditions 
(a) and (b). More generally Radó [45] studied the same concept in 
1944 under the weaker hypotheses that the functions x, y, z have 
first partial derivatives a.e. in A and that the Lebesgue area is finite 
and given by the classical integral with ordinary Jacobians. 
Recently, in 1946, I [21] introduced the notion of integrals Ig as a 
Weierstrass integral for any continuous surface of finite Lebesgue 
area given by any continuous representation. I proved that the 
Weierstrass integral Ig is equal to the Lebesgue integral for each 
representation for which the Lebesgue area is given by the classical 
integral and, finally, that the necessary conditions [26] and the 
sufficient [27] conditions determined by McShane and Radó for 
semicontinuity hold for the class of the most general continuous 
surfaces. From the above solution of the second representation 
problem we know now that there always exists at least one representa- 
tion of the surface S for which the Weierstrass integral Is can be 
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calculated as a Lebesgue integral with ordinary Jacobians, that is, 
as one of the integrals studied by Radó [45]. 

With all this research in which the efforts of so many mathema- 
ticians have been concentrated, perhaps the way is now open for 
further applications in analysis. 
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NORMED LINEAR SPACES OF CONTINUOUS FUNCTIONS 
S. B. MYERS 


1. Introduction. In addition to its well known role in analysis, 
based on measure theory and integration, the study of the Banach 
space B(X) of real bounded continuous functions on a topological 
space X seems to be motivated by two major objectives. 

The first of these is the general question as to relations between the 
topological properties of X and the properties (algebraic, topological, 
metric) of B(X) and its linear subspaces. The impetus to the study 
of this question has been given by various results which show that, 
under certain natural restrictions on X, the topological structure of 
X is completely determined by the structure of B(X) [3; 16; 7],! and 
even by the structure of a certain type of subspace of B(X) [14]. 
Beyond these foundational theorems, the results are as yet meager 
and exploratory. It would be exciting (but surprising) if some natural 
metric property of B(X) were to lead to the unearthing of a new 
topological concept or theorem about X. 

The second goal is to obtain information about the structure and 
classification of real Banach spaces. The hope in this direction is 
based on the fact that every Banach space is (equivalent to) a linear 
subspace of B(X) [1] for some compact (that is, bicompact Haus- 
dorff) X. Properties have been found which characterize the spaces 
B(X) among all Banach spaces [6; 2; 14], and more generally, prop- 
erties which characterize those Banach spaces which determine the 
topological structure of some compact or completely regular X 
[14; 15]. These properties are defined in terms of concepts which 
are meaningful in all Banach spaces; in particular, no lattice [10] or 
ring [8; 9; 11] structure is presupposed. 

I propose here to outline and supplement some recent results along 
the above two lines, using methods developed in [14]. In one or two 
instances details of proofs are given; these are brief and have not 
previously appeared in print. 


2. The mapping C(X). Let X be a completely regular topological 
space. The set of all real-valued, bounded continuous functions on 
X, with the usual laws of addition and multiplication by real num- 

An address delivered before the Chicago Meeting of the Society, February 26, 
1949, by invitation of the Committee to Select Hour Speakers for Western Sectional 
Meetings; received by the editors April 23, 1949. 

1 Numbers in brackets refer to the bibliography at the end of the paper. 
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bers, is made into a Banach space B(X) over the reals by defining 
|o|| =supsex |b(x)|. Let B be a closed linear subspace of B(X). 
Consider the following possibilities: 

(I) B is separating over X; that is, given xi xsC X, xı% there 
exists a bC B such that b(x1) zeb(xs). 

(II) Given x€X, and a closed set X41 C X not containing x, there 
exists a finite set bı, - - - , b,C B and a 6>0, such that, for each 
xi€ Xy | bi(x) — bi) | Z8 for at least one value of 4. 

(III) B is completely regular over X; that is, given x € X and a closed 
set Y CX not containing x, there exists a 5C B such that b(x) =||d]|, 
supscr| b(y)| « ||p]. 

. It is easy to see that (III) 5(II)-59(D). If X is compact, (I) = (II). 

Now let By be the conjugate space to B, provided with the weak-* 
topology, let Ejy be its compact [1; 4] solid unit sphere. For each 
x CX, let x* be the point in Ey defined by x*(b) =b(x) for all b B. 
The mapping C of X into Ej defined by C(x) —x* for all x€CX is 
always continuous, C(X) is a total subset of By, and for each b B, 
ilal] =supreax) | f). C is one-to-one if and only if B satisfies (I). 
It is a homeomorphism if and only if B satisfies (II). 

Given any Banach space B, there always exists a compact X such 
that B is equivalent to a closed linear subspace of B(X) satisfying 
(II); for example, X can be taken as Ey in By. However, the class 
of Banach spaces satisfying (III) with some completely regular X is, 
as we shall see, a proper subclass of all Banach spaces, and itself 
contains as a proper subclass the class of Banach spaces satisfying 
(III) with some compact X. We shall characterize both of these classes. 
Also, we shall see that a given Banach space B satisfies (III) with at 
most one compact X. 


3. Spaces completely regular over X [14; 15] Let B be an 
arbitrary Banach space. Each b CB is contained in a 7-set—that is, 
a subset of B maximal with respect to the property that for each of 
its finite subsets (b, - - +, bn), || Zell = 2-||b.|]. The intersections of 
T-sets with S, the surface of the unit sphere in B, are the maximal 
convex subsets of S used by Eilenberg [7]. For each T-set T we define 
a functional Fr by the formula Fz(b) =infer(|b-+4| — ||]. Each 
Fr is continuous over B and is convex, and |Fz(b)| &||b|], with 
Fr(t)=]ļil| for 4€ T. Fr is linear over B if and only if Fr(b)= 
— Fa( —b) for all 5B. Also, Fr is linear if and only if there exists 
a unique f C Sy such that f(t) =||¢|| for all; € T, and in this case f= Fr 
over B; this follows from a theorem on unique norm-preserving ex- 
tensions of a linear functional, which is stated and proved in $8. Thus 
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if Fr is linear, given any point fC Ey different from Fr there is a bC B 
such that the continuous acioni over By defined by b according 
to b(F)=F(b) for all FC Bf, has the properties b(Fr)=|ld||, 5(f) 
« |[b|| ; further, 5(f) = — [|b]| only if f= — Fr. If all the functionals Fr 
are linear, they form a total subset M of BẸ, contained in SẸ, such 
that for each bc: B, ||b|| =supyea |/(b)| ; B is equivalent to a closed 
linear subspace of B( M). If furthermore M is the union of two dis- 
joint closed antipodal subsets 2 and —Q, then B is equivalent to a 
closed linear subspace of B(Q) completely regular over Q. If M is 
closed in Ey, Q is compact. 

Conversely, let X be a compact space, and let B be a closed linear 
subspace of B(X). For each 7-set T in B there is an x € X such that 
either T= (b&B|b(x) =||d||} or T= (b&B|b(x) = —||»]|]- Now as- 
sume B is completely regular over X; then the x of the previous state- 
ment is unique, and also every set of the form {bEB] d(x) =||9|| } or 
{bE B|b(x) = “lel } is a T-set. We denote the 7-sets corresponding 
to x by 7; and —T;. A fundamental fact is that for every bC B and 
xcx, 


B(x) = inf (ljo -+ al] — llel) = Fr. (D. 
IET, 


It follows that each Fr is linear. The set of linear functionals Fr, 
considered as points in Sy, is the union of two disjoint closed antip- 
odal subsets, one of which is C(X) and the other —C(X). 

Thus we have the following set of necessary and sufficient condi- 
tions that there exists a compact X such that a given Banach space B 
is equivalent to a linear subspace of B(X) completely regular over X: 

(1) All the functionals F7 are linear. 
(Aj) (2) They form a closed subset M of Ef. 
(3) M is the union of 2 disjoint antipodal closed subsets Q and 
—Q. 

Next, to study the case of a non-compact X, it is natural to 
attempt to compactify X so as to reduce the problem to the com- 
pact case. Let B be a closed linear subspace of B(X) satisfying (II). 
We define a compacttfication of X with respect to B to bea compact space 
X in which X is dense and such that all the functions in B are ex- 
tendable so as to be continuous over X and form a set which is 
separating over X. Then there is a unique compactification of X 
with respect to B; it is simply the closure of C(X) in Ey. Unfor- 
tunately, if B is completely regular over X, it will not in general be 
completely regular over X (see $5 for an example), so that we can- 
not completely reduce the problem to the compact case. Of course, if 
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B is the whole of B(X), X is the Tychonoff-Cech-Stone [17; 5; 16] 
compactification of X and B is c.r. over X. 

Let B be a closed linear subspace of B(X) completely regular over 
X. The sets T,— (bc B|b(x) = fail} and the sets — T, are still T-sets, 
but there may be "free" T-sets not of such form. However, consider- 
2x B as a subspace of B(X), each T-set is of the form 

Tzor — T; for some £C X. For each x€ X, b(x) can be evaluated by 
uber qIb--4| —][4|), so that the functionals Fr, and — Fr, are 
linear. The set M C. Siy of all those functionals Fr which are linear is 
not in general closed in Ej; but it is the union of two disjoint closed 
antipodal subsets Q and —Q, which respectively contain as dense 
subsets C(X) and — C(X). Q is homeomorphic to a dense subset of 
X, which is the whole of X if B is completely regular over X. 

Conversely, let B be any Banach space. If the set MCS% of those 
functionals Fr which are linear is large enough to have the property 
that, for each bE B, ||b|| -sup;ex |f(5) |, and if M is the union of two, 
disjoint closed antipodal subsets Q and —Q, then B is equivalent to 
a closed linear subspace of B(Q) completely regular over Q. 

Thus a given Banach space B is equivalent for some completely 
regular X to a closed linear subspace of B(X) completely regular 
over X if and only if the set MCS} of those functionals Fr which 
are linear satisfies the following conditions: 

(1) for each 6B, |[P]] =supyear |/(5)] . 
(A) (2) M is the union of two disjoint antipodal closed (in M) 
subsets. 


4. The whole space B(X). Necessary and sufficient conditions 
that B be equivalent to the whole of B(X) for some compact X can 
also be phrased in terms of the functionals Fr [14]. They are as 
follows. 

(1) All Fr are linear. 
(2) There exists a unit element eC D; that is, an element e of 
(A3) norm 1 such that | Fr(e)| =1 for all Fr. 
(3) For each &€ B, there exists a 5C B such that Fr(ba) 
=|Fr(b:)| for all Fr for which Fz(e) =1. 

The sufficiency of these conditions is based on Kakutani’s [10] 
analogue for Banach lattices of the Stone-Weierstrass approxima- 
tion theorem [16]; namely, if a closed linear sublattice of the lattice 
M(X) of all continuous functions on a compact X contains the 
constant functions and is separating over X, then it is the whole of 
M(X). Here the set of Fr such that Fr(e)=1, with the weak-* 
topology, serves as X. 
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Condition (1) can be replaced by 

(1)’ The linear extension of each T-set in B is the whole of B. 
Condition (1)’ is stronger than (1) for the general Banach space B. 
In fact, (1)’ does not usually hold even if B is equivalent to a sub- 
space of B(X) completely regular over X, although, as we have seen, 
(1) does hold. 

Condition (2) can be replaced by 

2)’ There exists an eCB such that for each GB either ||b+ell 
-folto le el = la] +4. 

Condition (3) can be replaced by 

(3)’ For each bı, 6:€B there exists a 6;€B such that Fr(d,) 
= Fr(b) - Fr(b:) for all Fr such that Fr(e) =1. 

Obviously (3)' enables us to use the Stone-Weierstrass approxima- 
tion theorem. 

Clarkson's solution [6] of the problem of characterizing B(X) con- 
sists essentially of condition (2)’, together with the demand that the 
half cone in B with vertex e and directrix £ has the property that 
the intersection of any two of its translates is itself a translate. This 
latter condition is sufficient to define a lattice structure on B and to 
show that it is an (M)-space in the sense of Kakutani. 

The solutions given by Arens and Kelley [2] to the same problem 
do not appeal directly to any lattice theorem to guarantee that B is 
the whole of B( X). One of their sets of conditions consists essentially 
of (1)' and (2)’ plus a condition which insures that there exists a 
bEB which “separates” any given pair of disjoint closed sets in X; 
this turns out to guarantee that B is the whole of B(X). Their other 
set of conditions is stated in terms of geometrical properties of Ey, 
and involves a proof that the set C(X) in E(X) is simply the set 
of extreme points in E(X) (see also [13]) 


5. Examples. Here are a few examples to show the various possi- 
bilities when B is completely regular over a non-compact X, and the 
more elegant results when B is completely regular over a compact X. 

Let X be the open interval T/4«x«3*-/4 of the x-axis, and let 
B be the two-dimensional Banach space consisting of all the func- 
tions b(x) =c sin x-+d sin 2x as c, d range over the reals, with norm 
defined as sup.ecx |b(x)]. The compactification of X with respect 
to B is the closed interval X—[r/Azxz3«/4]. B is completely 
regular over X, but not over X; for every bCB such that b(x/4) 
zl has the property (37/4) = — [lol]. The sets {bEB|b(r/4) 
=||èl} and {bEB]|b(r/4) = aie are T-sets, but the corresponding 
functionals F are not linear. The set M of those functionals Fy which 
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are linear forms a subset of SẸ consisting of two disjoint homeo- 
morphic images of X whose weak-* closures are disjoint sets in Sf 
homeomorphic to X. 

Now let X be the interval 2*—1<xS1, and let B be the set of func- 
tions b(x) = cx*--dx with||d||=supsex|b(x) |. Here ¥=[2"?—-1 €x x 1]. 
5(212—1) =|[d]| if and only if d= —2c(2/?—1), c«0, in which case 
b(1) = —||d||. B is completely regular over X but not over X. How- 
ever, whenever d< —2c(2!1—1) and c«0, we have b(1) = —||b]| and 
—||e|| «b(2:1—1) «||b||. Hence (5€B|b(2:1—1) -||b||]] is not a 
T-set, and the functionals Fz are all linear; as in the previous ex- 
ample they form a subset M of Sẹ consisting of two disjoint homeo- 
morphs of X, whose weak closures are disjoint sets in Sf homeo- 
morphic to X. 

If X= [0 «x «1], let B be the set of all continuous functions on X 
such that lim,..5 b(x) =lim,.1 b(X) =0. Here X is homeomorphic to a 
circle. B is completely regular over X, but not over X. The func- 
tionals Fr are all linear and form a subset of SẸ whose closure in 

$ is obtained by adjoining the origin in By. 

The set of functions ax?+bx+c is completely regular over X 
— [0 «x «1], and also over X= [0x51]. The functionals Fr are 
all linear, and form a subset of SẸ closed in E} consisting of two dis- 
joint subsets each homeomorphic to X. 


6. Some classes of Banach spaces. Let 

B =class of all Banach spaces, 

fi1- class of Banach spaces satisfying (I) with some compact X, 

£3 class of Banach spaces satisfying (A), 

fs class of Banach spaces satisfying (A1), 

47 class of Banach spaces satisfying (As). 
Then we have seen that 8-010308; 84. These are all proper in- 
clusions. 

Another class is that of all Banach spaces which have the property 
that all Fr are linear. This class properly contains fs. In addition, it 
contains all euclidean spaces and all Hilbert (inner product) spaces. 
The latter spaces are strictly convex, and for strictly convex spaces 
it can be shown that the linearity of all Fr is equivalent to the 
existence of a Gateaux differential for the norm at every point of the 
space. 


7. The uniqueness theorem and relations between X and B( X). 
If B is completely regular over a compact X, we have seen that the set 
MCS% of functionals Fr is the union of two disjoint closed antipodal 


M 
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subsets each homeomorphic to X. If there exist two different de- 
compositions of M into a pair of disjoint closed antipodal subsets, 
say 2, —Q and Q’, —Q/', itis easy to show that Q and Q’ are homeo- 
morphic. Hence a given Banach space can be completely regular 
over at most one compact space X [14]. We say that B determines the 
topology of X. As a special case, if B — B(X1) - B(X1) for compact 
Xi, Xs then X; is homeomorphic to X; (Banach-Stone theorem) 
[3; 16]; “compact” can be replaced by “completely regular and 1st 
countable? [7]. 

Thus the problem naturally arises of translating properties of X 
into properties of B(X) or of subspaces of B(.X) completely regular 
over X, and conversely. Ín this direction, the following theorems 
can be proved. 

If X is completely regular, B(X) is separable if and only if X is 
compact and metrizable [12]. 

If X is completely regular, B(X) contains a separable linear sub- 
space completely regular over X if and only if X is separable metric 
[15]. 

If X is completely regular, B(X) is reflexive if and only if X con- 
sists of a finite number of points [15]. 

If X is completely regular, B(X) is n-dimensional if and only if X 
consists of n points ( finite). 

X is connected if and only if there does not exist a decomposi- 
tion of B(X) as a direct sum [7]. 

A separable metric space X is finite-dimensional if and only if 
there exists a finite-dimensional closed linear subspace of B(.X) which 
is completely regular over X [15]. If » is the smallest dimension of a 
euclidean space in which X is homeomorphically imbeddable, there 
is a closed linear (»-4-2)-dimensional subspace of B(X) containing 
the constant functions and completely regular over X. 

'This last result indicates that topological properties of a compact 
finite-dimensional metric space should be translatable into purely 
metric properties of a finite-dimensional Banach space. For example, 
let X be a closed subset (not on a circle.or line) of the unit disc in 
the (x, y)-plane. Let Bx be the set of functions b—ai(x!-- y?) -+a 
+a +a on X, with ||b]| -sup.ex |ð]. Then Bx is a closed linear 
4-dimensional subspace of B(X) completely regular over X. As X 
ranges over the subsets of the disc, Bx remains unchanged both 
algebraically and topologically, only its norm varies. 

Another result is the following, 

A compact space X is a Peano space (compact, locally connected, 
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connected metric space) if and only if B(X) is equivalent to a linear 
subspace B of B(I) (I=closed interval) with the property that 
every T-set in B(I) intersects B in a T-set in B. 

This is a consequence of the following theorem. 

If X1 and X; are compact spaces, there exists a continuous map- 
ping of X, onto X; if and only if B(X;) is equivalent to a linear 
subspace B of B(X,) with the property that every T-set in B(X) 
intersects B in a T-set in B. 

We prove this as follows. Let f(X1) — Xs, where f is continuous. 
The mapping F of B(X1) into B(X1) given by bzbsf for all b3C B(X4) 
is an equivalence between B(X;) and a closed linear subspace B of 
B(X,). A T-set in B(Xi) is either of the form (b; C B(X))| (s) 
=||b l|} or (b. B 5] bi(x:) = —||b,]] }. The intersection of such a T- 
set with B is either (bf C B(X1) | baf (21) =||bd| } or (f: B (2) | sf (x) 
= — |[b.|]. These are T-sets in B because they are the images under 
F of the sets [bj BOX) | uG) =|]bul| ] or (8 BOX) | ba) = 
—||dal] } which are 7-sets in B(.X1). Conversely, let F be an equiva- 
lence between B(X2) and a linear subspace B of B(X1) with the prop- 
erty that every T-set in B(X1) intersects B in a T-set in B. The map- 
ping H which takes each T-set in B(X1) into its intersection with B is 
a mapping onto the set of T-sets in B since each T-set in B (by Zorn's 
Lemma) is extendable to one in B(X1). Let e= F(es), where eC B(X4) 
is the function identically 1 over X2. Let Q be the set of functionals 
Fr CB* corresponding to the set K of T-sets in B which contain e, 
and let Q be the set of functionals Fr in B*(X,) corresponding to 
the set of T-sets H-!(K). Then H induces a mapping A&(Q) =Q. If 
T; is a T-set in B(Xi) intersecting B in T, Fr,(b) =F r(6) —||b]| for 
all bET; since Fr, and Fr are both linear functionals over B of norm 
1, they are identical over B. From the definition of the weak-* 
topology, it follows that k is continuous. But Q is homeomorphic to 
Xs, and Q is homeomorphic to X;. Thus 5 induces a continuous 
mapping of X; onto X+ 


8. A theorem on extension of linear functionals. We give now a 
proof of the following result, a special case of which was used in $3. 

Let L be a linear substance of a Banach space B, and let a bea 
linear functional over L of norm A. Then there is a unique norm- 
preserving linear extension f of a over B if and only if the functional 
F(b) =infrer [Al|b--]] -aH ] is linear, in which case f=F over B. 

Pnoor. Over L, a= F. For the expression A||54-i|| —a(/) takes on the 
value a(b) when l= —b, and for a fixed b CL this is its minimum 
value since A||b4-/]| a) 2a(b+1) —a(?) =a(b). 

Now 
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—F(—8) = — inf [4|] -5 + i|] — e] 
IEL 
— inf [4||-5 — i|| + «(2] 
IEL 


sup [—Al|—5 — tl] — a0]. 


I 


Referring to Banach’s proof [2] of the Hahn-Banach theorem, we see 
that if b is outside L every linear extension f of œ of norm A must 
have the property — F(—5) Sf(b) € F(b), and also for each r satis- 
fying — F(—b) £r < F(b) there is a linear extension f of a with norm 
A and with f(b) —r. It follows that if F is linear, f is unique and 
equals F, and conversely if f is unique, f= F. 
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UNIVERSITY OF MICHIGAN 


THE FEBRUARY MEETING IN EAST LANSING 


The four hundred fifty-fourth meeting of the American Mathe- 
matical Society was held at Michigan State College on Friday and 
Saturday, February 24-25, 1950. There was a joint session with the 
Industrial Mathematics Society on Saturday morning. 

The total attendance was about 135, including the following 75 
members of the Society: 

J. H. Bell, Gerald Berman, R. A. Beth, H. L. Black, M. I. Blyth, Richard Brauer, 
R. W. Bryant, R. E. Carr, Joshua Chover, R. V. Churchill, Harvey Cohn, A. H. Cope- 
land, Max Coral, M. L. Curtis, D. A. Darling, Ben Dushnik, Benjamin Epstein,-J. 
S. Frame, Cornelius Groenewoud, V. G. Grove, H. A. Hanson, Frank Harary, 
Gerald Harrison, H. L. Harter, G. E. Hay, Fritz Herzog, T. H. Hildebrandt, J. D. 
Hill, W. E. Jenner, Leo Katz, L. M. Kelly, D. E. Kibbey, W. M. Kincaid, K. J. Klein, 
Leo Lapidus, H. D. Larsen, J. H. Levin, D. J. Lewis, A. J. Lohwater, O. T. Mc- 
Millan, Saunders MacLane, A. M. Mark, Imanuel Marx, D. C. Morrow, A. L. 
Nelson, W. J. Nemerever, E. A. Nordhaus, J. I. Northam, J. D. Novak, R. S. Pate, 
M. H. Payne, Sam Perlis, George Piranian, J. E. Powell, R. P. Reid, R. A. Roberts, 
E. H. Rothe, J. C. Rothe, Hans Samelson, W. C. Sangren, M. F. Smiley, W. F. 
Smith, T. H. Southard, G. L. Spencer, M. D. Springer, R. G. Stanton, B. M. Stewart, 
P. C. Sweetland, R. M. Thrall, Leonard Tornheim, E. F. Trombley, C. P. Wells, 
G. S. Young, J. W. T. Youngs, J. W. Zimmer. 


By invitation of the Committee to Select Hour Speakers for West- 
ern Sectional Meetings, three addresses were delivered on Friday 
afternoon at 2:30 p.m. The speakers were Professor J. S. Frame, 
Michigan State College; Professor Sam Perlis, Purdue University; 
and Professor M. F. Smiley, State University of Iowa. The titles to 
the addresses were, respectively: Induced monomial representations of 
a finite group; The holomorph of an algebra; and Some questions con- 
cerning alternative rings. The presiding officer was Professor Saunders 
MacLane of the University of Chicago, who led the discussion period 
at the completion of each of the half hour addresses. 

Sections for contributed paper were held at 11 A.M. Friday, with 
Professor H. D. Larsen presiding, and at 10:30 a.m. Saturday, with 
Professor T. H. Southard in charge. 

On Friday evening there was a dinner for the Society in the Union 
Building of Michigan State College. Professor T. H. Osgood, of 
Michigan State College, welcomed the Society to the campus and 
Professor H. F. Smiley responded on behalf of the Society. 

Abstracts of all papers presented at the Meeting are given below. 
Papers given by title are indicated by the letter “t.” Mr. Nims was 
introduced by Professor A. W. Jacobson, Dr. Elliott and Mr. John- 
son by Professor Benjamin Epstein. 
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ALGEBRA AND THEORY OF NUMBERS 
218. J. H. Bell: A note on the solution of unilateral matrix equations. 


M. H. Ingraham has given (Bull. Amer. Math. Soc. vol. 47 (1941) pp. 68-70) an 
algorithm for the solution of the unilateral matrix equation when the coefficient 
matrices are square and have elements in a field of characteristic zero. In this note 
it is shown that the algorithm is applicable when the coefficient matrices are m Xn 
matrices and mæn. If mn, the problem reduces to one of solving a unilateral 
matrix equation with square coefficients of order ». In this case a corollary obtained 
by W. E. Roth (Trans. Amer. Math. Soc. vol. 32 (1926) p. 67) is immediately ob- 
tained, If m<n, it is shown that the equation has either no solutions or an infinite 
number of solutions. In particular, it is shown that if t « » and a certain equation, 
with square coefficient matrices of order m, has a solution, then the original equation 
has an infinite number of solutions. (Received January 9, 1950.) 


219;. R. C. Buck: Factoring of homomorphisms. 


Let A, B, and C be algebras having an addition +, and a zero 0, and with B simple. 
Let du, da, © * * , $4 be homomorphisms of A onto B, let y be a homomorphism of A 
into C, let K;mkern (¢,), and K —kern (V). Then, if (1?K, C K, there exist homo- 
morphisms 6; of B into C such thaty= 2 0,44. As an application, the Jacobson den- 
sity theorem for irreducible rings of endomorphisms follows (Trans. Amer. Math. Soc. 
vol. 57 (1945) pp. 228-245). (Received December 8, 1949.) 


220. Harvey Cohn: Periodic algorithm for cubic forms. Preliminary 
report. 


The basis vectors x}, x}, x, are called a reduced basis of a lattice in three-space if 
these vectors together with x= — Jx lie each in one octant of space or its negative 
octant. Then the tetrary cubic form Hi Enx is likewise called reduced. If this form 
is the norm in a cubic module, then there are only a finite number of reduced forms 
under change of basis, and they can be arranged into chains by a suitable definition 
of neighbors. There are three to six neighbors according to which one of 40 sets of 
inequalities prevails. The chains have the structure of a cube (8 forms) for the integers 
of the field with D=49, and are more complicated structures of 16 and 28 forms 
respectively for D=81 and D=148. The abelian or non-abelian character of these 
totally real cubic fields is reflected in symmetries in these chains. (Received January 
6, 1950.) 


221i. D. O. Ellis: Automeirized Boolean algebras. IL. The group of 


motions of B. 


Let B be a Boolean algebra with meet, join, and complement denoted by ab, a+b, 
and a’, respectively. Define distance in B by d(x, y) —xy'--x'y. The paper is concerned 
with the group of motions of B (self-isometries of B) and it is shown that: 1. The 
group of motions of B is a subgroup of the group of complementation-preserving bi- 
uniform mappings of B onto itself and has only the identity in common with the 
group of automorphisms of B. 2. The group of motions of B is isomorphic to the 
additive group of the Boolean ring associated with B (cf. M. H. Stone, Subsumption 
of Boolean algebras under the theory of rings, Proc. Nat. Acad. Sci. U.S.A. vol. 20 (1934) 
pp. 197—202). 'The paper is part of a series of studies the first of which (David Ellis, 
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Autometrised Boolean algebras) is to appear in the Canadian Journal of Mathematics. 
(Received January 9, 1950.) 


222. B. M. Stewart: Class equation for row-equivalent matrices over 
a Galois field. 


This note is concerned with the determination and the development of the prop- 
erties of functions Q(r, x) and P(r, n, x) in terms of which it is possible to write the 
class equation for row-equivalent matrices of order s with elements in a Galois field 
of order x=" as follows: °= > Q(r, x) P(r, n, x), summed from r=0 to rs. 
The function P(n, x)= P(r, n, x), which gives the total number of classes, is studied, 
Some of these functions are related to enumerative functions previously known for 
finite projective geometries, but their independent development from the standpoint 
of matric theory reveals in a natural way some of their recursive properties. For 
example, Q(r, x) and P(r, s, x) are shown to be interesting generalizations of the 
familiar factorial and combinatorial symbols, respectively. (Received January 11, 
1950.) 


ANALYSIS 
223t. Evelyn Frank: Convergence of C-fractions. 


This paper is concerned with parabolic and circular convergence regions of C-frac- 
tions 14-a:271/1-L-a$?3/1-- - - - (cf. Bull. Amer. Math. Soc. Abstract 55-3-142). 
Corresponding value regions are found, as well as the types of functions to which the 
C-fractions converge. Special convergence regions are obtained for special C-fractions. 
(Received January 10, 1950.) 


224t. W. S. Gustin: Asymptotic behavior of mean value functions. 


The mean value M(t) of order t of s positive real numbers x, weighted by s positive 
real numbers a, with ? a, —1 is, except for the three singular values = — œ, 0, + ©, 
given by the formula: M(t)» (> a,x). The exact behavior of M(t) at its three 
singularities is obtained and used to give a simple proof of the result that both M(t) 
and log M(t) as functions of # are convex near t= — œ, and concave near $= -} o 
(see Shniad, Bull. Amer. Math. Soc. vol. 54 (1948) pp. 770-776). (Received January 
27, 1950.) 


225t. Josephine M. Mitchell: A theorem in the geometry of matrices. 


Let Z bea complex mXn matrix, Z' its transposed conjugate, J the identity matrix, 
c(Z) the trace of Z, and dZ its differential. It is known that in the domain defined by 
I~ZZ'>0 the quadratic differential form e[(I — ZZ/)?dZ(I —Z'Z) 44Z)] is invari- 
ant with respect to the conjunctive group of motions of signature (m, n) 
[Hua, Amer. J. Math. vol. 56 (1944)] Using Hua’s techniques we prove that 
e[Q—ZZ^)*4zü -Z'Z)^dZ']- Mia Xr G* log [det (—ZZ?)]71/as,08.) 
: da, d&y, and the latter invariant quadratic form may be compared with a quadratic 
form, obtained by Bergman in the case of two complex variables, which is invariant 
with respect to pseudo-conformal transformations [Bergman, Mémorial des Sciences 
Mathématiques vol. 106 (1947)]. Further it has been shown in the case of 2X2 
matrices that the function a7?*s1(54-1)![det (I—2Z2")] 37^ possesses the character- 
izing properties of the Bergman kernel function with respect to analytic functions 
of 2+n complex variables. (Received January 13, 1950.) 


1950] THE FEBRUARY MEETING IN EAST LANSING 245 


226t. A. E. Ross: Markoff chains associated with transformations of 
the circle and some related stability problems. 


Let yla, £f) be a one-parameter family of transformations of the circle, and let 
y^ (ao, #) be the smallest power (iterate) of V(ao, #) with fixed points. If rı is'a fixed 
point of (as, 2) such that the difference d(ao, t) 2 (ao, #) —t changes sign at fı, then 
y*(æ, t) has fixed points for all values of a in a neighborhood of as. Write Ao for the 
largest such neighborhood of os. If d(ao, 1) 20 (<0) for 1 «n, then we call 7; a stable 
(unstable) equilibrium point. Every closed chain n, - - * , riir, (arii), 1= (arn) | 
of k stable fixed points is separated by a closed chain n*,-- +, n*[r* - V (ar), 
Ti V (ari*)] of unstable fixed points, Assume next that the mechanism which carries 
out the transformation v (ao, #) is not precise, but is subject to small errors A of cer- 
tain probability density p(A) in the interval A' CA <A”. If points r; do not lie too 
close to the points 7,*, then under quite general conditions all but a finite number of 
members of the Markoff chain (1) £o &-—y(a, t)+4o, h-wv(a, h)+Atr, * * ^ are 
trapped in the suitably determined k neighborhoods (r;) of rı This usually occurs 
when a is near the middle of the interval Ao. If, however, every 7, has in its proximity 
a point 7,*, then there occur (intermittent) precessions of the members of the chain 
(1) either in the clockwise or in the counterclockwise direction. The precessions take 
place for the values of the parameter a near the ends of the interval Ap. There exist 
no similar stability properties for the non periodic y(a, #). (Received January 13, 
1950.) 


227. W. C. Sangren: Expanstons over finite intervals when coefficients 
are discontinuous. 


The solution of boundary value problems involving interfaces or surfaces of separa- 
tion of two media calls for expansions of an arbitrary function f(x) which generalize 
the ordinary Sturm-Liouville series. These expansions and necessary conditions im- 
posed upon f(x) are found by using the standard method of the Laplace transform. 
The expansions are also found formally by the classical method of separation of 
variables. The expansions in the case of arbitrary coefficients which are discontinuous 
at the interfaces is shown to be equi-continuous with corresponding expansions where 
the coefficients are step functions. (Received January 9, 1950.) 


228. W. C. Sangren: Expansions over semi-infinite and infinite 
intervals when coeffictents are step functions. 


In the case of boundary value problems involving coefficients which due to inter- 
faces are step functions, it is necessary to have expansions of an arbitrary function 
f(x) which generalize the ordinary Fourier integrals. The expansions and necessary 
conditions imposed upon f(x) are found by using the method of the Laplace trans- 
form. The expansions are also found formally by using a method of separation of 
variables. (Received January 9, 1950.) 


229i. I. E. Segal: Decompositions of operator algebras. I. 


An algebra of operators on a Hilbert space can be decomposed relative to a Boolean 
algebra of invariant subspaces as a kind of direct integral, similar to the decomposi- 
tion as a direct sum of algebras of linear transformations on finite-dimensional spaces, 
This decomposition results from a decomposition formula for the "states" of operator 
algebras. If the Boolean algebra is maximal, and with a certain separability restric- 
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tion, the constituents in the integral are almost everywhere irreducible. It follows 
that in the case of a separable Hilbert space, a weakly closed self-adjoint algebra is 
a direct integral of factors. Any continuous unitary representation of a separable 
locally compact group G is a direct integral of irreducible such representations. If G 
is unimodular, then its two-sided regular representation is the direct integral of ir- 
reducible two-sided representations. Any measure on a compact metric space which 
is invariant under a group of homeomorphisms of the space is a direct integral of 
ergodic measures. Our basic results are closely related to theorems of von Neumann 
and Mautner, but there are important differences in both techniques and results 
which yield considerable simplification and facilitate the study of algebras derived 
from groups. (Received January 26, 1950.) 


230t. J. E. Wilkins: Neumann series of Bessel functions. IT. 


Theorems on representation of a function f(x), defined when 0 €x, by a Neumann 
series of the form 2^a«J, (x), in which ax, f, t71f() Jr emi ())dt, which were 
proved earlier (Trans. Amer. Math. Soc. vol. 64 (1948) pp. 359—385) for a certain class 
of functions f(x), are here extended to the (best possible) class of functions f(x) for 
which all the coefficients Gw, exist. (Received January 11, 1950.) 


APPLIED MATHEMATICS 


. 281i. Nathaniel Coburn: A method for constructing correlation 
tensors in isotropic turbulence. 


In this paper, a tensor method for constructing correlation tensors in isotropic 
turbulence is developed. The method depends upon: (1) a decomposition of the 
turbulence velocity vector, at any point P, along three mutually orthogonal unit 
vector fields (these fields are defined by parallelism); (2) a requirement that the 
correlation tensors be invariant under the orthogonal group acting on vector fields 
perpendicular to the line joining the two points involved in the correlations; (3) a 
decomposition of the metric tensor with respect to the three mutually orthogonal 
vector fields introduced in (1). The method is such that other types of symmetry 
than those encountered in the usual isotropic turbulence can be exploited. As an 
example, the correlations transverse to a specified direction (which can be interpreted 
as the direction of the mean flow) are studied. Here, the previous condition (2) is 
reformulated. It is shown that: (1) a two-dimensional analogue of the continuity 
equation for isotropic turbulence exists; (2) the third order correlation tensor vanishes; 
(3) the equations of motion lead to the non-steady heat equation in four dimensions. 
(Recetved December 7, 1949.) 


232. P. T. Nims: Design criterta for automatic controls. 


The differential equations of a linear automatic controls system may be studied 
by means of the Laplace transformation and useful information about the behavior 
of the control obtained without the necessity for finding the inverse transformation 
or even finding the poles of the transform. Gardiner in Transients in linear systems 
has shown how to compute the final value of the inverse by a limiting process, and if 
this method is combined with the integration operation, we may compute the net 
final area Ais enclosed between a step function disturbance and the response to that 
disturbance. The well known theorem on derivatives of a transform permits calcula- 
tion of the weighted area Au; that is, the integral of ¢ times the difference between the 
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step input and the response. Several examples are given of the use of these expressions 
for areas in the design of automatic control systems. (Received January 13, 1950.) 


GEOMETRY 
233. L. M. Kelly: Distance sets. 


With each subset S of a distance space is associated a set of non-negative real 
numbers 4(.5) called the distance set of S, a number being an element of d(S) if and 
only if it is a distance in S. This mapping induces an inverse mapping d 1(N) where N 
is a set of non-negative numbers including zero. This paper is primarily concerned 
with this inverse mapping. Thus it establishes: (1) every set of non-negative numbers 
and zero is the distance set of some metric space; (2) every countable set of non- 
negative real numbers and zero is the distance set for some subset of Hilbert space; 
(3) every set of n+1 non-negative numbers including zero is a distance set of some 
subset of Ex. On the other hand, it is shown that: (4) there exist sets of non-negative 
real numbers including zero which are not distance sets for any separable metric 
space; (5) there exist countable such sets not “realizable” in any E,; (6) there exist 
sets of n+2 such numbers not realizable as the distance set in E, for all s. The work 
is inspired by, and overlaps to some extent, the study of S. Piccard (Sur les ensembles 
de distances, Mémoirs de l'Université de Neuchatel, 1940). (Received January 13, 
1950.) 


STATISTICS AND PROBABILITY 


234. D. R. Elliot: A location estimator for non-Gaussian disiribu- 
tions. 


An expression has been found for an estimator of the location parameter 
of a non-Gaussian distribution. The estimator g satisfies the conditions (1) 
gU, Xr, X))mg(XiU, Xi-U, + + -, XX44-U) — U and (2) variance of Ema 
minimum, where Xi, Xr, © +, X, are the s sample variates ordered according to 
magnitude and not in general just any arbitrary ordering, and U is a parameter of 
location. Both the median and the mean satisfy equation (1) but not necessarily equa- 
tion (2). g for a Gaussian distribution gives ba, a g for a rectangular distribution 
gives g = (smallest variate +-largest variate)/2; more complicated expressions are ob- 
tained for the Cauchy and single “saw-tooth” distributions. For some distributions 
the use of the above estimator may be considerably more efficient than the average 
of the sample. (Received January 13, 1950.) 


235. L. G. Johnson: The median ranks of sample values in their 
population with an application to certain fatigue studies. 


Let oxi, oXs, o%1, * * * , o%n be a set of "n? ordered observations from a population 
whose cumulative distribution function is F(x). The author determines in a non- 
parametric fashion the median of each of the values F(oxi), Flosa), F(oxj)), * °°, 
F(oxa) for all possible samples of size "5" from the given population. The use of 
these medians is illustrated in a graphical method of estimating population parameters 
from ball bearing fatigue data. Because of the skewness of extreme values, it is 
pointed out that the mean of each of the quantities F(om), F(oxi), Flows), * * - , F(oxs) 
is graphically misleading and hence not as useful as the median. (Received January 
13, 1950.) 
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TOPOLOGY 


236. E. W. Rothe: A relation between the type numbers of a critical 
point and the index of the corresponding field of gradient vectors. 


Let I(x) be a real-valued function of the point x of the real Euclidean #-space E* 
which has continuous second derivatives in some neighborhood of the origin o of E*. 
Let o be an isolated critical point of J, and m* (r 0, 1, - - - , n) the corresponding 
Morse type numbers. The vector field g(x) =grad I has then an isolated singularity at 
o. Let j be its index. The result of the paper is the relation j = Seg (—1)'m' which is 
proved under the following assumption: there exists a neighborhood U of o such that 
for all x0 of the intersection Ur {x| I(x) -1(0)] the vectors grad 7 and x—o are 
not parallel. (Received January 11, 1950.) 


237i. A. D. Wallace: A theorem on endpoints. 


Let X be a compact Hausdorff space and Xo a closed subset. We use the Alexander- 
Kolmogoroff cohomology theory as developed by Spanier (Ann. of Math. (1948)). A 
set A in X is connected (mod Xe) if the image of Hr(A, A(\Xo) in E(B, B( XX») 
is 0 for every compact subset B of A. A set is p-trivial (mod Xo) if each of its com- 
pact subsets is p-connected (mod Xo) (G. T. Whyburn). A point is a f-endpoint 
(mod Xo) if each of its nbhds contains a nbhd (of it) whose boundary is trivial 
(mod Xo). A set is totally p-disconnected (mod Xo) if each of its compact subsets 
which is f-connected (mod Xo) is also p-trivial (mod Xo). Theorem: If X is p-con- 
nected (mod Xo) and E is a set of its f-endpoints (mod Xo) then X — E is p-connected 
(mod Xo) and E is totally p-disconnected (mod Xo). (Received January 3, 1950.) 


238. G. S. Young: Smooth interior iransformations on 2-mantfolds. 


Let f:4—B be an interior transformation of a compact 2-manifold A. If the set F 
of all points x of B such that some component of f(x) is not locally connected is 
an K, then either f is light (and B is a 2-manifold), or B is a set obtained from a 
dendrite by a finite number of identifications. If F is empty, and f is not light, then B 
is an arc or a simple closed curve. Partial extensions of these to non-compact mani- 
folds are given. (Received January 28, 1950.) 

J. W. T. Younes, 


Associate Secretary 


THE FEBRUARY MEETING IN NEW YORK 


The four hundred fifty-fifth meeting of the American Mathe- 
matical Society was held at Columbia University on Saturday, 
February 25, 1950. The attendance was about one hundred forty, 
including the following one hundred thirty members of the Society: 


M. I. Aissen, R. G. Archibald, P. T. Bateman, F. P. Beer, Stefan Bergman, Lip- 
man Bers, Garrett Birkhoff, S. G. Bourne, A. B. Brown, F. H. Brownell, Jewell H. 
Bushey, P. A. Caris, P. G. Carlson, Alan Cathcart, Jeremiah Certaine, K. T. Chen, 
Y. W. Chen, W. L. Chow, Alonzo Church, A. B. Clarke, F. M. Clarke, J. A. Clarkson, 
L. W. Cohen, Philip Cooperman, Richard Courant, L. M. Court, H. B. Curry, C. W. 
Curtis, Martin Davis, Philip Davis, J. B. Diaz, C. H. Dowker, Y. N. Dowker, Aryeh 
Dvoretzky, Samuel Eilenberg, W. H. Fagerstrom, J. M. Feld, F. A. Ficken, Eman- 
uel Fischer, A. D. Fleshler, J. B. Freier, Gerald Freilich, Bernard Friedman, K. O. 
Friedrichs, Orrin Frink, G. N. Garrison, R. E. Gilman, G. H. Gleissner, Sidney 
Glusman, W. H. Gottschalk, Emil Grosswald, V. H. Haefeli, Henry Helson, H. L. 
Herrick, Einar Hille, Banesh Hoffmann, T. R. Hollcroft, E. M. Hull, L. C. Hutchin- 
son, Wenceslas Jardetzky, Bjarni Jónsson, Shizuo Kakutani, Edward Kasner, M. E. 
Kellar, J. R. Kline, Kunihiko Kodaira, Paul Koditschek, E. R. Kolchin, R. B. Leip- 
nik, Benjamin Lepson, Howard Levi, M. A. Lipschutz, E. R. Lorch, Lee Lorch, L. A. 
MacColl, H. M. MacNeille, A. J. Maria, W. T. Martin, A. E. Meder, Jr., A. N. Mil- 
gram, K. S. Miller, W. H. Mills, Don Mittleman, D. J. Newman, P. B. Norman, 
I. L. Novak, A. F. O'Neill, T. C. Oxtoby, L. G. Peck, E. L. Post, Hans Rademacher, 
John Raleigh, K. G. Ramanathan, H. E. Rauch, M. S. Rees, K. W. Reidemeister, 
R. W. Rempfer, Moses Richardson, J. F. Ritt, M. S. Robertson, Robin Robinson, 
S. L. Robinson, C. A. Rogers, H. D. Ruderman, C. W. Saalfrank, Arthur Sard, A. H. 
Sarno, Samuel Schecter, Abraham Schwartz, Seymour Sherman, fames Singer, P. A. 
Smith, Ernst Snapper, J. J. Sopka, E. J. Specht, C. F. Stephens, F. M. Stewart, R. 
C. Stewart, J. J. Stoker, D. L. Thomsen, C. A. Truesdell, Abraham Wald, H. V. 
Waldinger, J. L. Walsh, Alan Wayne, Alexander Weinstein, Louis Weisner, E. T. 
Welmers, P. M. Whitman, Albert Wilansky. 


At 2:00 p.m. Professor C. L. Siegel of the Institute for Advanced 
Study gave an address on Classes of analytic transformations. Presi- 
dent J. L. Walsh presided. 

At 3:30 p.m. there were two sections for contributed papers, in 
which Professors Orrin Frink and R. E. Gilman presided. 

Abstracts of the papers presented follow below. Abstracts whose 
numbers are followed by the letter “” were presented by title. 


ALGEBRA AND THEORY OF NUMBERS 
2391. A. S. Amitsur and J. Levitzki: Remarks on minimal identities 
for algebras. 


Let A, denote the matric algebra of all n by n matrices over a field F, and d(A,) 
the degree of the minimal identities satisfied by 44. Consider the standard identity 
Ltxm, t5, 0, where fi, 4, * - + , fa isa permutation of 25 letters 1,2,---, 
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27, and the sign is + for even and — for odd permutations. It has been shown (J. 
Levitzki, A theorem on polynomial sdentities, Bull. Amer. Math. Soc. Abstract 55-5- 
233) that d(A,)22n. Later the present authors have obtained the following results 
(Minimal idenisties for algebras, to appear in Proceedings of the American Mathe- 
matical Society): (1) d(A44) =2n. (2) If either n>2 for Fs4P: where P, is the prime 
field of characteristic 2, then each minimal identity of 44 is a linear combination of 
standard identities of degree 2n. This does not hold for 5 $2 and F= Ps. (3) Con- 
versely, in all cases the standard identity of degree 25 and all linear combinations of 
such identities are minimal identities for A,. In the present note the authors show 
that above theorems hold also for semi-simple algebras over F. They further determine 
all minimal identities also in the exceptional case (n $2, F=P). Finally an upper and 
a lower bound for the degree of the minimal identities of an algebra with radical are 
given, and it is shown by examples that these estimates are in a certain respect the 
best possible ones. (Recétved December 30, 1949.) 


240t. Bailey Brown: An extension of the Jacobson radical. 


A part of N. Jacobson’s theory of the radical of a ring (Amer. J. Math. vol. 67 
(1945) pp. 300—320) is extended to an arbitrary cluster (R. A. Good, Trans. Amer. 
Math. Soc. vol. 63 (1948) pp. 482-513). An element a of a cluster R is called quasi- 
regular if and only if a is in the right ideal generated by the set of all elements of the 
form ax—x, x in R. The radical N of R is defined to be the set of all elements a of R 
such that each element of the ideal generated by a is quasi-regular. If M is a right 
ideal in R, let M’ denote the greatest ideal in R contained in M. A right ideal M is 
modular if and only if ex —« is in M for some e and all x in R. Then N —( MM", where M 
ranges over all modular maximal right ideals in R. Call R primitive if and only if 
M'*«0 for some modular maximal right ideal M in R. Then a cluster R30 is iso- 
morphic to a subdirect sum of primitive clusters if and only if N —0. Under analogous 
definitions for left-radical N, and lefi-primstive, an example is given of an algebra, 
necessarily non-associative, for which NN, and which is primitive but not left- 
primitive. (Received January 20, 1950.) 


241. Emil Grosswald: On the structure of some subgroups of the 
modular group. 


Let the square matrix with first row a, b and second row c, d, ad—bc=1, be an 
element of the modular group I, and let p be any prime. The subgroups TY) of © 
are defined by the conditions b=c=0 (mod f) and the “principal subgroups” I'(p) by 
the conditions: a=dm1 (mod p) and b=cmO0 (mod p). Using the methods of H. 
Rademacher (Abh. Math. Sem. Hamburgischen Univ. vol. 7 (1929) pp. 134-148) 
and results of K. Reidemeister (ibid. vol. 5 (1926) pp. 7-23) and O. Schreier (ibid. 
vol. 5 (1926) pp. 161-183) the structure of the subgroups TA) is completely deter- 
mined. The number of independent generators, their defining relations, and the genus 
of the corresponding fundamental region are found as functions of p; also the explicit 
form of the independent generators as functions of the generators of T is found. By 
the same methods also the structure of the principal subgroups T (p) is studied, but 
the results are less complete. (Received January 18, 1950.) 


2421. Jakob Levitzki: Prime ideals and the lower radical. 


It has been shown by McCoy (Amer. J. Math. vol. 71 (1949) pp. 823-833) that 
the intersection of all the prime ideals containing an ideal A of a ring R is an ideal B 
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such that B/A is a radical ideal of R/A. He raised the problem as to the connection of 
B/A to other radicals of R/A. In the present note this problem is solved by showing 
that B/A is actually the lower radical of R/A. McCoy’s results combined with this 
theorem yield, for example, the following corollary: The intersection of all the prime 
ideals of a ring is equal to 0 if and only if the ring does not contain nilpotent ideals 
other than zero. Use is made of the concept of an m-sequence (++) ao, a1, ++ + , where 
Gp417*Gnbadn With bÆ R, which is a special type of McCoy’s m-systems. This concept 
yields the following characterization of the lower radical L: For a€ R we have aL 
if and only if each m-sequence (+) with a as has at most a finite number of nonzero 
terms, (Received January 5, 1950.) 


ANALYSIS 
243. Michael Aissen: A class of superaddttive functions. 


Functionals are superadditive in the ordinary sense if their value for the sum of 
disjoint sets is not less than the sum of their values over the separate sets. They are 
superadditive S if for a finite number of sets E, (not necessarily disjoint), included in 
a single set E, the value of the functional for E is not less than the Sylvester sum of 
the functional values for the sets E,. A simple example shows that ordinary super- 
additivity does not imply superadditivity S. Admissible sets are defined as bounded 
open plane sets, whose components are simply connected. A generalized stress func- 
tion of such an admissible set is defined and is shown to be superadditive S. The proof 
is by induction, with the case 5-1 corresponding to the ordinary superadditivity of 
the generalized stress functions, which is well known. As special cases the St. Venant 
stress function and the torsional rigidity are superadditive S. (Received January 14, 
1950.) 


244. F. H. Brownell: On ihe spectrum of the second order differential 
operator over n-space. Preliminary report. 


The continuity requirements on the potential function, V(x), for the Schrödinger 
equation over all euclidean n-space, En, are replaced by a single weak integrability 
condition. This still allows the construction of a modified Green function, which de- 
fines a bounded linear operator on Z4(E«). By taking Fourier transforms the spectrum 
of this operator can beanalyzed, the equation becoming the formal Fourier transform 
of,the Schrodinger equation. This analysis generalizes the result of Putnam, Amer. 
J. Math. (1949) p. 109, from the half-line to En, repeats the result of Friedrichs, 
Math. Ann. (1934) Theorem 7, p. 705, now without continuity requirements, and 
finally removes the point spectrum from A>Z% if | V3 —1] has a very strong ex- 
ponential bound at œ, which seems new for E, although much more is known for 
the half-line. (Received February 6, 1950.) 


2451. N. J. Fine: Proof of a theorem of Jacobi. 


A short, self-contained proof is given of the following theorem: If G(s) 4s defined 
in [—1, 1], then f1G(cos x) cos nxdx —K, [1G (cos x) sint* xdx, where Ka=1-3 
5. - Qn —1). (Received January 16, 1950.) 


246t. N. J. Fine: The generalized Walsh functions. 


In his dissertation [On the Walsh functions, Trans. Amer. Math. Soc. vol. 65 (1949) 
pp. 372-414] the author discussed various properties of the Walsh functions {ya(x)} 
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and attempted to exhibit the close analogy between them and the exponentials 
exp m It is natural to ask whether the analogy can be extended to the system 
exp 2riyx}, that is, whether the Walsh functions can be imbedded in a larger class 
Vy (x) ] so as to preserve most of the properties of the exponential which are desirable 
and useful in analysis. This question is answered in the affirmative here, and again 
group-theoretic considerations are important. The generalized Walsh functions are 
defined (essentially) as the characters of the additive group of a certain topological 
field, and are proved to be the only nontrivial measurable solutions of a functional 
equation similar to f(x--y) —f(x)f(y). It is shown that V,(x) is periodic if and only if 
y is a dyadic rational. Finally, the analogues of the Riemann-Lebesgue theorem, 
Fourier integral theorem, and Poiseon formula are given. (Received January 16, 1950.) 





247. Benjamin Lepson: Sertes of analytic functions and polynomial 
Dirichlet series. 


In the first part of this paper, some results are obtained concerning sequences and 
series of analytic functions. One of these is the theorem that the set of boundary 
points of the region of convergence which belongs to this region forms a set of first 
category in the plane. An analog of Osgood’s theorem is also obtained, which states 
that given a series of analytic functions which converges absolutely at every point of 
a domain, there is a subdomain for which the least upper bounds of the functions in 
that subdomain form a convergent series. These results are applied, in the second part, 
to “polynomial Dirichlet series,” that is, series of the form ae P,(s)e>™, where 
P,(s) is a polynomial of degree j4 and O0<ħ <M < ---—>+%, With the single 
assumption yp/A.—0, properties of convergence and analyticity are found similar to 
those for Dirichlet series. Certain differences are observed, however, notably the fact 
that the Abel limit theorem may fail. These series occur naturally in the study of 
linear differential equations of infinite order. (Received January 10, 1950.) 


248. Lee Lorch: On the Lebesgue constants for (E, 1) summation of 
Fourier series. 


K. Prachar and L. Schmetterer have shown that the Lebesgue constants arising 
from the application of the Euler summation methods (E, 1) and (E, 2) to Fourier 
series diverge logarithmically (Anzeiger der Akademie der Wissenschaften in Wien. 
Mathematisch-Naturwissenschaftliche Klasse vol. 85 (1948)). For (E, 1) this was 
noticed by C. N. Moore, who discussed the effectiveness of Borel's method (which is 
equivalent to the Euler methods in the study of Fourier series), pointing out, among 
other things, that the Borel-Lebesgue constants are of logarithmic order (Proc. Nat. 
Acad. Sci. U.S.A. vol. 11 (1925)). The purpose of the author is to prove that the 
Lebesgue constants for (E, 1) have the same asymptotic representation as that ob- 
tained for the Borel-Lebesgue constants (L. Lorch, Duke Math. J. vol. 11 (1944); 
Bulletin of the Calcutta Mathematical Society vol. 37 (1945)). The method is essen- 
tially the one used in the Duke Journal reference. (Received January 3, 1950.) 


2491. M.S. Robertson: Applications of a lemma of Fejér to typically- 
real functions. 

If f(s) =s+ 34 G23", g(2) =3-+ Y. b.g” are regular and typically-real for [z] <i, 
then F(z)—z-- $., a4b.z" is regular for |s| <1 and typically-real for |s| 32—313, 
while f;(F(z)/z)ds is typically-real for |s| <1. If, in addition to being typically-real, 
f(s) and g(s) are univalent and convex in the direction of the imaginary axis for |z| <1, 
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then so is F(z). If f(s) is typically-real for |s| <1, a specially weighted average of the 
cosine of the angle subtended at the origin by the points f(z), f(se) is found to be non- 
negative for an explicit range of values of 6 which depends on |s| <1. (Received Janu- 
ary 16, 1950.) 


APPLIED MATHEMATICS 
250. C. A. Truesdell: Bernoulli's theorem for viscous fluids. 


By a Bernoulli theorem is meant a statement that a certain finite expression one 
of whose terms is the specific kinetic energy v*/2, a second contains one or more 
dynamical variables, and none involves an integral, remains constant or a function of 
time only upon each member of a certain family of curves. In any motion of a viscous 
compressible fluid in which the vorticity is steady such a finite expression is given 
explicitly, and a construction for the curves along which it is a function of time only 
is indicated. In the special case of an incompressible fluid subject to conservative 
extraneous force the finite expression reduces to that of the classical Bernoulli theorem, 
and the curves are defined in terms of the velocity field only, so that just as in classical 
hydrodynamics the Bernoulli theorem yields a formula for the pressure in terms of 
purely kinematic observables. The non-uniform character of the limit y—0 appears 
strikingly in the fact that these curves are independent of u so long as u»s0, but in 
the limit a =0 they spread out into Lamb’s Bernoullian surfaces. (Received January 9, 
1950.) 


GEOMETRY 
251. L. M. Court: Envelopes of plane curves. 


The envelope e of a plane family of curves touches each member c. Defining the 
envelope as the locus of intersections of "consecutive" members of the family, the. 
author gives a purely geometric proof of this familiar proposition (the usual proof is 
analytic). Setting up a direction of advance along e and assuming, among other things, 
that the point P in which c and e meet is not a multiple point of c, he defines (locally) 
rear and forward ends for c with respect to P and e's direction of advance. He then 
shows that two members meet locally in unlike ends, this property characterizing the 
envelope (as against other curves) vis-a-vis the family. From here on, it is a simple 
matter to show that c and e touch. (Received February 16, 1950.) 


252. J. M. Feld: On the geometry of lineal elements on a sphere, 
euclidean kinematics and elliptic geometry. 


Slides and turns of oriented lineal elements on the plane were first studied by 
Kasner (Amer. J. Math. vol. 33 (1911)). The author has for his object the investiga- 
tion of the geometry of alides and turns of oriented lineal elements on a sphere. Slides 
and turns on a sphere generate the three-parameter group of spherical whirls W, 
which combined with the group of sphere rotations M; yield a six-parameter group of 
whirl-rotations Gs. The author determines invariants of lineal elements, spherical 
turbines, and flat fields of lineal elements under Wi, M, and Gy; also sets of funda- 
mental differential invariants of series of lineal elements on a sphere. Finally he shows 
how the geometry of these groups of transformations on a sphere can be interpreted 
(1) as a model for the geometry of elliptic three-space and (2) as the kinematic geom- 
etry of a unit sphere sliding over a concentric unit sphere. These interpretations are 
analogous to those given by the author (Bull. Amer. Math. Soc. vol. 48 (1942); 
Amer. J. Math. vol. 70 (1948)) of the geometry of whirl-motions on the plane (1) as 
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: the geometry of quasi-elliptic space and (2) as the kinematic geometry of one plane 
sliding over another. (Received January 13, 1940.) 


253. Edward Kasner: Conformal symmetry and satellites. 


Conformal symmetry with respect to a curve C is also called Swarzian reflexion. If 
the curve C is algebraic of degree s, the symmetry is multivalued of degree n3 (or 
lower). The image of C with respect to C consists of C and another algebraic curve S 
called the satellite. The satellite of a conic is another definite conic which sometimes 
degenerates. (The satellite of a cubic is usually of sixth degree.) If the conic is a circle, 
symmetry is merely inversion and no satellite exists. If the conic passes through one 
of the absolute points, symmetry is one-to-two. For the general conic, symmetry is 
one-to-four. Multivalued groups are considered. (Received January 13, 1950.) 


254. Don Mittleman: Areal-elements and areal-transformations. 


Let O be the pole of a polar coordinate system (p, 6), C a curve, and æ a dif- 
ferentiable function defined for all points of C. At each point f of C there is defined a 
vector r whose initial point is p, positively directed toward O, and whose length r 
is defined by the equation 2da — (2er —r*)d9. The point p on C and the value of the 
function æ at p together define an areal-element. The œt areal-elements determined 
by C and a is called a series. The special series for which the terminal points of the 
vectors r is O is called a union. The necessary and sufficient condition that a series 
be a union is a(g) —a(5) = /22-193d6 for all points p and g on C. The transformation 
(1) P —P(o, 0, a), 8—G(o, 0, a), A=A(p, 0, a) is called an areal-transformation. An 
areal-transformation which carries unions into unions is called an area-iransformalson. 
The necessary and sufficient conditions that the transformation (1) be an area-trans- 
formation are: 24, € PrO, and (245--p14,)8, = (2057-5184) A4,. (Received January 3, 
1950.) 


t 


Locic AND FOUNDATIONS 


255i. A. R. Schweitzer: Selected topics from Sir A. S. Eddington's 
* Fundamenial theory.” I. 


The subjects selected are classified into two interdependent parts pertaining re- 
spectively to A. Mathematics, B. Cosmology. Under A are placed: I. Chirality (from 
xap, cheir, hand), II. Algebras: Il. The quaternion calculus or r algebra, IIa. The 
* E" calculus or the square of the t algebra, II. The “EF” calculus or the fourth power 
of the t algebra, III. The vector calculus; the complete momentum vector; the wave 
vector, IV. The tensor calculus; the Riemann-Christoffel tensor; the energy tensor; 
the wave tensor calculus, V. The wave equation, VI. The electromagnetic field. 
(Received January 9, 1950.) 


256i. A. R. Schweitzer: Selected topics from Sir A. S. Eddington's 
“Fundamental theory.” YI. 


Continuing the preceding abstract, the author considers under B: I. Concept of 
physics. II. Space, time, space-time. III. Wave, particle, and wave-particle theories. 
IV. Energy, including radiant energy (radiation). V. Concepts of universe. VI. Spe- 
cial, intermediate and general relativity. VII. Fundamental theory as a combination 
of intermediate relativity and quantum theory. VIII. The constants of nature; the 
cosmical number. The author characterizes Eddington's Fundamental theory as an 
attempt to unify relativity and quantum theory from a mathematical point of view 
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as distinguished from a unification envisaged by L. L. Whyte from the standpoint of 
logic (Critique of physics, New York, 1931) anda unification suggested by the philoso- 
phy of A. N. Whitehead (Process and reality, New York, 1929; see in particular, p. 
364, last paragraph, and p. 365). (Received January 19, 1950.) 


TOPOLOGY 


2571. R. H. Bing: Chained hereditarily indecomposable continua are 
homeomor phic. 


A continuum is hereditarily indecomposable if each of its subcontinua is inde- 
composable. Knaster gave an example of such a continuum and more recently such 
continua have been studied by Moise, Bing, and Anderson. It is shown that the com- 
pact nondegenerate hereditarily indecomposable continua M and M’ are homeo- 
morphic if for each positive number e, each of M and M" can be covered by ane 
chain. In fact, if p and q are points of different composants of M while p’ and q’ are 
points of different composants of M’, there is a homeomorphism carrying M into M’, 
f into p’, and q into q’. Most compact continua in a Euclidean s-space (n1) E are 
pseudo-arcs; that is, if G is the space of bounded continua in E, the et of points of G 
which are topologically equivalent (in E) to M isa dense inner limiting (G3) subset of G. 
(Received January 13, 1950.) 


258i. David Gale: Separating algebras of continuous functions. 


It has been shown by Stone that if B is an abstract Boolean ring, then B has a per- 
fect representation as the family of all open and closed subsets of a topological space 
S whose points are the maximal ideals of B. On the other hand starting with a perfect 
ring of subsets B(X) oma space X and then going to the abstract ring B, the space S 
of maximal ideals will not in general be homeomorphic with X. It is shown here, how- 
ever, that if B(X) is considered as a set of continuous functions from X to the two 
element field, and given the compact-open topology, a perfect representation of the 
topological ring B may be constructed as continuous functions on a space S’ whose 
elements are the closed maximal ideals of B. In this case the function ring B(S’) will be 
equivalent to the original ring B(X). The analogue of the theorem is also proved for 
algebras A(X) of continuous real-valued functions on a space X, provided that 4 (X) 
is "separating," that is, contains enough functions to separate points. Use is made of 
the Stone-Weierstrass approximation theorem. (Received January 13, 1950.) 


259%. S. T. Hu: On generalizing the notion of fibre spaces to include 
the fibre bundles. 


The notion of fibre spaces is generalized by localizing the slicing function as fol- 
lows. A topological space X is called a generalized fibre space over a topological space 
B relative to a map x: X-+B of X onto B if, for each point DCB, there exist anopen 
set U of B containing b and a map ¢y: UX x (U)-^X such that: (i) «$o(b, x) b 
GEU, x€«1(U)); (i) du(v(x), x) 2x (x€zx1(U)). It is proved that every fibre 
bundle is a generalized fibre space. Nearly all familiar properties of fibre spaces are 
generalized to the generalized fibre spaces; in particular, the covering homotopy 
theorem is proved for the generalized fibre spaces in the usual form for fibre bundles. 
(Received January 11, 1950.) 

T. R. Horrcnorr, 
Associate Secretary 
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Roland George Dwight Richardson served the American Mathe- 
matical Society for more than twenty-nine consecutive years: as 
vice-president, 1920; as the Society’s third secretary, 1921-40; and 
as trustee, 1924-49. On 17 July 1949 he died, as the result of a 
coronary thrombosis, at South River Lake, Nova Scotia, his native 
province in Canada. He was born at Dartmouth on 14 May 1878, 
the elder son of George Josiah and Rebecca Archibald (Newcomb) 
Richardson. His mother was a direct descendant of the seventeenth 
century Simon Newcomb, from whom also sprang Simon Newcomb, 
the Nova Scotia-born astronomer, fourth president of the American 
Mathematical Society. , 

Entering Acadia College, Wolfville, N. S., in 1896 he graduated 
A.B. two years later. During 1895-96 and 1898-99 he was teacher 
of a school at the fishing village, Margaretsville, N. S., and then 
principal of the high school at Westport, N. S. from 1899 to 1902, 
when he started on his brilliant course at Yale University, A.B. 1903, 
A.M. 1904; instructor in mathematics 1904-07; Ph.D. 1906. 

In 1907 Richardson accepted a call to Brown University as as- 
sistant professor of mathematics, with the understanding that he 
might spend the following year in study and research at the Univer- 
sity of Góttingen, where Hilbert and Klein were still active and at- 
tracting many disciples. Thus in June, 1908, on the day after his 
marriage in Montreal to Louise Janet MacHattie, a former pupil at 
Westport, he set sail for Europe. In 1912 he was promoted to an 
associate professorship at Brown, and in 1915, to a professorship and 
the chairmanship of his department. Before indicating Richardson’s 
contributions to the intellectual life of Brown University, we shall 
pause to survey his scientific research, and the American Mathe- 
matical Society when he was secretary. 


Scientific Research. Richardson's first publications [1] and [3], 
appeared shortly after his arrival at Brown University, and were 
developments of his doctoral dissertation at Yale, where Pierpont 
was the chief source of his mathematical inspiration. Connected with 
the theory of integration these papers supplemented and extended 
work done by Pierpont in his Theory of functions of a real variable 
and in his published papers. In consequence the point of view is 


1 Numbers in brackets refer to the bibliography at the end of the paper. 
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essentially that of Riemann (content) rather than that of Lebesgue 
(measure). In [1] Richardson defines an improper integral on an 
n-dimensional set A having content after the manner of de la Vallée- 
Poussin in which the unbounded function f(x) is approximated by 
the truncated functions f(x, Mi, Ms) =f(x), Mi, or — Mx according 
as — MiSf(x) S Mi, Mi Sf(x), or f(x) S — Ms, so that faf — lim, Mio 
f4f(x, Mi, Madx whenever this limit exists, and he proves the 
equivalence of this integral to one defined by Pierpont. 

The first half of paper [3] is concerned with a sequence of functions 
fa converging to f on 4, and convergence of f/4f, to f/4f is proved when 
fs is a monotone sequence and the set of functions f, is uniformly 
bounded on A. In the second half of the paper a multiple integral 
and corresponding iterated integrals are considered. If xj, © * * , £a 
are the coordinates of the space containing A and the positive integer p 
is «n, C is the section of A obtained by holding x1, - - © , x, fixed and 
varying Xp, ** *, Xa; B is the set over which xj, * - + , x, ranges; 
thus A is the product set B X C. All sets involved being assumed to 
have content, the principal result is that if faf exists, the iterated 
integral fafcf exists and has the same value. The integrand f may 
be unbounded, and improper integrals are defined as in [1]. The 
results obtained are about as far as one can go without the notions 
of measure and Lebesgue integral. 

The contact which Richardson had with Hilbert at Góttingen 
exerted a deep influence on all of his subsequent mathematical 
research. Ás the major part of this work dealt with oscillation prop- 
erties of solutions of ordinary linear second order differential equa- 
tions, it is in order to comment briefly on the development of certain 
aspects of this subject that had occurred in the preceding decade, and 
to which Richardson's work was most closely related. First, Bócher? 
had given rigorous and accessible form to the work of Sturm and Klein 
on the real solutions of such differential equations. Secondly, in the 
development of his theory of integral equations, and in the applica- 
tion of this theory to self-adjoint boundary problems, Hilbert? had 
pointed out the interrelations with variational principles. In particu- 
lar, in 1906 Hilbert! had conjectured that for Sturm-Liouville 


1 The theorem of oscillation of Sturm and Klein, Bull. Amer. Math. Soc. vol. 4 
(1897-98) pp. 295-313, 365-376; vol. 5 (1898-99) pp. 22-43. 

3 Grundzüge einer. allgemeinen. Theorie der linearen Integralgleichungen, Nachr. 
Ges. Wiss. Gottingen, 1. Mitt. (1904) pp. 49-91; 2. Mitt. (1904) pp. 213-259; 3. 
Mitt. (1905) pp. 307-338; 4. Mitt. (1906) pp. 157—227; 5. Mitt. (1906) pp. 439—480; 
6. Mitt. (1910) pp. 355-417. 

* See Jber. Deutschen Math. Verein. vol. 16 (1907) p. 77. 
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boundary problems the oscillation properties of the proper functions 
(characteristic functions, or eigenfunctions) were consequences of the 
Jacobi condition imposed on these functions by the fact that they 
afforded a minimum for certain associated problems of isoperimetric 
type in the calculus of variations. This question had been considered 
by Robert Kónig in his Góttingen dissertation, 1907, but Kénig’s 
treatment contained errors. Hilbert proposed to Richardson the re- 
consideration of this matter, and in [5] Richardson established the, 
validity of Hilbert's conjecture for the particular boundary problem 


d ds 
a) =| #0) =] + g(x)u + Ak(x)u = 0, 08281, 


u(0) = «(1) = 0, 


where (x), g(x), k(x) are real-valued, analytic, and p(x) >0, q(x) £0, 
k(x) 40 on OSx x1. 

Richardson next turned his attention to oscillation theorems for 
solutions of linear second order differential equations containing 
two or more parameters. His paper [6] on the saddle point in the 
theory of maxima and minima in the calculus of variations was pref- 
atory to [7], in which the methods of [5] were extended to obtain 
certain oscillation theorems for the solutions of two equations in- 
volving two parameters. From the standpoint of a Klein oscillation 
theorem, however, the results of this paper were incomplete. A brief 
statement on how the full Klein oscillation theorem might be derived 
by the methods of the paper, together with a reference to his forth- 
coming paper [8], appeared in a remark added in proof at the end 
of the paper. In [8] Richardson treated the Klein oscillation theorem 
for the system 


d/ d 

= (ate x) tala! haut) + dated, aby 5-0 
2) d d 
k Z (no =) + a)» + DBAnG) + 4202] = 0, aly) > 0, 
y dy 


ula) = w(bi) = 0, v(a) = v(b) = 0, 


where the coefficients are analytic, real-valued functions on the re- 
spective intervals a; €x Soy, a4 y Sbs. In [9] the methods introduced 
in [8] were extended to the corresponding problem for three equa- 
tions involving three parameters. In [8] and [9] Richardson was 
concerned with the study of both necessary and sufficient conditions 
for the validity of a Klein oscillation theorem; in particular, the 
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results of these papers were valuable additions to earlier work on 
such problems by Bócher,5 Hilbert! and Yoshikawa.’ 

In connection with papers [8] and [9], two relevant comments 
seem worthy of mention. First, in contrast to that of [5] and [7], 
the discussion of these papers was quite independent of methods of 
the calculus of variations, although in the introduction to [8] he 
stated that the results of that paper were first obtained by such 
methods. 'This shift in his method of attacking oscillation theorems 
was due to a suggestion of G. D. Birkhoff, as acknowledged in a foot- 
note on p. 32 of [8]. Secondly, in [8] the discussion of the oscillation 
theorem for a system of the form (1) involving the single parameter 
À was extended to a case not treated previously, namely, the case of 
q(x) positive in at least a part of the interval and k(x) taking on both 
signs. 

Richardson's work on oscillation theorems culminated in paper 
[12], a comprehensive investigation of the conditions to be imposed 
on G(x, A), regarded as a function of A, so that one may determine 
definite oscillation theorems for the solutions of the differential 
equation 


d dy 
(3) AL x + G(2, A)y = 0, Osx 1. 


In this paper he established very general theorems for the existence 
of a unique solution of (3) vanishing at the end points of the interval 
and possessing a prescribed number of zeros, and also for the existence 
of two, and exactly two solutions of this nature. In addition, there 
were obtained general results on the oscillation of the proper functions 
of the boundary problem consisting of the differential equation (3) 
and arbitrary self-adjoint two-point boundary conditions. 

Several years later, in paper [23], Richardson returned to the 
study of boundary problems of the form (1). The treatment therein 
given of the Jacobi condition for certain variational problems in- 
volving a finite number of isoperimetric conditions provided signifi- 
cant addenda to the results of [5], although the prime purpose of the 
paper was the study of properties enjoyed by the individual proper 
functions as extrema for variational problems involving an infinite 
number of isoperimetric conditions. The discussion of this latter prob- 
lem was highly formal, and, in the words of the author, “omitting 

E Loc. cit. 

$ See footnote 2, 6. Mitt. 


* Ein zweiparametriges Oscillationsiheorem, Nachr. Ges. Wiss. Gottingen (1910) 
pp. 586-594; Dreiparametrige Randwerlaufgaben, ibid. pp. 563-585. 
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much in the way of justification of infinite processes." This deficiency 
was due to the author's attempt to carry over the machinery that 
sufficed for ordinary problems of the calculus of variations involving 
a finite number of isoperimetric conditions, instead of considering the 
problem in its proper setting as one in Hilbert space theory. 

Paper [11] was the only one published by Richardson on partial 
differential equations. Using the classical method of approximating 
difference equations, he established in particular the existence of an 
infinite number of proper values for the first boundary problem over 
a square domain for a special type of self-adjoint linear second order 
partial differential equation of elliptic type. The paper also contained 
some partial results on the application of the method to a related 
boundary problem involving hyperbolic equations. A few years 
later the full value of the method of approximating difference equa- 
tions was demonstrated by Courant and some of his associates. 

The remainder of Richardson's research papers may be considered 
as secondary or auxiliary to his main interests. Paper [4], written 
jointly with W. A. Hurwitz at Góttingen in 1909, had points of con- 
tact with Richardson's paper [5]. In papers [17], [19], and [20] he 
presented an analytic discussion of certain algebraic properties of 
paire of bilinear forms, and a related treatment of relative extrema 
for pairs of quadratic and hermitean forms. 

In paper [14] Richardson gave a comprehensive and elegant re- 
view of Bócher's Leçons sur les méthodes de Sturm. Although Richard- 
son published no book on the subject, his mimeographed lecture 
notes on linear differential equations of the second order, listed as 
[24] of the bibliography, presented a well-formed introduction to 
the Sturmian theory and the significance of variational principles for 
the study of self-adjoint boundary problems. 

Papers [11] and [12] were mainly the product of sabbatic leave 
spent at Harvard University during 1916—17. Scientific research was 
brought to an end in 1928, not only by demands made upon his time 
as secretary of the American Mathematical Society, but also by 
mounting obligations at Brown University, to which we shall pres- 
ently refer. 


The American Mathematical Society and its third secretary. The 
first period of the Society's history may be considered as terminating 
at about the time of its thirty-second birthday in- December, 1920, 
when Cole withdrew from service as secretary. There were then 770 
members; the total receipts for 1920 were $7167.24 and as yet there 
were no special funds, except that for Life Memberships, $4595.66. 
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By the time of Richardson's retirement from the secretaryship 
twenty years later enormous development of the Society's organiza- 
tion, resources, and activities had taken place. Some suggestions as 
to these may now be noted. 

'The membership had increased to 2314, and the total cash assets in 
December 1940 amounted to $189,226.65 in addition to productive 
assets from the sale of earlier publications. Besides the Life Member- 
ship fund, there were six other special funds (Bécher, Frank Nelson 
Cole, Eliakim Hastings Moore, Marion Reilly, Ernest William Brown, 
Mathematical Reviews) and an Endowment Fund of $71,000. Re- 
organization of the Society's business with a New York office under 
the general direction of the secretary, incorporation, appointment of 
trustees to deal with financial matters, and life memberships based 
on actuarial principles, had been arranged long before. Greatly ex- 
panded activities including regular meetings of the Society in the 
East and Midwest, and on the Pacific Coast, necessitated the addi- 
tion of four associate secretaries. In 1921—27 began Invited Ad- 
dresses, Gibbs' Lectures, Visiting Lecturers, Reciprocity Member- 
ships with Great Britain and Germany, and the Revolving Book 
Fund arrangement with the National Research Council. An elaborate 
Semi-Centennial Celebration was held in 1938. The Society col- 
laborated in editorial representation on the Annals of Mathematics 
and the Duke Mathematical Journal, acquired editorial control of 
the American Journal of Mathematics, and established the new 
journal Mathematical Reviews (in part made possible by funds 
granted by the Carnegie Corporation of New York, the Rockefeller 
Foundation, and the American Philosophical Society). Successful 
campaigns for an Endowment Fund, for Institutional and Contribut- 
ing Memberships, for Patrons, and for special grants had made 
possible large increases in publication in spite of mounting costs. 

For the attainment of the Society's 1940 status—financial (how 
remarkable the achievement of Coolidge, Veblen, and Ingraham!) 
and scientific—very many people were responsible. By my attendance 
at Council meetings throughout the whole of Richardson’s term 
of office as secretary, and through constant personal contacts, I be- 
came convinced that his contributions and influences towards this 
status were indeed great. He had a thorough grasp of every topic 
which he presented, in excellent form, for the Council’s considera- 
tion; he was endowed with infinite capacity for taking pains, and 
was always forward-looking, receptive to new ideas, while con- 
stantly mindful of the Society’s finances, In personal relations he was 
remarkably kindly and cooperative, and inspired confidence and 
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affection. No American mathematician was more widely known 
among his colleagues and the careers of scores of them were notably 
promoted by his time-consuming activities in their behalf. And 
such help was being freely rendered up to the time of his death. 
Richardson was deeply appreciative of the Council’s action not 
only in presenting to him a beautifully hand-illuminated copy of 
the resolution of appreciation adopted by the Council upon his re- 
tirement as secretary, together with a silver coffee set, and for Mrs. 


Richardson a handbag, but also in dedicating to him the 1941 volume 
of this Bulletin. 


Achievements at Brown. Richardson arrived at Brown shortly 
after a “Graduate Department,” with its own Dean, had been organ- 
ized, and when only one member of the mathematics department was 
offering advanced courses. The number of such courses had been 
appreciably increased when he became chairman of the department. 
Soon he was a member of more than one important administrative 
committee including the Graduate Council. In 1926 he was appointed 
the successor to the Dean of the Graduate Department which be- 
came the Graduate School in the following year. He held this position 
until 1948, when he became listed among “Officers Emeriti.” Both 
within and without the University the School became recognized as 
a really vitalizing intellectual force. This development, for which 
the Dean was almost wholly responsible, led to Brown’s election in 
1933 as an institutional member of the Association of American 
Universities.. 

Even though by 1928 Richardson’s duties as dean and secretary, 
in addition to demands upon him as chairman of a department, had 
forced him to give up his own scientific research, he had through the 
years been laying sure foundations for the establishment of a strong 
department, for attracting not only candidates for the doctorate 
in mathematical analysis, but also those seeking post-doctoral in- 
spiration. From 1929 until his retirement as chairman in 1942, 28 
Ph.D. degrees in mathematics had been awarded at Brown. 

In 1938 (after more than a decade of earlier consideration) when 
the American Mathematical Society was active in the establishment 
of Mathematical Reviews, Richardson was mainly instrumental in 
arranging not only that Brown should provide housing for the 
project, but also that its chief editor should be brought from Europe 
as a professor, adding strength to his department. 

As early as 1930 the Council of the American Mathematical Society 
had given earnest consideration to the important problem of provid- 
ing a means of publication for research memoirs in the field of applied 
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mathematics. The seed thus sown in the secretary’s thought, 
fertilized and greatly expanded by needs connected with World War 
II, led to a splendidly conceived pioneer undertaking. The following 
descriptive extract is taken from the Brown University Faculty 
Meeting records for October, 1949: “In the summer of 1941, through 
his [Richardson's] efforts and with financial aid from foundations 
and government, there was established at Brown a Program of Ad- 
vanced Instruction and Research in Applied Mechanics. Able men, 
including many who had come to this country from abroad, were 
brought here to teach, and substantial numbers of students (at one 
time exceeding a hundred) were recruited. Under war conditions the 
original educational aim of the Program, to train a succession of able 
young doctors in applied mathematics, especially in the various fields 
of mechanics, was of necessity modified. The demand by government 
and industry for the services of young men trained even for the short 
space of a year provided sufficient evidence of the usefulness of this 
Program for war purposes. At the same time substantial amounts of 
investigation connected with the war were carried on by the staff. 
To supplement the Program, Brown University in 1943 founded the 
Quarterly of Applied Mathematics, a journal which renders inter- 
national service in its field. In 1946 the original educational aim of 
this Program was restored and the Program reorganized under the 
name Graduate Division of Applied Mathematics." During 1943-46 
the dean was also a member of the applied mathematics panel of the 
National Defense Research Committee. 

Richardson was acting vice-president of Brown during the first 
semester of 1928-29, and, at the conclusion of his 41 years of service 
in the University, the degree of LL.D. was conferred upon him. A 
similar degree had been granted by Lehigh University in 1941, and 
in 1931, he received a D.C.L. from his alma mater, Acadia Univer- 
sity. In 1919 he was elected a vice-president of the Mathematical 
Association of America, and in 1932-34 became a member of the 
Council of the American Academy of Arts and Sciences, and again 
in 1945-49 when he was a vice-president. He was a lecturer at the 
University of Chicago in 1918 and at the University of California, 
Berkeley, in 1920. Having become a naturalized citizen of the United 
States in May 1932, he was eligible for membership in the Division 
of Physical Sciences of the National Research Council, 1933-36. By 
election of the policy holders, he served as a trustee of the Teachers 
Insurance and Annuity Association, 1926-30, and 1931-35. Long a 
member of the First Baptist Church in Providence, from time to 
time he served on some of its most important committees. 
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The range of our friend’s interests, apart from his recreations of 
golf and fishing, have thus been indicated, and his record of enduring 
worthy achievements is varied and rich. In connection with every 
project that he undertook he found no rest until the goal sought was 
won, and ever was his motto: “Whatsoever thy hand findeth to do, 
do it with thy might.” He had insight and remarkable organizing 
abilities, associated with exceptional mental powers. His complete 
honesty of character, natural wisdom, and selfless devotion to high 
educational ideals, commanded the admiration of his associates. He 
was endowed with a spirit of unaffected friendliness, the desire to 
play a part in helping and encouraging others to achieve the best of 
which they were capable, and as a result he was blest with a host of 
friends. There was never-ending hospitality at his home. Indirectly 
Mrs. Richardson contributed in no small measure to the happy solu- 
tion of many of her distinguished husband’s problems. 
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‘In the preceding Memorial the comments on Richardson's scientific research 
were made by specialists in the fields, namely: Professor T. H. Hildebrandt on nos. 


the [3]; Professor W. T. Reid on nos. [4]- [9], [11], [12], [14], [19], [20], [23], 
24]. 


BOOK REVIEWS 


Foundations of economic analysis. By P. A. Samuelson. Cambridge, 
Harvard University Press, 1947. 11-1-447 pp. $7.50. f 


Professor Samuelson has used mathematics expertly to produce 
this unified treatment of economic theory. His Foundations provides 
a synthesis of statical economic theory, a survey of welfare economics 
and other important special topics, and an exploratory discussion of 
the problem of stability of equilibrium for dynamical economic 
systems. 

The exposition is thoroughly mathematical. It is likely that most 
economists will find it very hard reading even though, as is noted in 
the Introduction: “... The pure mathematician will recognize all 
too readily the essentially elementary character of the tools used.” 
^ Nevertheless, the book will undoubtedly lead to a greatly increased 
use of mathematics by economists in their future work. It sets a 
new high standard for the mathematical development of unified 
economic theory. 

The pure mathematical aspects of the work are discussed sepa- 
rately in two appendices. The first appendix is concerned with the 
problem of maximum conditions for functions, and stresses maxima 
problems for quadratic forms treated from the matrix point-of-view. 
The second appendix is a sixty page self-contained treatment of the 
elements of the theory of systems of difference equations, and is 
included because of the essential use made of theorems in this field 
for the development and study of dynamical economic systems. 
Although the interest centers in systems of linear difference equations, 
there are some theorems concerning systems of differential equations 
and mention of mixed difference-differential equations. 

The choice of material for the appendices was made on the basis 
of need for support of the main text. For this purpose, it was neces- 
sary to stress the topics that are not generally known to economists. 
As a result, the selection seems poorly balanced when gauged on the 
basis of general mathematical importance. I suspect also that most 
economists would like to have more in explanation of the elementary 
properties of matrices, and a brief discussion of the solutions of sys- 
tems of linear difference equations in terms of ordinary thigonomethie 
functions, even at the expense of additional pages. 

Professor Samuelson set out to formulate a general theory of eco- 
nomics that would unify various particular fields with respect to 
analogous central features. He remarks: “Only after laborious work 
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in each of these fields did the realization dawn upon me that essen- 
tially the same inequalities and theorems appeared again and again, 
and that I was simply proving the same theorems a wasteful number 
of times.” He insists also that the theorems he proves be “opera- 
tionally meaningful” in order that they can be treated as hypotheses 
about empirical data that could conceivably be refuted. 

The unified treatment of the theory of consumer's behaviour 

- (Chap. V) is a convincing sample of success with synthesis in opera- 
tionally meaningful terms. It is the general notion that a consumer 
has an ordinal preference field U— F[$(X)] where ¢ is some one 
cardinal index of utility such that preferences between combinations 
of goods X and Y are in accordance with $(X) »9(Y), 6(X) 29(Y), 
or #(X) <#(Y), where ¢(X) >¢(Y) implies that X is preferred to Y. 
(It is assumed that ¢ is continuous and differentiable and that F'($) 
20.) Now if total income is 7 and if the price of good £ is 5, the main 
problem is to derive the demand function X.(pi, f», - - © , Pa, I) for 
the quantity x, of good ¢ that the consumer would purchase, subject to 
the restriction I= J f.x., if he wished to maximize U. It is shown 
that all restrictions on the demand function can be derived from the 
single condition that the form K,,—0x,/8p,-4-x,0x,/81 be symmetric 
and negative semi-definite. A constructive proof is sketched also to 
show that when this condition is satisfied there exists a @(X) that 
satisfies the properties of a preference field. Professor Samuelson con- 
cludes that: “Despite its lofty beginnings, the pure theory of con- 
sumer's behavior, when its empirical meaning is finally distilled from 
it, turns out to be one simple hypothesis on price and quantity be- 
havior.” Here, then, is a concise hypothesis that provides the basis 
for an imposing theoretical economic structure that should soon be 
put to trial by some clever experimental economist. 

The pure mathematician who wishes to sample an important seg- 
ment of economic theory, written competently in his favorite lan- 
guage, will find the Foundations pleasant reading. He may well also 
be stimulated, especially by the discussion of dynamic economic 
theory in Part II, to extend some of the results reported by Professor 
Samuelson and this would constitute a well-deserved widening of the 
sphere of influence of this splendid book. 

MERRILL M. FLoop 


Proceedings of the Berkeley Symposium on Mathematical Statistics and 
Probability. Ed. by J. Neyman. Berkeley, University of California 
Press, 1947. 124-447 pp. $7.50. 


The thirty papers which are collected in the volume cover such a 
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wide range of subjects that a comprehensive review is impossible. 
The topics range from Philosophical foundations of probability 
(Reichenbach) to Biological association of insects (Holloway) and 
Wheat-bunt field irtals (Baker and Briggs). Of particular interest to 
pure mathematicians are survey papers by Doob, Time series and 
harmonic analysis, and by Feller, On the theory of stochastic processes, 
with particular reference to applications. 

Although the preponderance of papers is devoted to statistics (gen- 
eral, descriptive, and mathematical) mention should be made of a 
paper on Statistical mechanics and tts applications to physics (Lenzen) 
and on Statistical study of the galactic star system (Trumpler). 

There is even a paper on The place of statistics in the university 
(Hotelling) followed by a discussion by five other authors. 

In spite of the somewhat chaotic arrangement and an overwhelm- 
ing battery of topics this volume is a tribute to the great vitality of 
statistics and statistical methods. It should prove a valuable addition 
to the rapidly growing statistical literature. 

M. Kac 


An essay toward a unified theory of special functions. By C. Truesdell. 
(Annals of Mathematics Studies, no. 18.) Princeton University 
Press, 1948. 44-182 pp. $3.00. 


It is very difficult to draw the line between mathematical physics 
and applied mathematics but this book shows that there does exist a 
definite and important difference between them. In mathematical 
physics many special functions such as the Legendre, Hermite, or 
Laguerre polynomials, Bessel or hypergeometric functions are used 
as tools to solve particular problems. As a consequence many 
properties of these functions and connections between them have been 
established. The author, as an applied mathematician, has posed the 
question of finding a unified approach to these different special func- 
tions so that from it most of the known properties could be found 
directly. The monograph under review gives an answer to this ques- 
tion. 

'Theauthor found that many of the special functions, not only those 
previously mentioned but also such as the generalized Riemann zeta 
function, the incomplete gamma function, or the Poisson-Charlier 
polynomials, can be transformed into solutions of the equation 


OF (g, a 
(1) 





= F(z, a + 1). t 


A study of this equation shows that by simple techniques any solution 
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of (1) can be represented as a power series, a contour integral, or as a 
differential operator. For example, from a formal use of Taylor’s 
theorem it follows that 


(2) F(s + 9,0) = = y*F(s, a + n)/ni. 


This formula gives directly a generating function for the sequence 
F(z, a+n)/n!, n=0, 1,2, - - - , while for s=0 it gives a power series 
expansion of F(y, a). 

As a result of these techniques the author is able to handle problems 
which could be treated only with difficulty by classical methods. For 
example, express the Laguerre polynomials in terms of the Legendre 
polynomials. The scope of the method and the ingenuity of the 
author are illustrated by the derivation of new, complicated formulas 
involving the special functions. 

An essential point in the study of equation (1) is the proof of the fol- 
lowing theorem: Given a bounded sequence ¢(a-+n),2=0,1,2,---, 
there exists one and only one solution of (1) such that 


F(zo, a + n) = ¢(a + n), n=0,1,2,---. 


This theorem is obtained as a special case of an existence theorem 
for a general vector difference-differential equation which the author 
proves. Once the uniqueness is known, it is easy to justify the 
formal applications such as those in (2). 

The author concludes his monograph with some still unsolved ques- 
tions. One such question is this: 

What are the conditions to ensure the existence of a unique solu- 
tion of the equation 


OF (z, a) 


(3) . = 





= F(z, a — 1) 


when a=ap-+n, n=0, 1, 2, +++ ? If the answer to this were known, 
some important identities involving number-theoretic functions 
would be immediate consequences of (3). 

BERNARD FRIEDMAN 


Non-linear problems in mechanics of continua. (Proceedings of Sym- 
posia in Applied Mathematics, vol. 1.) New York, American 
Mathematical Society, 1949. 8+219 pp. $5.25. 


This volume contains papers presented at the First Symposium in 
Applied Mathematics, held at Brown University, August 2—4, 1947. 
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The subject of the symposium was Non-linear problems in mechanics 
of continua. The content of the volume falls into two groups: the first 
(157 pages, sixteen papers) is concerned with fluid mechanics, the 
second (60 pages, eight papers) with elasticity and plasticity. The 
articles differ widely in both length and character. 

The papers of the first group offer an instructive sample of the 
great variety of problems considered today in the above described 
direction. Several articles deal with the problems of so-called free 
boundaries. The first article in the book is a comprehensive and 
interesting paper by A. Weinstein entitled Non-linear problems in the 
theory of fluid motion. There is a brief abstract of work completed and 
in progress on recent developments in free boundary theory by G. 
Birkhoff. Non-linear free boundary problems arise likewise in the 
consideration of wave motion in water with a free surface. J. J. 
Stoker presents a study, The breaking of waves in shallow water, with 
emphasis on the mathematical analogy with shocks in gas dynamics. 
Shock problems form the subject matter of a few other articles. An 
extensive paper which reviews some less accessible material while 
also presenting new results and viewpoints has the title On shock 
phenomena: interaction of shock waves in gases written by H. Polachek 
and R. J. Seeger. A paper Theory of the propagation of shock waves 
from cylindrical charges of explosives is presented by S. R. Brinkley, 
Jr. and J. G. Kirkwood. The general problem of the integration of 
the equations of gas dynamics is studied in a number of papers under 
different aspects. S. Bergman presents a condensed review of his 
important and extensive work on Operator methods in the theory of 
compressible fluid flow. L. Bers, in an article An existence theorem in 
two-dimensional gas dynamics gives a complete existence theorem for 
the flow around a profile under the assumption of Chaplygin’s well 
known linear approximation to the adiabatic relation. If this relation 
is approximated by a polygon rather than by a single straight line, a 
possibly efficient method for the numerical solution of flow problems 
is obtained in H. Poritsky’s paper Polygonal approximation methods 
in the hodograph plane. The interesting article of L. Opatowski ex- 
tends some results of Volterra and Levi-Civita on incompressible flow 
to compressible flow problems. A. H. Taub’s paper on a variational 
principle for perfect compressible fluids may likewise be mentioned 
in this connection. A contribution to the integration theory in case of 
three-dimensional flow problems is offered in the article of N. Coburn 
and C. L. Dolph, The method of characteristics in the three-dimenstonal 
stationary supersonic flow of a compressible gas. Problems of boundary 
layer theory (incompressible flow) are considered in the papers by 
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L. Lees, Stability of the laminar boundary layer in a compressible fluid, 
and by R. Sears, The boundary layer of yawed cylinders. H. W. Em- 
mons proposes to study turbulent flow by directly attacking the 
Navier-Stokes equations through a method of finite-difference- 
integration in a paper The numerical solution of the turbulence problem. 
A very interesting contribution to the statistical theory of turbulence, 
so much discussed today, is offered in C. C. Lin’s article Remark on 
the spectrum of turbulence. M. Kuo comments briefly on the stability 
of a flow in the neighborhood of the sonic point (M —1). 

It is of course impossible to do justice in a brief review to numerous 
articles, widely different in scope and character. What is termed 
“interesting” or “important” depends rather more on the reviewer's 
interests and training than on objective standards. In fact no evalua- 
tion can be attempted. Rather the aim is to assist the reader in form- 
ing some opinion as to whether the volume as a whole or one or more 
of the articles will be of interest to him. 

The second group starts with F. D. Murnaghan's basic contribu- 
tion Foundations of the theory of elasticity which studies the problem 
of non-infinitesimal displacements. A group of papers may be singled 
out that deal with large deflection of plates while small strains are 
still considered. There is E. Reissner’s very competent paper On 
finite deflections of circular plates, S. Levy’s paper Large deflection 
theory for rectangular plates, and the suggestive paper by K. Friedrichs 
on the problem of buckling, The edge effect in bending and buckling 
with large deflections. A non-linear strain-stress relation is assumed 
by W. Kaplan and dealt with by a numerical approach in the 
atticle Numerical methods in the solution of problems of non-linear 
elasticity. G. F. Carrier in the article On dynamic structural stability 
attempts to extend the stability theory of structures to the case 
of dynamic loads. There are only two papers on plasticity, one an 
abstract of W. Prager’s stimulating paper on discontinuous solu- 
tions in plasticity theory, which appeared in full in the Courant 
Anniversary volume, and the other D. C. Drucker’s paper Stress- 
strain relations for strain hardening materials: discussion and proposed 
experiments where the so-called “deformation theories” of plasticity 
versus “plastic flow” theories are examined, the latter appearing 
preferable. 

On the whole, the volume offers an important cross section of cer- 
tain aspects of work in applied mathematics. 

HILDA GEIRINGER 


NOTES 


A grant of $10,000 has been made to the 1950 International Con- 
gress of Mathematicians by UNESCO to be used for transportation 
expenses of foreign mathematicians attending the Congress. A Con- 
ference which it is hoped will lead to the formation of an Inter- 
national Mathematical Union will be held just before the Congress. 
UNESCO has made an additional grant of $10,000 for transporta- 
tion of delegates to this Conference. 

The second summer seminar and the second quadrennial congress 
of the Canadian Mathematical Congress were held at the University 
of British Columbia from August 16 to September 10, 1949. The 
seminar consisted of four lecture series of eight lectures each and four 
expository courses of fifteen lectures each. In addition there were sub- 
seminars in pure and applied mathematics. The second congress in- 
cluded two lecture series of three lectures each, eight additional 
' Jectures, and a number of short research papers. A full report of these 
meetings will appear in the Proceedings of the Canadian Mathemati- 
cal Congress of 1949. ^ 

The Institute for Teachers of Mathematics sponsored by the 
Association of Teachers of Mathematics in New England will be held 
at Tufts College August 22-29, 1950. 

The Council of the Royal Society of Edinburgh has announced 
the award of the Keith Prize for the period 1947—1949 to Professor 
A. G. Walker of the University of Sheffield, for his papers on the gen- 
eral theory of relativity published in the Proceedings of the Society 
within the period and in recognition of his distinguished contribu- 
tions to Riemannian geometry. 

Professor J. E. Littlewood of Cambridge University is retiring and 
will be succeeded by Professor A. S. Bessicovitch. 

Dr. Shmuel Agmon of the National Research Center in Paria has 
been appointed as visiting lecturer in mathematics at the Rice In- 
stitute. 

Assistant Professor L. A. Aroian of Hunter College has accepted 
a position with Hughes Aircraft Company, Culver City, California. 

Dr. Emilio Baiada of the University of Pisa is on leave of ab- 
sence and has been appointed to a visiting professorship at the Uni- 
versity of Cincinnati. 

Associate Professor Joseph Barnett of Oklahoma Agricultural and 
Mechanical College has retired with the title associate professor 
emeritus. 
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Professor M. A. Biot of Brown University is now a member of the 
firm of consultants, Biot and Arnold, New York, New York. 

Professor D. H. Blackwell of Howard University is on leave and 
has been appointed to a visiting professorship at Stanford Uni- 
versity. 

Mr. Joseph Blum of the Los Alamos Scientific Laboratories has 
accepted a position with the National Bureau of Standards, Wash- 
ington, D. C. 

Dr. R. P. Boas, Executive Editor of Mathematical Reviews, has 
been appointed to a professorship at Northwestern University. 

Associate Professor J. W. Calkin of Rice Institute is on leave of 
absence at the Los Alamos Scientific Laboratories. 

Dr. Ion Carstoiu of the University of Paris has been appointed to 
an assistant professorship at Johns Hopkins University. 

Professor Lamberto Cesari of the University of Bologna is on leave 
and has been appointed to a visiting professorship at the University 
of Wisconsin. 

Professor Patrick Du Val of the University of Istanbul, has been 
appointed to a professorship at the University of Georgia. 

Mr. G. W. Evans of New York University has accepted a position 
as associate mathematician with the Argonne National Laboratory, 
Chicago, Illinois. 

Mr. H. H. Goode of the Office of Naval Research has accepted a 
position as supervisor, Áeronautical Research Center, at the Uni- 
versity of Michigan. 

Professor M. R. Hestenes of the University of California at Los 
Angeles is on leave and has been appointed a visiting staff member 
at the National Bureau of Standards. 

Mr. H. A. Hill has accepted a position as mathematician with the 
National Bureau of Standards, Washington, D. C. 

Dr. S. T. Hu of the Academia Sinica has been appointed lecturer 
at Tulane University. 

Associate Professor F. B. Jones of the University of Texas has been 
appointed to a professorship at the University of North Carolina. 

Assistant Professor William Karush of the University of Chicago 
has accepted a position as mathematician with the Institute for 
Numerical Analysis, National Bureau of Standards. 

Professor E. S. Kennedy of the American University of Beirut, 
Lebanon, is on leave and has accepted a Rockefeller Fellowship at 
the Institute for Advanced Study. 

Dr. Jacob Korevaar of the Mathematical Center in Amsterdam 
has been appointed visiting lecturer at Purdue University. 
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Mr. R. M. Lakness has been appointed lecturer at the University 
of California. s 

Dr. Nathan Lazar of Teachers College, Columbia University, has 
been appointed to an associate professorship of education at Ohio 
State University. 

Associate Professor Eugene Leimanis of the University of Riga, 
Latvia, has been appointed to an assistant professorship at the Uni- 
versity of British Columbia. 

Professor Emeritus W. R. Longley of Yale University has been 
appointed to a visiting professorship at Haverford College. 

Professor J. N. Michie of Texas Technological College has retired, 

Mr. J. L. Miler is now associated with the Mathematical Comput- 
ing Service, Brooklyn, New York. 

Mr. C. N. Mooers is now owner and director of research of the 
Zator Company in Boston. 

Dr. G. K. Overholtzer of the University of Kansas has been ap- 
pointed. to an assistant professorship at Purdue University. 

Professor F. W. Owens of Pennsylvania State College has retired 
with the title emeritus. 

Assistant Professor Helen B. Owens of Pennsylvania State College 
has retired. 

Mr. T. K. Pan has been appointed lecturer at the University of 
California. 

Professor W. V. Parker of the University of Georgia has been 
appointed to a professorship at Alabama Polytechnic Institute. 

Mr. G. W. Petrie of Bethlehem Steel Company has accepted a 
position with International Business Machines, Philadelphia, Penn- 
sylvania. 

Dr. H. E. Rauch of Rutgers University is now a member of the 
Institute for Advanced Study. 

Dr. T. D. Reynolds of Duke University has accepted a position as 
Director of Instruction for schools in Buncombe County, North 
Carolina. 

Assistant Professor Fritz Rothberger of Acadia University has 
been appointed to an assistant professorship at the University of 
New Brunswick. f 

Mrs. Mollie A. Rubenstein has accepted a position as statistician 
with Michigan State College. 

Dr. W. C. Sangren of the University of Michigan has been ap- 
pointed to an assistant professorship at Miami University. 

Professor A. C. Schaeffer of Purdue University is on leave and has 
been appointed to a visiting professorship at Carnegie Institute of 
Technology. 
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Miss Esther Seiden has been appointed lecturer at the Uni- 
versity of California. 

Mr. D. J. Smith of the University of Notre Dame has accepted a 
position with the Royal-Liverpool Groups of Insurance Companies, 
New York, New York. 

Assistant Professor W. H. Smith of the University of Chicago has 
been appointed to an associate professorship at Bluefield State Col- 
lege, Bluefield, West Virginia. 

Dr. R. G. Stanton of the University of Michigan has been ap- 
pointed lecturer at the University of Toronto. 

Dr. N. P. Yeardley of the University of Cincinnati has been ap- 
pointed to an assistant professorship at Purdue University. 

The following promotions have been announced: 

F. S. Beale, Lehigh University, to an associate professorship. 

I. W. Burr, Purdue University, to a professorship. 

Eckford Cohen, Syracuse University, to an assistant professorship. 

S. P. Diliberto, University of California, to an assistant professor- 
ship. 

Bernard Epstein, University of Pennsylvania, to an assistant pro- 
fessorship. 

Caspar Goffman, University of Oklahoma, to a professorship. 

Mary E. Haller, University of Washington, to an associate pro- 
fessorship. 

J. L. Hodges, University of California, to an assistant professor- 
ship. 

Nathan Jacobson, Yale University, to a professorship. 

J. W. Lawson, University of Manitoba, to Acting Dean of Arts 
and Sciences. 

P. E. Lewis, North Carolina State College, to an associate pro- 
fessorship. 

Sophia L. McDonald, University of California, to a professorship. 

W. H. McEwen, University of Manitoba, to Dean of the Faculty 
of Graduate Studies and Research. 

A. P. Morse, University of California, to a professorship. 

A. E. Trabant, Purdue University, to an assistant professorship. 

M. L. Vest, West Virginia University, to an associate professor- 
ship. 

Fumio Yagi, University of Washington, to an assistant professor- 
ship. 

The following appointments to instructorships are announced: 
University of British Columbia: Dr. T. E. Hull; University of Cali- 
fornia: Dr. H. B. Ribeiro; Catholic University of America: Dr. 
Meyer Jerison; Iowa State College of Agriculture and Mechanic 
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Arts: Mr. R. N. Goss; Iowa State Teachers College: Miss Dorothy 
DeWitt; Johns Hopkins University: Mr. A. C. Smith; Lehigh Uni- 
versity: Mr. B. C. Kenny, Mr. Michael Tikson; University of North 
Carolina: Mr. Leo Moser; Oberlin College: Mr. M. E. White; Okla- 
homa Agricultural and Mechanical College: Dr. C. J. Clark, Dr. 
Arthur Zeichner; Pennsylvania State College: Mr. J. D. E. Kon- 
hauser, Mr. E. F. Ormsby; Purdue University: Dr. C. C. Goldman; 
Rensselaer Polytechnic Institute: Mr. J. C. Gibson, Dr. M. R. 
Spiegel; University of Southern California: Dr. Harold Shniad; Uni- 
versity of Utah: Mr. R. E. Janssen; University of Washington: Mr. 
G. E. Uhrich; Yale University: Dr. D. T. Finkbeiner. 

Professor Constantin Carathéodory of the University of Munich 
died February 2, 1950 at the age of seventy-six years. 

Professor Emeritus J. A. Eiesland of West Virginia University died 
March 11, 1950 at the age of eighty-three years. He had been a mem- 
ber of the Society for fifty years. 

Dr. E. D. Hellinger of Illinois Institute of Technology died March 
28, 1950 at the age of sixty-six years. He had been a member of the 
Society for eleven years. 

Mr. Alfred Korzybski of the Institute of General Semantics died 
the week of March 6, 1950 at the age of seventy years. He had been 
a member of the Society for twenty-four years. 

Professor C. E. Wilder of Dartmouth College died on February 9, 
1950 at the age of sixty-one years. He had been a member of the 
Society for thirty-four years. S 

The following one hundred and thirty-nine doctorates, with mathe- 
matics, mathematical physics, or statistics as a major subject, were 
conferred during 1949 in universities in the United States and 
Canada. The university, month in which degree was conferred, 
minor subject (other than mathematics) and the title of the disserta- 
tion are given in each case if available. 

F. S. Acton, Carnegie Institute of Technology, June, minor in 
chemical engineering, The coupling of two cylindrical acoustical ducts. 

R. V. Andree, Wisconsin, June, A development of the g-adic numbers 
of Hensel. . 

Julius Aronofsky, Pittsburgh, June, Investigation of ihe necked region 
for flat bars of ductile metals. 

Helmut Aulbach, Syracuse, June, Some geometrical inequalities for 
sets in Hilbert space. 

W. E. Barnes, Cornell, June, minor in electronics, Abel transforms 
and partial sums of Tauberian series. 

Isaac Battin, New York, February, On the use of triangular nets 
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and generalized differences in the solution of the first boundary value 
problem for the Laplace equation in the plane. 

Howard Bergmann, New York, February, The boundary layer 
problem for certain nonlinear ordinary differential equations. 

R. R. Bernard, Virginia, June, Probability in dynamical iransforma- 
tion groups. 

W. A. Blankinship, Princeton, June, Generalization of a construction 
of Antoine. 

H. D. Block, Iowa State, June, minor in physics, Explicit solutions 
of certain singular integral equations. 

W. M. Boothby, Michigan, June, A topological study of the level 
curves of harmonic functions. 

F. E. Bortle, Iowa State, December, minors in electrical engineer- 
ing and physics, Analytical study of dynamic loads on elastically sup- 
ported slabs. 

R. H. Bott, Carnegie Institute of Technology, June, minor in elec- 
trical engineering, Electrical network theory. 

Evelyn Boyd, Yale, June, On Laguerre series in the complex domain. 

R. A. Bradley, North Carolina, June, Sampling distributions for 
non-normal universes. 

F. H. Brownell, Princeton, June, Non-linear difference diferential 
equations. 

H. E. Campbell, Wisconsin, June, An extenston of the "principal 
theorem” of Wedderburn, 

O. S. Carpenter, Iowa State, June, minor in economics, Sequential 
tests of the linear hypothesis. 

E. D. Cashwell, Wisconsin, February, The asymptotic solutions of 
an ordinary differential equation in which the coefficient of the parameter 
is singular. 

Uttam Chand, North Carolina, June, On certain composite hy- 
potheses concerning regression coefficients and means. 

D. G. Chapman, California, June, I. Applications of the hypergeo- 
metric distribution to sample census problems. II. A class of lower 
bounds for the variance of an estimate. 

M. T. Cheng, Princeton, June, On the uniqueness theorem of multiple 
trigonometrical series. 

Peter Chiarulli, Brown, June, Stability of two-dimensional velocity 
distributions of the half-jet type. 

T. T. Chung, Cornell, June, On the sums of independent random 
variables. 

R. A. Clark, Massachusetts Institute of Technology, June, minor 
in civil engineering, On the theory of thin elastic toroidal shells. 
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P. A. Clement, California at Los Angeles, June, Generalized con- 
vexiiy and inequalities im grossen of functions on surfaces of negative- 
curvature. 

H. J. Cohen, Wisconsin, June, Concerning homogeneous plane 
continua. 

Jane S. Cronin, Michigan, February, Branch points of solutions of 
equations in Banach space. 

J. M. Danskin, California, September, On the existence of minimis- 
ing surfaces in parametric problems 4n the calculus of variations. 

Robert Davies, Wisconsin, June, Vibration of a rod weighted at one 
end. 

A. S. Day, Yale, June, On an operational calculus for unbounded 
operators. 

M. D. Donsker, Minnesota, August, minor in physics, The in- 
variance principle for Wiener functionals. 

Avron Douglis, New York, February, Some existence theorems for 
hyperbolic systems of partial differential equations in two independent 
variables. 

R. F. Dressler, New York, February, Mathematical solution of the 
problem of roll-waves in inclined open channels. 

J. C. Eaves, North Carolina, August, On quasi k! commutative 
matrices. 

R. H. Edwards, Illinois Institute of Technology, June, Stress con- 
centrations due to spheroidal inclusions. 

F. E. Ehlers, Brown, October, The transonic flow through a de Laval 
nozzle. 

H. E. Ellingson, Iowa, February, Problems involving a third order 
differential equation and irregular boundary conditions. 

J. H. Engel, Wisconsin, June, Some contributions to the solution of 
the word problem for groups (canonical forms in hypoabelian groups). 

A. E. Engelbrecht, Iowa State, August, minor in aeronautical 
engineering, Coupled bending and iorsional free vibration of a swept 
wing. 

Mary E. Estill, Texas, May, minor in philosophy, Concerning ab- 
stract spaces. 

M. W. Eudey, California, June, I. On the treatment of discontinuous 
random variables. II. Statistical model for comparing two methods of 
diagnosis. 

R. M. Exner, Syracuse, August, Surfaces invariant under motions. 

D. T. Finkbeiner, California Institute of Technology, June, minor 
in physics, A general dependence relation and its application to lattice" 
imbeddings. 
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Morton Finston, Brown, June, Thermal effects in calendering viscous 
fiuads. 

H. M. Flanders, Chicago, September, Unification of class field 
theory. 

Walter Fleming, Minnesota, July, minor in physics, The double 
Wiener integral of a function of a certain quadratic functional. 

J. R. Foote, Massachusetts Institute of Technology, June, minor 
in aeronautical engineering, On the stability of certain unsymmetric 
two-dimensional parallel flows. 

Abraham Franck, Minnesota, June, minor in physics, Analytic 
functions of bounded type. 

D. A. S. Fraser, Princeton, June, Generalized hit probabilities with 
a Gaussian target. 

Gerald Freilich, Brown, June, On the measure of cariestan product 
sets. 

E. J. Frey, Massachusetts Institute of Technology, September, 
minor in physics, On the flow of heat through a slotted wall. 

W. B. Fulks, Minnesota, June, On integral representations and 
uniqueness of solutions of the heat equation. 

David Gale, Princeton, June, Solution of finite two-person games. 

I. C. Gentry, Duke, June, minor in physics, On extending a homeo- 
morphism defined over subsets of 2-dimensional orientable manifolds. 

C. C. Goldman, Cincinnati, June, On multiple Fourier series. 

S. R. Goldner, New York, February, Existence and uniqueness 
theorems for two systems of non-linear hyperbolic differential equations 
for functions of two independent variables. 

D. B. Goodner, Illinois, October, minor in education, Projections 
in normed linear spaces. 

F. G. Graff, Pittsburgh, January, Limits to the characteristic roots 
of a matrix. 

F. E. Grubbs, Michigan, June, Sample criteria for testing outlying 
observations. 

H. L. Harter, Purdue, August, minor in physics, On the distribution 
of Wald's classification statistic. 

N. S. Hawley, Princeton, June, Homogeneous and complex mani- 
folds. 
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R. G. D. Steel, Iowa State, June, minor in genetics, Minimum 
generalized variance for a group of linear functions. 

A. F. Strehler, Wisconsin, June, The generalization of the Moebius 
mu-function to a partially ordered set. 

C. M. Tyler, Pittsburgh, June, minor in engineering, Solution of the 
lifting line and lifting surface integral equations by the relaxation 
method. 

J. L. Ullman, Stanford, September, Studies on Faber polynomials. 

C. E. Vogeley, Pittsburgh, January, An investigation of an analysis 
of a simple waveguide discontinuity. 

D. D. Wall, California, September, Normal numbers. 

Shianghaw Wang, Princeton, January, On Grundwald’s theorem. 

Maria A. Weber, Cornell, February, minor in physics, The solution 
of a differential equation of parabolic type. 

Anne M. Whitney, Pennsylvania, June, On the positivity of trans- 
lation determinants for Pólya frequency functions with an application 
to the interpolation problem by spline curves. 

C. W. Williams, Virginia, June, Transformation groups and recur- 
rence. 

V. M. Wolontis, Harvard, June, Properties of conformal invariants. 

N. P. Yeardley, Cincinnati, June, The representation of an analytic 
function by a general Laguerre series. 

The following four doctorates were conferred in 1948, but were 
not included in the list in the preceding volume of this Bulletin 
(vol. 55, pp. 536-542). 

Leon Henkin, Princeton, February, The completeness of formal sys- 
tems. 

E. D. Nering, Princeton, October, Reduction of an algebrasc func- 
tion field modulo a prime in the constant field. 

H. E. Rauch, Princeton, February, Generalizations of some classic 
theorems to the case of functions of several variables. 

J. E. Walsh, Princeton, February, Some significance tests for the 
median which are valid under very general conditions. 


NEW PUBLICATIONS 


ApAus, D. P. An index of nomograms. New York, Wiley, 1950. 10-1-174 pp. $4.00. 

ARCHIBALD, R. C. See STEINER, J. 

BacguIHL, F. See KAMKE, E. 

BERZOLARI, L. Enciclopedia delle maiematiche elementari. Vol. 3, part 2. Milan, 
Hoepli, 1950. 19+-1037 pp. 3800 L. 

BouLtGAND, G. Les principes de l'analyse géoméirique. Vol. 2. Paris, Vuibert, 1950. 
22-1207 pp. 1500 fr. 

Cocuran, W., and Cox, G. Experimental designs. New York, Wiley, 1950. 10-+-454 pp. 
$5.75. 

Cox, G. See CocgnaN, W. 

D&gracHET, A. La géométrie contemporaine. Paris, Presses Universitaires de France, 
1950. 128 pp. 

Duarte, F.J. Monografía sobre los números rye. Caracas, Tipografia Americana, 1949, 
246 pp. 

Hormann, J. E. Die Entwicklungsgeschichte der Leibnisschen Mathematik während des 
Aufenthalles in Paris (1672-1676). Munich, Leibniz, 1949. 7+252 pp. 

KAMxE, E. Theory of sets. Trans. by F. Bagemihl from 2d German ed. New York, 

Dover, 1950. 84-152 pp. $2.45. 

LABIN, É. Calcul opérationnel. Paris, Masson, 1949. 150 pp. 780 fr. 

Lerscuetz, S. Contributions to ihe théory of nonlinear oscillations. (Annals of Mathe- 
matics Studies, no. 20.) Princeton University Press, 1950. 10-1-350 pp. $4.00. 
Lerscuetz, S. L'analysis situs ei la géométrie algébrique. Paris, Gauthier-Villars, 1950. 

6-+154 pp. 650 fr. 

Levinson, H. C. The science of chance. New York, Rinehart, 1950. 8+-348 pp. $2.00. 

LicuwEROWICZ, A. Eléménts de calcul tensoriel. Paris, Colin, 1950. 216 pp. 180 fr. 

Lirrtgwoop, D. E. The skeleton key of mathematics: a simple account of complex alge- 
brasc theories. London, Hutchinson, 1949. 138 pp. 7s, 6d. 

Mann, H. B. Analysis and design of experiments. New York, Dover, 1949. 10-198 pp. 
$2.95. 

PETERSON, T. S. Elements of calculus. New York, Harper, 1950. 10-+369 pp. $3.50. 

Ritt, J. F. Differential algebra. (American Mathematical Society Colloquium Publi- 
cations, vol. 33.) New York, American Mathematical Society, 1950. 8+181 pp. 
$4.40. 

Roy, L. Cours de mécanique rationnelle. Vol. 4. Problèmes ei exercises. Paris, Gauthier- 
Villars, 1950. 124-276 pp. 1250 fr. 

ScaLArLI, L. Gesammelte mathematische Abhandlungen. Ed. by Steiner-Schl&fli Com- 
mittee of the Swiss Scientific Society. Vol. 1. Basel, Birkhauser, 1950. 392 pp. 54 
Swiss fr. 

SBANNON, C., and Weaver, W. The mathematical theory of communication. Urbana, 
University of Illinois Press, 1949. 117 pp. $2.50. 

Starx, M. E. See STEINER, J. 

STEINER, J. Geometrical constructions with a ruler given a fixed circle with its center. 
Trans. by M. E. Stark; ed. with an introduction and notes by R. C. Archibald. 
(The Scripta Mathematica Studies, no. 4.) New York, Scripta, 1950. 3+88 pp. 
$2.00. 

STOKER, J. J. Nonlinear vibrations in mechanical and electrical systems. New York, 
Interscience, 1950. 20-1-273 pp. $5.00. 

'TogPLITZ, O. Dis Entwicklung der Infinitesimalrechnung. Berlin, Springer, 1949. 10 
4-180 pp. 22.60 DM. 

Weaver, W. See SHANNON, C. 


284 


MATHEMATICS AND THE NATIONAL SCIENCE FOUNDATION 


(A statement by the policy Committee for Mathematics based upon a report of 
the Committee on the Needs of Mathematics which can be met by a National Science 
Foundation.) 

It is essential that the greatest flexibility be maintained in the ad- 
minstration of the funds which are made available for mathematics 
by the National Science Foundation. We feel that the charge of the 
Mathematics Division of the National Science Foundation, and of 
any advisory committee which is established should be to advance 
the welfare of mathematics. The means of doing this should remain a 
constantly evolving process. 

With this in mind we make the following recommendations. 

I. Immediately mathematicians should, through the Policy Com- 
mittee, take steps to insure: 

A. That persons are appointed to Foundation posts—both on the 
Foundation itself and in the responsible Civil Service positions— 
who are competent and persons of good judgment. We recommend 
that the Policy Committee inform the proper authorities in Washing- 
ton, that the Policy Committee holds itself ready to consult with 
them on matters affecting mathematics connected with the estab- 
lishment of a Foundation, is concerned to see that competent persons 
are appointed to the posts in the two roles mentioned above, and in 
particular wishes to suggest suitable nominations for Membership on 
the Foundation. 

B. A Division of Mathematics of the National Research Council is 
established whose principal jobs with respect to the Foundation 
would be to: 

1. take whatever steps are appropriate to secure a proper budget 
for mathematics. Here an assessment of the need should be made 
carefully, taking account of available talent, and of fields which lie 
outside the principal interests of organized mathematics, but will not 
receive support elsewhere; 

2. provide for the appointment £n consultation with the Policy Com- 
mittee of an Advisory Committee for Mathematics consisting of 
active mathematicians; 

3. maintain proper contacts with other divisions of the National 
Research Council and with the Social Science Research Council, in 
order to secure an alert awareness of their needs for mathematics. 

II. One of the most acute problems facing mathematics today is 
the publication problem. We strongly urge that explicit provision be 
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made for offering subsidies to existing journals and for the support of 
new journals when the establishment of such journals is recom- 
mended by the Advisory Committee. The amount of subsidy should 
be determined on the basis of advice from the Advisory Committee. 
One possible scheme would be for the Foundation to allocate funds 
for subsidization of publications. The total sum might be a fixed per- 
centage of the total grants made to individuals, universities, and so 
forth. In addition to this there are two other matters relating to 
publication which the Foundation should be requested to aid. These 
are: 

A. The publication of historical or comprehensive surveys of vari- 
ous fields. 

B. The regular publication of translations of articles in Russian 
and other unfamiliar languages. 

III. A. General remarks—While some of the funds will be for spe- 
cific projects on a contractual basis, in general it seems preferable to 
make grants to suitable individuals or universities. These grants 
would usually be made with the knowledge of an informal proposal, 
but such a proposal should not be intended to restrict studies too 
narrowly to programs laid down in advance. Annual reports by re- 
cipients of grants should be made to the Advisory Committee. This 
body should also advise on the renewal of grants. Grants for full 
time research should, in general, be for one year, renewable for a 
second year, and not normally renewable beyond that. 

B. Assistance to libraries should be madé to universities, and the 
funds should be administered by them. 

C. Fellowships should be awarded for graduate and post-doctoral 
study and research on a national basis on recommendation of the 
Advisory Committee. ` 

D. Grants to individuals should be made solely on the basis of 
individual merit without regard to field of research or age, and should 
be awarded on a national basis. 

E. The Foundation should take as a major charge carefully se- 
lected attempts to assist an institution to develop its mathematics de- 
partment according to plans proposed by the institution and ap- 
proved by the Foundation. It may be desirable to have regional 
boards to advise on this feature of the problem. Contributions to 
sabbatical year salaries would be decided here. 

F. Grants should be available for projects if group undertakings 
seem warranted. 

IV. The Foundation should seek additional means of discovering 
and fostering promising mathematical talent among young students, 
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particularly those who, for geographic or other reasons, may have 
only poor opportunities for discovering this talent for themselves. 
In particular, the Foundation should explore the desirability of pub- 
lishing, or assisting the Mathematical Association to publish, a peri- 
odical for the benefit of secondary school students in order to stimu- 
late and direct younger students showing definite mathematical 
ability and interest. 

V. The Mathematics Division of the National Research Council, 
with financial assistance where needed from the National Science 
Foundation, should sponsor studies of the quality of teaching and 
the curriculum in mathematics at the secondary school level through- 
out the country, and take steps to bring about whatever changes are 
indicated as necessary by the study. Among other things, study 
should be made of the desirability of the development of visual and 
auditory aids to teaching. The writing of sound mathematics books 
at the secondary school level, and of good texts for undergraduates 
should be encouraged. 

VI. The Foundation should consider from time to time addi- 
tional activities, such as conferences on research fields of current 
interest. 


PARAMETRIC SURFACES 
A. S. BESICOVITCH 


I want first to express my thanks to the Presidium of the American 
Mathematical Society for the invitation to deliver an address to the 
Society. I feel very much honored by this invitation and I appreciate 
it highly. 

My address will be devoted to parametric surfaces, to that part of 
the subject which is connected with the definition of the area, with 
the expression of the area by an integral, and with the minimum 
area problem. It is an exceptional privilege to lecture on this subject 
to the American Mathematical Society, whose members have been 
responsible for such an impressive progress of the subject during the 
last two decades. I shall start with the definition of the area. 

In 1914 Carathéodory defined the m-dimensional measure in the 
n-dimensional space, for integral values of m.! He considered the 
one-dimensional measure as a generalization of the length and he 
proved that the length of a rectifiable curve coincides with its one- 
dimensional measure. 

In 1919, Hausdorff,? developing Carathéodory’s ideas, constructed 
a continuous scale of measures. After the work of Carathéodory and 
Hausdorff the obvious problem was to treat the area as the two-di- 
mensional measure and to establish the well known integral formulae. 
But a considerable amount of work on establishing the integral 
formulae for the area had been done before that, with a variety of 
definitions of the area, due no doubt to the difficulty of the problem. 
Later the Lebesgue definition, somewhat modified by Frechet, of the 
area as the lower limit of areas of approximating polyhedra became 
the dominant one. A particularly valuable feature of the Lebesgue- 
Frechet (L.-F.) definition is that it provides the area with the prop- 
erty of the lower semi-continuity. 

When applied to plane figures bounded by a Jordan curve the 
L.-F. definition gives in fact the value of the interior area of the 
figure, and thus in cases when the boundary is of positive Ly-measure, 
the L.-F. area differs from the value of the closed area in the usual 


An address delivered before the Annual Meeting of the Society at Columbus, Ohio, 
December 29, 1948, by invitation of the Committee to Select Hour Speakers for 
Summer and Annual Meetings; received by the editors April 14, 1949. 

1 Über das lineare Mass von Punktmengen—cine Verallgemeinerung des Lüngenbe- 
grifs, Nachr. Ges. Wiss. Göttingen (1914) pp. 404426. 

? Dimension und dusseres Mass, Math. Ann. vol. 79 (1919) pp. 157-179. 
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Lebesgue sense. This of course need not be considered in any sense a 
serious fault with the definition, and of course there is nothing 
astonishing then if the area of the projection measured as a closed 
area happens to be greater than the area of the projective figure 
measured as an open area. This is the so-called projected conflict,’ 
conflict only in name. Being entirely based on an obvious confusion 
of two measures, it could not have shaken any confidence in the L.-F. 
definition. As a matter of fact there is no conflict whatsoever, and 
the L.-F, area of the orthogonal projection of a parametric surface, 
which (the projection) is itself a parametric surface, is always less 
than or equal to the L.-F. area of the projected figure. This is obvious 
for polyhedral surfaces, and then it follows at once for the general 
case. 

In 1913, Geócze* gave an example of a parametric surface that fills 
up a cube and has at the same time L.-F. area equal to zero. But the 
Geócze parametric surface is no surface in any geometric sense and 
the notion of its area is entirely artificial. Whatever value might have 
been obtained for its area, it could not have been a test for the 
definition. Thus no fault was suspected in the L.-F. definition until 
recently, and a large amount of work was done on the basis of the 
L.-F. definition, culminating in the proof of the integral formula for 
parametric surfaces under the most general conditions, and in the 
solution of the Plateau problem. But the study of the area cannot 
be restricted to the very narrow class of the parametric surfaces, 
that is, to the class of continuous images of a disk. A notion of area 
is attached to a much wider class of surfaces, such as continuous 
images of other figures than a disk, many cases of discontinuous 
images and to surfaces given as point sets. With the experience of 
more than fifty years of modern theory of functions of a real variable, 
any attempt of extending the definition of the area to more and more 
general classes of surfaces would inevitably lead to treating the area 
as a measure, just as the length and the volume are treated. 

A few years ago I set myself the problem of treating the area as 
the Hausdorff A*-measure and of proving the identity of the L.-F. 
area of parametric surfaces and of their A?-measure (excluding the 
boundaries). However I came to results very different from ones I 
was hoping for. In my paper, On the definition and the value of the 
area of a surface,’ Y constructed a topological disk and a topological 

3 T, Radó, On the problem of Plateau, Ergebnisse der Mathematik und ihre Grenz- 
gebiete, vol. 2, 1933. 

* Z. Geocze, Sur l'exemple d'une surface dont l'asre est egale a zero et qui remplit un 


cube, Bull. Soc. Math. France vol. 41 (1913) pp. 29-31. 
5 Quart. J. Math. Oxford Ser. vol. 16 (1945) pp. 86-102. 
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sphere whose surface, on the one hand, has L.-F. area as small as we 
please, and, on the other hand, has a positive Lebesgue three-dimen- 
sional measure. In order to avoid too complicated diagrams, I shall 
first construct a plane curve to which the required surface is very 
similar. Let Sos=A be a unit square (Fig. 1). Divide A into four equal 
squares and let Ai, As, As, A, be four smaller equal squares con- 
centric with the above squares and of total area greater than 1/2. 
Write Si= 3^1 A4, meaning by S; the set of interior and bound- 
ary points of the squares 4i,---,4. Similarly a set S: 





ANN 
Ct F, EF EPa EP, Do 
Fie. 1. 


= Pael,- dol, Aug Of 16 equal squares of total area greater than 
1/2 and less than the total area of Sı are constructed, four squares in 
each square of Sı, and so on. In this way a decreasing sequence {Se} 
is determined, where S, is a set of 4* equal squares of total area 
greater than 1/2. Writing S=lim Sn, we have m*S21/2 (m? being the 
Lebesgue two-dimensional measure). Take now a segment CoD, on 
a side of the square A and segments CDi, >- >, CDa on 
sides of 4i;--:-:,44 and construct a polygonal line I= Pe 
= CoEıCıDı Fi ECD: Fa - - - DeFiDo of four branches. Similarly on 
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each of the segments GD, -+ +, CDa construct polygonal lines 
Py, +++, Pa each of four branches. Replacing the sides CDi, -+-, 
C.D, of II; by the polygonal lines Pi, * - - , Pa, we shall expand the 
line I; to a line II; of four branches of the first order and 16 branches 
of the second order. Similarly II; is expanded to Is, IT; to I, and so on. 
The sequence of polygonal lines {In} defines a limit curve II, which 
is obviously a simple curve. The line II, has a segment in common 
with every square of Sa, and consequently every point of S,, and in 
particular every point of S is within 27**!* from II,. Hence every 
point of S is on Il. Thus Il ts a simple curve of infinite length and 4t 
contains the set S, whose two-dimensional measure ts not less than 1/2. 

Now we carry out a similar construction in the three-dimensional 
space. Let S,—4 be a unit-cube, and Sı= $1.1 Ai, a set of 8 equal 
cubes of total volume less than 1 and greater than 1/2, symmetrically 
situated in A, by which we mean that the cubes Á., £12::1, - - -, 8, 
are concentric with the eight cubes into which A is divided by the 
three mid-planes. Let further S= Piero 8o28 be 64 
equal cubes of total volume less than that of S, and greater than 1/2, 
the cubes Ain, * < +, Aus being symmetrically situated in As, and so 
on. In this way a decreasing sequence of sets S, is determined. Writing 
S=lim S,, we have m*S z 1/2 (m! being the Lebesgue 3-dimensional 
measure) since m*5S,7 1/2 for every m. 

On the bottom side of A take a small square CoD (Co, Do are a pair 
of opposite vertices) and on CD, eight smaller disjoint squares 
E,\F,, +++, EgFs, then take squares C,D,,-+ +, CDs on the bottom 
sides of the cubes 41,---,Ag and join them to E:F, -+ - , EsFs 
respectively by rectangular tubes, that do not meet one another. 
The part CoDo— $4 E,F; of the square CoD, the eight tubes con- 
structed above, and the squares C,D,, -- - , CaDg form a polyhedral 
surface P, of eight branches. Call it I. II; is a topological disk. Sim- 
ilarly polyhedral surfaces Pi, - - - , Ps, of eight branches each, will be 
constructed on the squares C\D;, - - - , CaDs respectively. Replacing 
the squares C\D;,---,CsDg of IL by the polyhedral surfaces, 
Pı, |» - , Ps respectively, we shall get a polyhedral surface II; of 
eight branches of the first order and 64 branches of the second order. 
Ih is also a topological disk. Similarly Il, will be “expanded” to 
Is, II; to IM, and so on. The sequence of surfaces II, converges in the 
Frechet sense to a surface II. II ts a topological disk. Just as in the 
case of the plane construction II contains all the points of S, so that 
m*ILz 1/2. Now comes a fundamental difference between the plane 
figure and the three-dimensional one. While in the case of the plane 
figure the length of the polygonal line II, tends to infinity, in the 
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case of the three-dimensional figure the areas of the polyhedral sur- 
faces Ii, Iz, - - - may be as small as we please, so that given e>0 we 
may assume 


lim AH, < € 


and hence L.-F. area of II less than e. 

(i) Thus we have constructed a topological disk, whose area, in the 
L.-F. definition, is less than e, and whose three-dimenstonal Lebesgue 
measure is not less than 1/2. 

(ii) If we seal the surface II by a surface of small area subtending 
the boundary of the square CoD, and lying below it, we shall get a 
topological sphere I’. The volume of II’ (that is, #?-measure) is greater 
_ than 1/2 and the area of the surface of H’ may be as small as we 
please. The solid bounded by the surface II' has different values for 
the upper volume and for the lower volume. Therefore at pre- 
Lebesgue time it would have been considered that the volume was not 
defined for this solid, and the surface II^ would have had no bearing 
on the classical isoperimetric problem of finding the solid of maximum 
volume, bounded by a surface of a given area. However, since the 
development of methods of measure the notions of the upper and 
lower volumes have lost their relevance and the volume is defined 
as the m*-measure. Therefore the result presented by I’ is in con- 
flict with the existing solution of the above problem. The result (i) 
is in conflict with all geometrical ideas of the area: 

(a) It shows that the L.-F. area cannot be fitted into any scale of 
measures. 

(b) It has no property of additivity, even in the most clear cases. 
A construction similar to one employed above leads to a parametric 
surface that includes all points of a unit-square, and whose area is 
as small as we please. 

(c) It has not been, and it cannot be, extended to E AA given 
as point-sets. For these reasons, clinging to the L.-F. definition of 
area would imply treating it as a functional defined in an artificially 
restricted domain and completely detached from the general study 
of the area. 

The general study of area can be brought to the standards of per- 
fection of the modern theory of functions of a real variable only by 
treating the area as a measure. I define the area as the Hausdorff 
two-dimensional measure (with a corrective for the case of multiple 
points), and I solve anew the fundamental problems on area: that 
of integral expression of the area and the Plateau problem. The right 
principle brings a generous reward: tremendous topological complica- 
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tions for establishing the integral formulae are avoided completely, 
the integral formulae are valid not only for the whole surface, but 
also for sets of points on the surface; in the case of the Plateau prob- 
lem all restrictions on the contour are dropped. In the solution of the 
Plateau problem I was helped by having discovered conditions of 
compactness and of semi-continuity of the area in the class of para- 
metric surfaces. 

Before going further into the problems of my lecture, we have to 
introduce strict definitions concerning parametric surfaces. 

We shall consider continuous functions P=®(M) whose domain 
of definition is a disk H and whose values are points in the three- 
dimensional space. For any point P, the set $-!(P) is closed. Any 
component of $-!(P) is called a -element of H. Any ®-element is 
either a point or a saturated continuum in $-1(P). Thus the equa- 
tion P - $(M) defines a representation H= ? ;Q of H as the sum of 
$-elements. Any pair of -elements are either coincident or have no 
points in common. We form pairs (P, Q) where Q are ®-elements, 
and, for every Q, P is the value of &(M) on Q. The set H= J (P, Q) 
of all such pairs is called the parametric surface defined by the equa- 
tion P=®(M) (or by the function $(M)) and the pairs (P, Q) the 
points of the parametric surface. 

If a set ECH is given, the symbol ®(£) will be used in two dif- 
ferent senses: it is the set of values of ®(M) at all points of E, and 
also it is the set 9 (P, Q) of points of II for all -elements Q such 
that Q- Ez£0. In either case it is “the image of E." 

Given two points X,- (P; Q;) (¢=1, 2), let c be any continuum 
in H joining Q: and Qs. The lower bound of the diameter of ®(c) for 
all possible c is called the II-distance between X; and Xi, and is 
denoted by Dg(Xi, X2). If Qu* Qs, Dg(Xi, X3) 50 whether Pi is 
different from P: or not. 

If there are exactly k points of II, (P, Q), - - - , (P, Q+), with the 
same first element, then P is said to be of multiplicity k. The k points 
are distinct and are at a positive II-distance from one another. 

Given two parametric surfaces II, and II; defined by the functions 
$1(M) and &4(M), let Y (M) be any homeomorphism on H. Let D(Y) 
be the maximum of the Euclidean distance between the points (M) 
and $( V (M)] as M varies in H. The lower bound of D(F) for all 
Y (M) is called the F-distance (Frechet distance) between II, and II, 
and is denoted D p(l, IM). If Dri, Is) =0, we say that Il, and If, are 
identical parametric surfaces. Thus the surfaces defined by &(M) and 
by ®{W(M)} are identical. F-distance can be defined in a different 
way, in terms of $-elements, but we shall not dwell on that. Once the 
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distance between parametric surfaces is defined, convergent se- 
quences of parametric surfaces and limit parametric surfaces are 
defined too. We have a simple theorem: 


THEOREM. A necessary and suffictent condition for a sequence in.) 
to be convergent ts ihat $t should be representable by a untformly con- 
vergeni sequence {,(V) } of functions. 


A set E(6, II) of points of II such that no pairs of them are within 
ô from each other and that any point of I is within 6 of at least one 
point of E is called a é-set of II. A -set $s always finite. 

We shall be considering aggregates of parametric surfaces in a 
bounded part of the space. We shall assume them bounded. Given an 
aggregate A, if there exists a finite function N(6) of a positive varia- 
ble 6 such that, for any TEA, NE(6, H) « N(6) (N stands for the 
number of points of E) we say that A is uniformly bounded with respect 
to neighborhoods. 

A plane domain G whose boundary consists of a finite number of 
disjoint Jordan curves is called a regular domain. A representation 
H1 G: where Gi, - - -, Ga are disjoint regular domains is called 
a regular dissection of H. Given a regular domain G in H, ®(G) will 
be called a regular domain in II. Similarly, to a regular dissection 
H= Y 3 G; corresponds a regular dissection II — > ®(G,) of II. 

We can now state the main results concerning our problems. We 
shall start with compactness. An aggregate of parametric surfaces ts 
satd to be compact tf any sequence of parametric surfaces of the aggregate 
contatns a convergent subsequence. A complete solution of the compact- 
ness problem is given by the following theorem. 


THEOREM. A necessary and sufficient condition for an aggregate A to 
be compact ts that tt should be uniformly bounded with respect to neigh-` 
borhoods. 


The proof of the theorem depends partly on the following problem. 

PROBLEM. To divide II into regular domains of small diameters and 
to estimate the number of domains. 

This can be done in terms of the number n of points of the set 
€(6, II). The problem is more difficult than it looks. It seems that if 
we take 6-neighborhoods of points of E(8, II), they would give a solu- 
tion. But these neighborhoods are overlapping, and if we try to re- 
duce them for eliminating the overlapping, then this, in general, 
leads to dividing some of the neighborhoods into many disjoint ones. 
The actual answer to the problem is given by the following lemma. 
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LEMMA 1. Il can be represented as the sum of not more than n regular 
domains each of diameter less than 506. 


This lemma becomes effective when coupled with the following 
lemma. 


LEMMA 2. The number of topologtcally different dissections of H into 
m regular domains ts finite for every m. 


The next problem is that of lower semi-continuity of area. Let U 
be the set of the first elements of the points of the parametric surface 
Il defined by the equation P=(M). Write U= Jr Us, where Ux 
is the set of points of II of multiplicity k. Measure of II is defined by 
the sum 


AH = 2 EA! U,, 
kel 


where the term corresponding to k= © is 0 if A?U,=0, and o if 
A?U,>0. Similarly A*P(E) is defined for any ECH. The measure 
defined in this way obviously has the property of additivity. 

A parametric surface is called smooth if any part of II (if any) 
whose boundary lies in a plane lies itself in a plane. 

The lower semi-continuity theorem is established in the following 
form. 

If Il lim IL,, then A’ Slim inf A (IIS, II? are the sets of in- 
terior points of IL, IL.) $n two cases: 

(i) when II is a smooth surface; 

(ii) when I has a tangential plane at almost all points $n the sense of 
A?-measure. 

Thus it is established only for interior areas and 4i is not true for the 
closed areas. 

Having properties of compactness and of lower semi-continuity, 
we come in an obvious way to a proof of existence of a surface of 
minimum area subtending an arbitrary parametric contour I. 

Let a —l.bd AI, where II is any surface subtending T, and let (II, ] 
be a sequence of surfaces subtending T and such that A!II,—a. By 
smoothing operations, which may only reduce the value of the area, 
every II, may be replaced by a smooth surface of area not greater 
than A!'IL,. Thus we may simply assume all the surfaces II, to be 
smooth. In this case the aggregate {II,} is easily seen to be uni- 
formly bounded with respect to neighborhoods. Consequently, the 
compactness theorem is applicable. Thus we can assume the se- 
quence {II,} convergent. Let II lim II,; II is obviously smooth and 
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thus the lower semi-continuity theorem is applicable: 
ST S lim inf AU. 

We have to establish a similar relation for the boundaries, which, 
one may think, is obvious as the boundary is the same. This is true 
in the case when all the points of the boundary are simple. If the 
boundary has multiple points, then their multiplicity may depend 
on the surface subtending them and thus measure of the boundary 
may vary from surface to surface. Still the required relation can be 
easily established and the proof of the formula A'D =a completed. 

'The second part of the Plateau problem, that of showing that II is 
a harmonic surface, follows in the usual way since according to Cesari 
for a smooth surface II, AH coincides with tlie L.-F. area of II. 

Now only a few words about the last problem, that of expressing 
the value of the area in the form of an integral. 

In the case of a non-parametric surface 2 —f(x, y), the formula is 
established under the Tonelli conditions. 

In the case of a parametric surface P= (M), the integral formula 
holds if #( M) is approximately differentiable at almost all points of 
H and if it is absolutely continuous in the sense that for any ECH 
of m*-measure zero, A*B(E) — 0. 


UNIVERSITY OF PENNSYLVANIA 


COMPLEXES AND HOMOTOPY CHAINS 
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The theory I have to speak about is a chapter of the algebraic 
topology of complexes. Its definition parallels the classical homology 
theory. . 

Let A bea complex with the oriented cells at, where k is the dimen- 
sion number. Then the homology theory starts with the free Abelian 
groups of chains 


ck = >) Ea, EEN, a CA, 


generated by the af (N is the set of the integers) and the boundary 
homomorphism of chains 


(chy = 2. gloy 
where 
k b ki 
(a) = 2j Priti 
is the boundary chain of the oriented cell af, the pẹ being the inci- 
dence numbers of the cells af, a; |. These chains and boundary 
matrices change by subdivision of the complex 4, and the homology 
groups are the invariants with regard to this process. 
'The chains and boundary matrices which I introduce are defined 


for complexes U with an adjoined group G of mappings y of U in 
itself, that is, of mappings 


yu* = a 


of the cells u* of U preserving the dimension, the orientation, and the 
incidence relations of cells. The subdivision of the euclidean plane in 
squares, which is mapped in itself by the group of translations 
with integer coefficients, is an example for a complex U. 

The mappings + of the cells induce automorphisms y of the chains 
of U, 


yc? = yd) guè = D> E(vu?), 


and these automorphisms commute with the boundary homo- 
morphism; for 
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(yc?) = (22 grut) = Do glyu’, 

(ct) = (D> Elut) = 25 ty(u*), 
and the equation (yu?) = y(u?) holds, because y preserves the in- 
cidence relations. 


So we can describe these chains with operators and their boundary 
homomorphisms by taking the elements 


z=} by, EEN, YEG, 


of the group ring GN of G as coefficients of chains. Because 
zeh = (D> gr)’ = 2 ie) 


is defined, we can speak of the chains 


Y xa 


generated by the chains d? and of relations 


25 A = 0 
between the d. And because the equation 
(ach) = z(y 
holds,.we can compute the boundary chains of the generated chains 
by the boundary chains of the generators. 
If the mappings y1 (the identity) have no fixed elements, then 


there exists a fundamental region F of U modulo G, namely a subset 


F of cells 1, so that 
k 


YU, with y €G,w CF 
represent uniquely the cells of U. And in this case we see the groups of 
chains of U with operators are free groups with a set F of free 
generators uj. Indeed the 


h k k 
c — 2, s = 2, mites 
represent uniquely the chains of U because y,ut represent uniquely 
the cells of U. And the boundary homomorphiam is described by a 
set of matrices rj, with coefficients in GN, namely the coefficients of 
the boundary chains of the generators expressed in these generators 
t 


k 4 k 
(my = > rit; fs; EGN. 
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For the subdivision of the euclidean plane in squares we have in a 
fundamental region one vertex u’, one square u?, and two edges ul, 1d, 
which represent two vectors of unit length, orthogonal one to the 
other. The group G is generated by the translations o1, «4 determined 
by these vectors and we can take F so that we get 


1 0 0 
(wi) =— u tom, 


1 0 0 
(u) = —u do, 

2 1 1 1 1 
(u ) = wi + cita — 0591 — ta. 


Now remember a classical theorem. To every connected complex 
A there exists a universal covering complex U with a group G of 
mappings y of U in itself, the structure of which is uniquely de- 
termined by A. The group G of U is isomorphic to the fundamental 
group G! of A defined by the homotopy classes of the paths of A. 
The mappings y are the deck transformations of the covering com- 
plex. That means: if « is the projection of U in A, which gives for 
every cell #* of U the cell a* of A which is covered by u*, then we 
have: yu = # implies v (5) =r(u) and (2) =r(u) implies the existence 
of a y with @=yu. And because r has to be faithful in the small, it 
follows that yu= implies y=1. 

So we can define: the system of homotopy chains of the complex A 
is the system of the chains of the universal covering complex U of A 
with the operators induced by the deck transformations of U. And 
we have the theorem: If the uj are a fundamental region of U modulo G, 
then the ut are free generators of the system of homotopy chains and 
there exists a uniquely determined set of matrices vt with elements in 
the group ring GN defining the boundary homomorphism of the chains in 
the chosen generators. 

The square net of the euclidean plane is the universal covering 
complex of a torus A, the edges aj, aj of which are singular ones be- 
ginning and ending at the same point a?. The chains of the square 
net are the homotopy chains of A. 

To finish the exposition of the theory we have to characterize alge- 
braically the topological invariants of the matrices r$. 

We can change the fundamental region F in F by 


k k 
d = Yuh, y EG, 
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and A may change by subdivision. Then U is also changed by a set 
of induced subdivisions. This step is equivalent to a set of uni- 
modular transformations of the generators and to the introduction 
of new pairs of generators u*, u*^ with the boundary relation 


(ub): = u^, (uh). = 0, 


So we have three ways to change the set of generators. The first and 
the second type preserve the number of generators and by iteration 
of these steps we get a group of linear transformations T, the basis 
transformations, with coefficients in the group ring GN which is 
determined in the same way for all group rings and is uniquely de- 
termined by GN and the number of generators. 

And the theorem holds: . 

If A is a complex, which is equivalent to A by subdivision, then the set 
of the homotopy boundary matrices f; of A is equivalent to Fy of A by 
basis transformations and introduction of new pairs of generators ut, 
ul with 

(ui) = uh, (uh) = 0, 


' 


Now we have to ask how to solve the equivalence problem for 
homotopy chain systems, and clearly the parallelism to the homology 
theory, which is so obvious by the definition of the equivalence, does 
not hold for its solution at all. There is little hope to get a method to 
decide if the homotopy systems of two complexes A, A are equivalent 
or not. For, in order to compute the boundary matrices rb, we need 
to know the fundamental group G!; G! is given by generators and de- 
fining relations and there exists no method to decide if two systems 
of generators and relations define isomorphic groups. But there 
exists a method to get invariants. 

To be clear I define this method at first in a purely algebraic way. 
' Let M bea ring with elements y which is homomorphic to GN and 
let 


ox y 
be a homomorphism of GN onto M. Then we get by 


k k 
Oris = fu 


a set of matrices with elements in M. We define the M-chains of A by 


È = D ym, 
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the number of the vf being the same as the number of the uj, and the 
boundary homomorphism by 


E m = Eyo, 
m) = X5 . 


This M-chain system with its boundary operator is homomorphic 
to the homotopy chain system. Indeed the projection 


och = $2, au? = > oxo 


is a homomorphism of the free homotopy chain groups in the free 
M-chain groups and ¢ commutes with the boundary operator, be- 
cause the equation 

($15): = (u>): 
holds. 

By projection of the basis transformation T we get the trans- 
formation $T' for M-chain basis and an equivalence relation for M- 
chain systems and we see that the equivalence classes of M-chain 
systems correspond to those of the homotopy chains. 

Now we may look for invariants of the M-chain system. 

Following the classical way we define the homology group H*. 
Let 2* be the groups of the cycles, that is, of the chains # with (55) 
—0 and B* the group of the bounding chains #, that is, of the chains 
for which exist a chain D^ with (b — Db». Then (Y =0, BCZ. 
And the H* are defined as the factor group 2*/ B+, all these groups 
being groups with operators in M. 

Observe further that the projection ¢c* defines a characteristic 
subgroup in Ñ+. Namely if æ is a homotopy chain with (z*)' «0, then 
$z* is an M-chain with (¢s*)"=0 because ¢ commutes with the 
boundary operator, and thus we get by projection of the group Z* 
of the homotopy cycles a subgroup $Z* of Z* and, because $B* = B*, 
a subgroup of #*. The H* with these characteristic subgroups $Z*/ B* 
are invariants of the homotopy system. 

The geometrical meaning of this algebraic construction is easy to 
realize for special rings M. 

If M=GN, the H*are the homology groups of the universal covering 
complex with operators induced by the deck transformations. If 
M — N, and à 2 y= 2.£, the É* are the homology groups of A. The 
example of the torus shows that the homology groups of the complex 
U (M=GN) may vanish without the homology groups of a homo- 
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morphic chain system doing the same. If M is a group ring of a factor 
group G* of G and $ is defined by a homomorphism ¢G=G*, then £f* 
are the homology groups of a regular covering complex U* of A with 
operators induced by the deck transformations of U*. All these 
groups #* are well known invariants of A, invariant also under con- 
tinuous mappings of the point set complex A. 

The characteristic subgroup $Z^ is of algebraic and geometric 
interest for M — N, & —2. The existence of this group gives the argu- 
ment for the remarkable theorem of Hopf that the second homology 
group Æ of a complex is homomorphic to a group H*(G!), which is 
determined by the fundamental group G' of A. We have seen that 
Hit = Z1/B* is homomorphic to Z2?/¢Z? and the theorem will be proved 
if we show that 22/6Z! is determined only by G!. Now Z!, Z? are de- 
termined by the 2-dimensional subcomplex U? of U, and the U? is 
essentially determined by the generators and defining relations of the 
fundamental group G!. 

Without loss of generality we may assume that A has only one 
vertex a?. Our torus complex gives an example for such a complex A. 
Then the 1-dimensional cells aj represent closed paths c», which 
generate the free group S of paths. 

Every 2-dimensional cell aj has a boundary path p,(c), and the set 
p;(o) is the set of the defining relations of G! in the generators ox. 

Otherwise if we have these generators and defining relations we 
can construct A? and with help of A? in the usual way the universal 
covering complex U? of A*. The complex U? is the Dehn group image 
of G! with the given generators and defining relations. And we see 
that 22/02? is defined for every Dehn group image of G!. It is easy to 
realize that Z?/¢Z? does not change if we change the generators or 
the defining relations and so the theorem of Hopf is proved. 

The cycles 2? may be characterized as chains induced by spheres, 
as Hurewicz has shown, and as chains induced by identities of de- 
fining relations, that is, products of relations AoÀ^71, which equal 1 in 
the free group S, as R. Peiffer has shown, and so we may under- 
stand the formal definition of the group H*(G!) both geometrically 
and algebraically. 

We may compute the boundary matrices of the 2-dimensional 
homotopy chain system of a group with generators and defining 
relations directly, without constructing U? and R. Fox has shown 
that a process of partial derivation defined for group rings of free 
groups is helpful for this task. He gets the boundary matrices ry as 
the “Jacobian” 
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2 pic) 
Ty = 





3 
Oc; 


9 being the projection of the free ring in the group ring of G!. 

Following Hopf, we can extend the construction of homotopy chain 
systems of a group without using a complex U in higher dimension. 
Let C* be the group of the 


c= > M x; € GN, 
where the 
(2) = za s€Z, 


are a set of generators of Z!. Then there exists a subgroup Z? of rela- 
tions s* in the generators v’ or of cycles with ($?)' 20 and the process 
can be iterated. 

The homotopy chain systems of dimension s of group G!, which we 
get in that way, choosing successively sets of generators v*, are 
equivalent up to the dimension s —1. So the groups 

Zio 
are the same for all homotopy chain systems of G! and define homol- 
ogy groups H*(G!) of higher dimension adjoined to G!. 

The homotopy chain systems of G! are characterized as acyclic 
systems up to the dimension s—1, that means systems in which 
every cycle bounds or in which the bounding cycles generate the 
groups of cycles. And so we get the theorem of Hurewicz, that the 
homology groups of a complex A are determined by its fundamental 
group G! up to the dimension s — 1, if the universal covering complex 
U is acyclic up to the dimension n—1. 

Hurewicz has proved this theorem with the methods of his 
homotopy theory. Another interesting approach in a combinatorial 
way is made by Eilenberg and MacLane and a little later by Eck- 
mann, who adjoin directly to a group a combinatorial complex U 
with a group G of mappings of U in itself, namely the complexes of 
ordered simplices the vertices of which are the group elements. 

About M-chain systems of a group which are defined by a homo- 
morphism ¢G=G*, I mention that they give a natural approach 
to the metabelian groups and to the argument for the Haupt ideal 
theorem of the number theory; although this result of Schumann 
is not a new one, it may be of interest to see this connection be- 
tween the chain systems and the groups themselves. 
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Now let us go back to the M-chain systems of a complex U. 

If M is nota group ring we get a new type of chains, which we may 
define otherwise using locally groups of cells. Steenrod has extended 
this definition to singular chains using locally groups of points and 
has proved that the groups #* also for this kind of chain are invariant 
under topological mappings. 

But the homology groups do not characterize the equivalence 
classes of M-chain systems. There exists an invariant of certain M- 
chain systems, the torsion r, which is not determined by its homology 
groups. We do not know if the torsion is invariant by topological 
mappings although we know that it is not a property of the homotopy 
classes of complexes. But you see the answer will be of interest in 
any case. And the classical question, if two complexes, which are 
topologically equivalent, are also equivalent by subdivision, will be 
answered in a negative sense, if the torsion i8 not a topological in- 
variant. The torsion is defined, if M is a subring of a field. We get 
such rings if we map the element y by $ in roots of the unit , 


dy = ertl; 


gy is a so-called character of G and M a subring of a cyclotomic 
number field. The basis transformations $T are linear transforma- 
tions the determinant of which also equals a root unity, and we may 
ask for invariants of the boundary matrices if we admit all linear 
transformations of the field the determinant of which equals a root 
unity. Then we have to admit also new chains, namely chains with 
coefficients in the field and a boundary operator which commutes 
with the multiplication in the field. The homology groups of these 
chains “with division” are free groups and the torsion equals zero if 
one of these groups is not the identity. 

If all homology groups equal the identity, then there exists a cer- 
tain set of subdeterminants d^ of the boundary matrices which are 
not equal to zero, and the torsion is defined by 


du 
di 





T= 


and we have the theorem of Franz: Two systems of boundary 
matrices of a field are equivalent if and only if the torsion of the 
two systems is the same modulo a factor of a root unity. 

These algebraic calculi get geometrical interest by the fact that 
the torsion gives a classification of the so-called lens spaces, which 
are useful to show that the classical topological invariants do not 
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give a full classification of complexes. The lens spaces are defined as 
fundamental regions of a rotation y of finite order p which maps a 
sphere of dimension 2»+1 in itself. 

Let 


y= E+ in, $25t— 
be complex numbers, so we get the (2v-+1)-sphere by the equation 


253-1 
Koc 


and a rotation y of order u by 
ye = ett Paley, Qu, ui) = 1. 


Then there exists a subdivision U of the sphere, which is mapped 
by y in itself, and U defines by projection a complex A for which U 
is the universal covering complex. Then A is a complex of a lens space. 

The fundamental group G'=G of A is the cyclic group of order u 
and we get a homomorphism of the group ring GN in a ring M of a 
number field by 


oy = eTil, uo | u, Mo > 2. 
The torsion of this M-chain system of A is 
r(A, po) = II (1 — e2t Aalto) giri ino 


and we get a purely arithmetical problem, namely to consider the 
multiplication groups of numbers generated by 


1 — eral, + eral, (A, Ho) = 1, 


and to determine the representations of the unit in these genera- 
tors. 

If u is a prime number, this question is answered by the theorem 
that the circle units of Hilbert generate a free group. If uis not a prime 
number we have to argue (following Franz) a generalization of this 
theorem using the L-series L(s, ¢y) adjoined to the characters œY. 
In both cases we realize that if the equation 


T(4, uo)  1(A', uo) 


holds, the two sets of numbers ( +^»), (Ag) are the same. 
But then we go from A' to A, changing the enumerating of the À 
(or the y) and changing some A in —A (or some y in 5), and so it fol- 
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lows that lens spaces with the same torsion are equivalent under sub- 
division. 

The fact that r is not a property of the homotopy classes follows 
from the homology classification of the lens spaces, which L. W. 
Franz, J. H. C. Whitehead and Olum have given, the latter using a 
homotopy invariant defined by Eilenberg and MacLane. 

You may foresee that it is possible to combine the notions of inter- 
section, of cohomology and products of chains and cochains with the 
operator process y. The development of the operator calculus in this 
direction given by Burger, Eckmann, Eilenberg, MacLane, Steenrod, 
I can only mention. Computing the duality properties of homotopy 
chain systems, we get for 3-dimensional manifolds a condition for the 
fundamental group G!; if G! is abelian, G! is either cyclic or the free 
abelian group with 3 generators. Last but not least we can adjoin toa 
mapping f: A—A a class of mappings fy: U—U and then a set of 
linear transformations of the homotopy chains. Thus we get a gen- 
eralized Lefschetz trace formula and Wecken has proved that this 
trace invariant gives the exact minimal number of fixed points of a 
deformation class of the mappings f: 4-4, if the dimension of A is 
greater than 2. 
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SOME CLASSES OF FUNCTIONS DEFINED BY DIFFERENCE 
OR DIFFERENTIAL INEQUALITIES! 


CHARLES LOEWNER 


1. Introduction. In the year 1934? I introduced classes of func- 
tions which I called monotonic of order n. The class corresponding to 
n=1 represents the functions which are monotonic in the ordinary 
sense. The monotonic functions of higher order are closely connected 
with some distinguished functions of matrices whose independent 
and dependent variables are real symmetric matrices of the same 
order. 

In a recent investigation I found that the study of monotonic func- 
tions can be subordinated to the consideration of more general classes 
of functions which have distinguished group theoretical properties. I 
wish to give an account of this study. 

All functions considered are supposed to be real functions of a real 
variable..To avoid unessential complications, I shall consider them 
defined $n open intervals and continuous and strtctly monotonically in- 
creasing there. A class S of such functions will be called a transforma- 
tion semigroup if it has the following properties: 

(a) If f(x) GS and is defined in an interval (a, b), then f(x), con- 
sidered only in a subinterval (a’, 5^) C (a, b), should also belong to S. 

(b) If f(x) C$ and g(x) CS and the composition g[f(x)] can be 
performed, that is, if the range of f(x) falls into the domain of g(x), 
then g[f(x)] CS! 

(c) If f(x) is a limit of functions f.(x) ES (n=1, 2, 3, - - -), all 
functions of the sequence being defined in the same interval (a, b) 
and the convergence being uniform in any closed bounded subinter- 
val of (a, b), then f(x) C.S. Condition (c) represents a closure condi- 
tion on S. 

In the following the expression transformation group shall mean a 
class of functions which in addition to (a), (b), (c) satisfy condition 

(b^) If f(x) CS, then the inverse f-1(x) ES. 

An address delivered before the New York meeting of the Society on April 17, 
1948, by invitation of the Committee to Select Hour Speakers for Eastern Sectional 
, Meetings; received by the editors June 6, 1949. 

1 The results of §§3 and 4 were obtained while the author was under contract 
with the Office of Naval Research NGONR248. 

2 Löwner, Karl, Über monotone Matrixfunctionen, Math. Zeit. vol. 38 (1934). 

3 Because we do not assume that any two functions of S may be composed, we 
might speak aleo of a semigroupoid. We prefer the-simpler expression semigroup. 
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Several semigroups have been studied in the past that have their 
origin in important problems of analysis. For example, the class of 
absolutely monotontc functions from which only the constant functions 
have been excluded form a transformation semigroup. A function is 
called absolutely monotonic if all its difference quotients and the 
function itself are non-negative. This class remains a transformation 
semigroup if the condition of non-negativity of the function itself is 
dropped. After this modification the semigroup contains the whole 
group of linear functions ax--b (a0). More extensive semigroups 
are obtained if the condition of non-negativity is restricted to the 
first m difference quotients. These semigroups also contain all linear 
functions mentioned above. 

It seems to be of great interest to study the transformation semi- 
groups which contain completely the group of all proper projective 
transformations 


(1) ax+6 


Pra 


a b 
c d 


> 0. 











(A function of (1) may be considered in any open interval not con- 
taining its pole.) 

The interest in these transformation semigroups stems from the 
well known fact that this group cannot be extended to a Lie group of 
higher dimension. We shall, therefore, restrict ourselves to the 
study of those transformation semigroups which satisfy, besides con- 
ditions (a), (b), (c), the further condition 

(d) S contains the whole group of proper projective transforma- 
tions. 

The strictly monotonically increasing functions of a given order n 
form a semigroup satisfying condition (d). It turns out that these 
semigroups have a distinguished place among the extensions of the 
projective group to a transformation semigroup. We shall consider 
them more in detail in the following section. 


2. Functions monotonic of order n. I would like to start with a 
rather general generating principle of transformation semigroups: 
Suppose we operate in a set 2 of elements in which a partial order is 
defined. That is, it can be said that of two elements A and B of Z 
the element A is before B, in symbols A CB. We assume that the 
order relation is transitive and reflexive. That is, from ACB and 
BCC it follows that 4 CC and A CA is true for any element A of Z. 
Consider now a mapping 


Q) X' = F(X), 
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where the independent and dependent variables range over some sets 
of Z. A mapping (2) will be called monotonic if ACB has F(A) 
C F(B) as consequence for any two elements A and B of the domain 
of (2) which may be compared in the sense of the given order relation. 
Suppose now that there is given a homomorphism of the group of 
all continuous monotonically increasing functions and a group of 
mappings in Z. By this the following is meant: 
'(a) To every interval J=(a, b) there corresponds a set e(1) in 
Z such that 


I'CI implies off’) C ofl). 


(B) To a function f(x) defined in J there corresponds a mapping 
X'= FX) with the domain o(J) and the range o(J) where J is the 
interval which is the image of 7 by the function f(x). 

(y) If two functions f(x) and g(x) can be composed then 


(3) Faren = F[Fj(G)]. 


Consider now only those functions f(x) which lead to monotonic 
mappings F,;(X). Conditions (a), (8), (y) imposed on the homo- 
morphism insure that these functions form a class satisfying condi- 
tions (a) and (b) for transformation semigroups. By adding concepts 
and conditions of topological nature we could insure also that condi- 
tion (c) is satisfied, but we shall omit these considerations since we 
shall how restrict ourselves to the special case leading to monotonic 
functions of higher order where (c) is almost obvious. 

Take as Z the set of all real quadratic forms A in s variables x, . 
Xr °° Xs 


(4) A= »» pe o Xu (ape = lep). 
paml 

We may also identify A with with the symmetric matrix (a,,) of the 

coefficients. The following natural partial order may be introduced 

in Z: We say that ACB if 


(5) 2j Gotoo S 2, beu 
Prom pPoml 

for all values of the variables x, One may also say that the form 
B —4A is non-negative definite. Consider now a function f(x) defined 
in an open interval (a, b) and a quadratic form X whose character- 
istic values \ all fall into (a, b). As usual we mean by f(X) that quad- 
ratic form which has the same characteristic vectors as X but the new 
characteristic values f(A;). If, for example, f(x) is a polynomial f(x) 
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= $m a,x", then f(X)= $ eoa, X’. The domain of the matrix 
function f(X) consists of all the symmetric matrices whose char- 
acteristic values fall into (a, b). If we now set 


(6) FAX) = KX), 


a correspondence f—F is obtained satisfying all the conditions de- 
fining a homomorphism. We obtain a definite semigroup 5S, if we se- 
lect those functions f(x) which lead to a monotonic matrix function 
in the space of symmetric matrices of degree n. The functions of Sa 
are called montonsc of order n. 

Monotonicity of order 1 means evidently monotonicity in the 
ordinary sense. Further it is easily seen by considering reduced 


matrices 
B, 0 
za DU 
0 Ca-n 


where B4 and Ca-m are symmetric matrices of degrees m and n—-m 
respectively, that 


(7) S.C Sn (m < n). 


In other words, the monotonicity of order » implies monotonicity 
of any lower order. 

The fundamental properties of monotonic functions of higher order 
will now be formulated in several theorems.‘ 


THEOREM 1. In order that a function f(x) be monotonic of order n 
in the interval (a, b) tt ts necessary and suffictent that for any 2m values 


(8) asim LEL n xot cn. «b (m S n) 
the inequality 
(9) det | Kls 2) [tea 2 0 


holds, where K(£, n) = (f(E)—f(n))/(E—1) represents the difference quo- 
tieni of f(x). 


For n =2 these conditions have a simple meaning. They say that if 
J(x) is not constant it is strictly monotonically increasing and that 
for any four values x1 € xs «xs <x, from (a, b) and the corresponding 
values f(xi) <f(x2) «f(x1) «f(x4) the inequality 


(10) (f(x), f), f(s), fn) 2 (x1, Xar Xa, 34) 


4 See paper [1] and the doctoral thesis of O. Dobsch, Matrixfunctionen beschrünkter 
Schwankung, Math. Zeit., vol. 43 (1937). 
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holds. The expression (11, tis, 15, 144) = (11 — us) (ua — 44) / (u1 — 44) (ta — 3) 
designates as usual the cross-ratio of the four values 1, t, ta, t4. 

A simple consequence of this inequality is the fact that a function 
which, along with its inverse, is monotonic of order 2 must be a 
projective one. 

From the fundamental Theorem 1, differential properties of the 
monotonic functions can be derived. They are expressed in the fol- 
“lowing four theorems. 


THEOREM 2. A monotonic funciton f(x) of order n>1 ts of dass 
Cana (that is, (2n—3) times continuously differenitable) and tts 
(2n—3)rd derivative is a convex funcion. The derivatives fO" (x) 
and f°") (x) extst, therefore, almost everywhere. For nonconstant f(x) 
the first derivative f'(x) >0. 


In the following, by convergence of a sequence of functions it is 
understood that the functions are defined in the same interval (a, 5) 
and that the convergence is uniform in any closed bounded part of 
(a, b).^ With this in mind we formulate the following theorems. 


THEOREM 3. A monotonic function of order n>1 is the limit of a 
sequence of monotonic functions of order n all belonging to class Ca, 5. 


THEOREM 4. A function f(x) of dass Cy, a $n (a, b) $s monotonic of 
order n there tf and only if ihe quadratic form 


Li fe k—1) (x) 


11 —_ = 0 
(11) 2, Gibco 
for all x in (a, b). 
THEOREM 5. If a; (¢=1, +--+, 2n— 1) are values such that the quad- 
raisc form 
(12) D analis > 0, 
ibl 


then there exisis a monotonic function f(x) of order n and of class Cy 4 
such that at some preassigned point xo 


1 
3/909 = a (i= 1,--++,2n — 1). 
i 


It is of great interest to give a characterization of the functions 
which are monotonic of arbitrarily high order. They also form a semi- 
group, say Sæ, which is contained in every S,. A complete answer to 
this problem can be given by combining the preceding theorems with 


5 This convergence is sometimes called “normal” convergence. 
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.some results of the theory of moments. From Theorem 2 we conclude 
that a function belonging to S, is differentiable of arbitrarily high 
order and (11) holds, therefore, for any s. From this we can derive by 
using results from the theory of moments the following theorem. 


THEOREM 6. A (nonconstant) function f(x) defined in (a, b) belongs 
to S, tf and only tf tt 4s analytic in (a, b), can analytically be continued 
tnio the whole upper half plane, and represents there an analytic func- 
tion f(z) of s=x-+iy whose imaginary part is positive. (Examples are 
given by the functions x" (01 S1) and log x for x>0.) 


It is natural to ask whether a still more restricted class of functions 
forming a semigroup may be obtained by considering, instead of 
quadratic forms in finite dimensions, bounded self-adjotnt operators in 
Hilbert space. The order definition can evidently be taken over from 
the definition in finite dimensions. It is also well known how to define 
f(X) if the spectrum of X falls into the domain where f(x) is defined. 
But it turns out that the functions f(x) leading to monotonic functions 
£n the operator space form the full semigroup Sa. 


3. Transformation semigroups containing the proper projective 
group which may be defined by differential inequalities. The con- 
tents of Theorems 3, 4, and 5 suggest a new description of the semi- 
group of nonconstant monotonic functions of order n which brings 
it into closer connection with a Lie group. 

If two functions f(x) and g(x) both belonging to Cm are combined, 
fle(x)|=h(x), then the derivatives of A(x) up to order m can be 
computed from the derivatives of the composing functions f(x) and 
g(x), up to the same order. If, for u = g(x), 











(u G(x h(a 
aS CN : SLM and X alu (¢= 1,2,+-+,m) 
tl 1 4 
then 
£1 = aibi, 


€3 = Gibe + asbi, 


. . o 9 e s t$ e c 9 o c2 93 3. c5 * c9 3 * $9 $9 $7 9 $9 c5 c5» 05$ 5$ 


(13) l 
Cm = Giba + al X Gaba) | + af 2: ede) | 
aybagam artartazon 
Toca. 


Equations (13) can be interpreted as a composition rule for ordered 
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pairs of points (04, Gs, * * © , Gm) and (b, bs, - © + , bm) of the m-dimen- 
sional Euclidean space Ew. As is well known, this composition rule 
defines a Lie group /,, if only points whose first coordinate is positive 
are admitted. 

By Theorems 4 and 5 a subset of hn- is distinguished; namely, the 
set of points (a1, ds, * * * , G1) Of l.i for which (12) is satisfied. 
Call its closure s54..,. From the named theorems we immediately 
derive the fact that the composition rule (13) applied to any pair of 
points of 54.1 leads again to a point of se,-1. To facilitate the descrip- 
tion of San. we introduce the definition: A subset of a topological 
group will be called a subsemigroup of it if it represents a closed set 
and if it is closed under the composition rule of the group. 

We now can say that 54,1; represents a subsemigroup of lin- 

The transformation semigroup of monotonic functions of order s 
can be derived from ss,.1 by the following procedure: Consider all 
functions f(x) of class Ces- such that the point 


(re me,..., rne 
1l 21 — " Qs - fl 


falls into sea: for all x where f(x) is defined. The transformation 
semigroup S, consists now of all functions thus defined and their 
limits. 

This characterization of S, leads to a more general principle of 
construction of transformation semigroups. Take an arbitrary sub- 
semigroup s of lw. In the same way as from ss, a class of functions 
can be derived from s by considering those f(x) of class C, such that 


(ee Eo 
ib A Wo $7 gl 


always belongs to s, and adding to these functions their limits. It is 
easily seen that they form a transformation semigroup. We thus 
arrive at a method of constructing a transformation semigroup from 
an arbitrary subsemigroup of Im. If, furthermore, all elements (14) 
derived from a transformation of this semigroup of class C, belong to 
s, we shall say that the semtgroup ts characterised by or belongs to s. 

We are particularly interested in transformation semigroups which 
contain the proper projective group. In order that the transformation 
semigroup characterized by a subsemigroup s of lm have this property, 
it is easily seen that s must contain the elements 


(15) a; = par (¢=1,-++,m) (p >O, a arbitrary). 
We shall call the elements (14) the projective elements of ln. We require 





(14) 
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therefore that s contain all projective elements of ln. 

The investigation of subgroups of a Lie group is essentially facili- 
tated by the introduction of the infinitesimal viewpoint. It is a well 
known fact that a closed connected subgroup of a Lie group g is 
completely determined by its infinitesimal elements. It is, therefore, 
appropriate to ask whether a subsemigroup s of g can be connected 
in a similar way with a system of infinitesimal elements and also how 
far the subsemigroup is determined by them. 

The definition of an infinitesimal element of s £f the untt element e 
of g 4s an accumulation potnt of s can be introduced exactly in the 
same way as in the case of a subgroup: Take an arbitrary sequence 
of elements a, of s different from the unit element e of g but con- 
verging to e. Any vector a at e whose direction is a limiting direction 
of the segments ea, will be called an infinitesimal element of s. 

According to this definition the following lemma holds. 


LEMMA 1. Any multiple ca (c 2:0) of an infinitesimal elementi a of s is 
also an infinitesimal element of s. 


The next two lemmas on infinitesimal elements of a subsemigroup 
can be proved in the same manner as in the case of a subgroup. 


LEMMA 2. The sum of two infinitesimal elements of s ts also an in- 
jinttesimal element of s. 


Lemma 3. The infinitesimal elements of s form a closed set. 


For a subgroup multiplication of infinitesimal elements with arbi- 
trary real factors is allowed. The infinitesimal elements of a subgroup 
form therefore a vector space. (Its dimension coincides with the di- 
mension of the group.) This is not the case for a semigroup. But, as a 
result of our lemmas the following theorem holds. 


THEOREM 7. The infinitesimal elements of s form a closed convex set of 
vectors invariant under multiplication with an arbitrary posttive factor. 


We shall call the totality of the infinitesimal elements of s the in- 
jinttestmal cone of s and designate it with o,. 

A fundamental means of investigation of Lie groups is the genera- 
tion of elements from infinitesimal elements. As was stated before, 
each connected subgroup of a Lie group can be completely generated 
from its infinitesimal elements. By the same methods used in Lie 
group theory the following theorem regarding subsemigroups can be 
proved. 


THEOREM 8. Each element of a Lie group | generated from infinitesimal 
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elements of a subsemigroup s of 1 also belongs to s. The elements obtained 
in this way together with their limiting elements form again a sub- 
semigroup 3 of I. 


In general $ will not coincide with s as will soon be shown by 
examples. 

The following further slight generalization of a well known theorem 
of Lie groups will shortly be used. 


THEOREM 9. Let 1 be a Lie group, s a subsemigroup of l, and a an - 
element of | which with tts inverse belongs to s. Then the transform aoa! 
of any infinitesimal element a of s also represents an infinitesimal ele- 
ment of s. 


After stating these general theorems we return to the special group 
lm. We are interested in finding all subsemigroups s of l» satisfying 
condition (a): s shall contain all projective elements of lm. 

The cases m=1 and m=2 are of no interest since there evidently 
do not exist proper subsemigroups of this kind. We assume therefore 
from now on that m z 3. 

A slight restriction will further be added resulting from the fact 
that we are interested only in semigroups leading to transforma- 
tion semigroups which are proper extensions of the proper projective 
group. This has as consequence that there must exist an element 
a= (ai, ds, *-* , G4) of s such that (ai, da, a3) is not a projective 
element of h. Otherwise each function f(x) of class Cs belonging to 
the corresponding transformation semigroup would satisfy the dif- 
ferential equation f'f'''/31— (f'"/21)* whose solutions are the projec- 
tive transformations. In order to obtain proper extensions of the 
projective group we have therefore to introduce the condition (b): 
s shall contain elemenis such that 


(16) G183 — ai x 0. 
A first remark about the structure of s is contained in the following 
easily proved theorem. 


THEOREM 10. A subsemigroup s of lm satisfying conditions (a) and 
(b) represents a connected subset of bn. 


Let us now consider the infinitesimal cone oc, of s. 

An infinitesimal element of /, is represented by a vector « 
= (a1, Gs, - - - , Qm) in m dimensions. In particular the infinitesimal 
elements of the group of the projective elements of /4 have the form 


(17) r= (a1, a, 0, 0, SU ow y 0) (a1, Qs arbitrary). 


^ 


1950] CLASSES OF FUNCTIONS DEFINED BY INEQUALITIES 317 


The following important theorem can now be derived. 
THEOREM 11. At least one of the elements 
(18) w = (0,0,1,0,---), — w = (0,0, —1,0,--+) 
belongs to the infinitesimal cone c, of s. 


The proof is obtained by use of suitable transforms of an element 
satisfying condition (16) with projective elements. 

Assume now, for example, that øe, contains w. New elements of 
e, can now be obtained by use of Theorem 9, which implies also that 
any transform f-!«f of w with an arbitrary projective element p must 
belong to e, With the aid of Lemmas 1 and 2 we may say that all 
sums of the form 


T 
(19) 25 Pe bps 
p-1 
where the p, (o1, 2, * - - , N) represent arbitrary projective ele- 


ments, are elements of ay. 

If the computation is performed one finds that the first two com- 
ponents of (19) are zero and the following (m—2) components are 
the first (m —2) moments of N non-negative masses. According to an 
important result of the moment problem these systems of numbers 
and their limits can be characterized by the non-negativity of the 
quadratic form 


[(m=1) /2] 
(20) 2) aponte 
pol 

To the elements thus obtained we can add an arbitrary projective 
element (17) without leaving c, Call the totality of the elements 
obtained T. 

If we had started with —w instead of w, we would have obtained 
the result that the set —7,, of elements making (20) nonpositive be- 
longs completely to o,. We arrive therefore at the following theorem. 


THEOREM 12. The infinitesimal cone o, of a subgroup s of lm satisfying 
condstions (a) and (b) must completely contain esther Tm or —Tm. 


We now make the important observation that r4 and —Tm are 
themselves the infinitesimal cones of subsemigroups of J, satisfying 
conditions (a) and (b). To show this we go back to the inequalities 
(12) characterizing the monotonic functions of order s. It easily 
leads to: 


THEOREM 13. The infinitesimal cone of the semigroup defining the 
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_ monotonic functions of order n consists of the infinitesimal elements of 
Isi that make form (20) non-negative. 


Theorem (13) proves our assertion for odd values of m. For even 
dimension the proof is furnished by the following theorem. 


THEOREM 14. If m is an even number, the elements (a1, da, * * + , Gm) 
which can be extended io elements (ai, dz, ` > ` , Gm4i) belonging to 
Smii form a semigroup themselves and the corresponding infinitesimal 
CONE 45 Tm. 


Theorems 12, 13, and 14 lead now to the fundamental theorem. 


THEOREM 15, The infinitesimal cones Ta and —Tm play a distin- 
guished role among the infinitesimal cones of subsemigroups of lm satis- 
fying conditions (a) and (b). This role is expressed by the minimum 
property: Each of these cones contains esther Tn or —Tm. 


Theorem 15 can be sharpened by: 


THEOREM 15’. If an infinitesimal cone o satisfying conditions (a) and 
(b) contains both cones Tm and —Tm, then it conststs of all infinitesimal 
elements of lu. 


The proof follows almost immediately from the fact that Tm con- 
tains m linearly independent elements. If both 7, and — 7, belong to 
c, any linear combination with arbitrary rea/ coefficients of these ele- 
ments must belong to c. 

It is possible to describe a procedure by which all infinitesimal cones 
of subsemigroups of /4 satisfying conditions (a) and (b) can be con- 
structed: Take an arbitrary infinitesimal element o such that as+0 
and form all transforms 


(21) fap? 


with projective elements p of lw. Next, form the least closed convex set 
containing all elements (21) and all infinitesimal projective elements. 
Call it C(a). Then the following theorem holds. 


THEOREM 16. The seis C(o) are infinitesimal cones of subsemigroups 
of lm satisfying conditions (a) and (b). One obiasns the most general such 
cone belonging to a proper subsemsgroup of lm by forming the least convex 
closure of any union of cones C(a) belonging to elements a whose third 
components œ; have the same sign. 


After the possible infinitesimal cones have been described, the 
problem remains to determine the subsemigroups to which they be- 
long. 
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As was already mentioned before, the problem of constructing 
semigroups from their infinitesimal cones presents greater difficulties 
than the corresponding problem for subgroups of Lie groups. This is 
due to the fact that two different subsemigroups of a Lie group, 
even if they are represented by connected sets, may have the same 
infinitesimal cone. This ts already true of our Ta, to which our primary 
interest ts directed, for m z: 5. 

According to Theorem 8, there exists for each infinitesimal cone, 
Sn a least subsemigroup 3(oc;). It consists of the elements of the Lie 
group under consideration that can be generated by the elements 
of o,, and their limiting elements. If we now compare the subsemi- 
groups Sm of m derived from the monotonic functions of higher order 
with the least semigroup JS(r4) having the same infinitesimal cone 
Tm, then the result is obtained: For m=1, 2, 3, 4, rm) =Sam. For 
fm Z5, 3(rm) is a proper subsemigroup of sa. 

It can be shown that the transformation semigroup Tw generated 
by 3(t«) is characterized by 3(Tm). This leads to the following theorem. 


THEOREM 17. Among the transformation semigroups which are proper 
extensions of the projective group and which are characterized by sub- 
semigroups of lm, there exist two distinguished ones, Tm and Th, Th 
consisting of ihe inverse transformations of Ty, having ihe minimum 
property: Each such semigroup contains esther T, or Ta completely. 


4. Construction of minimal transformation semigroups including 
the proper projective group as proper subgroups. The discovery of 
the minimum property of the semigroups Tm leads us to the following 
conjecture: 

Among the proper extensions of the proper projective group to a tirans- 
formaison semigroup there exist two distinguished ones (call them T and 
T", T” being formed by the inverses of the transformations of T) char- 
aclerised by the following property: Each such transformation semigroup 
contains either T or T' completely. If it contains nonprojective trans- 
formations from both T and T", then it is the group of all continuous 
transformations. 

I could verify this conjecture under the restrictive assumption 
that only transformation semigroups are considered that contain 
also nonprojective transformations of class C3. 

T can be characterized in the following way: It Bea of those 
monotonic transformations of arbitrarily high order which can be 
analytically continued into the total upper half plane and yield 
schlicht mappings of the latter into itself.* 


Syracuse UNIVERSITY 


6 The proofs of the theorems of §§3 and 4 will be given in another paper. 


THE APRIL MEETING IN OAK RIDGE 


The four hundred fifty-sixth meeting of the American Mathe- 
matical Society was held at Oak Ridge, Tennessee on Friday and 
Saturday, April 21-22, 1950, in conjunction with a meeting of the 
Biometric Society. The total attendance at the meeting was one 
hundred fifty-three, including the following eighty-seven members of 
the American Mathematical Society: 

G. E. Albert, R. E. Allan, Herman Betz, R. H. Bing, M. G. Boyce, A. T. Brauer, 
R. C. Bullock, P. B. Burcham, Robert Butz, C. L. Carroll, C. E. Clark, J. M. Clark- 
son, À. C. Cohen, J. A. Cooley, R. R. Coveyou, J. C. Currie, L. J. Derr, N. M. 
Dismuke, W. L. Duren, Patrick DuVal, E. L. Eagle, E. D. Eaves, M. E. Estill, G. 
M. Ewing, F. A. Ficken, H. A. Fisher, Tomlinson Fort, G, A. Garrett, J. R. Garrett, 
Wallace Givens, A. W. Goodman, E. H. Hadlock, J. C. Harden, O. G. Harrold, I. 
R. Hershner, A. K. Hinds, A. S. Householder, S. T. Hu, G. B. Huff, Ralph Hull, R. 
B. Johnson, A. M. Jones, V. L. Klee, F. W. Kokomoor, G. B. Lang, C. G. Latimer, 
H. L. Lee, R. J. Levit, F. A. Lewis, Z. L. Loflin, Nathaniel Macon, W. R. Mann, 
J. M. Marr, E. P. Miles, D. D. Miller, Lewis Nelson, O. M. Nikod$m, W. V. Parker, 
C. R. Partington, C. G. Phipps, E. E. Posey, Anatol Rapoport, L. T. Ratner, E. K. 
Ritter, M. Ethyl Rivers, J. H. Roberts, L. V. Robinson, Walter Rudin, W. A. Rut- 
ledge, J. W. Sawyer, E. B. Shanks, Seymour Sherman, Annette Sinclair, M. B. Sledd, 
C. B. Smith, W. S. Snyder, C. T. Taam, W. B. Temple, J. M. Thomas, W. R. Utz, 
A. D. Wallace, J. A. Ward, W. M. Whyburn, Ernest Williams, R. L. Wilson, 'E. A. 
Winter. 


At 8:00 p.m. on Friday evening, by invitation of the Committee 
to Select Hour Speakers for Southeastern Sectional Meetings, ad- 
dresses were delivered by Professor Alfred Brauer, University of 
North Carolina, and Professor W. V. Parker, Alabama Polytechnic 
Institute. The title of Professor Brauer's address was Criteria for the 
irreducibility of algebraic equations, and that of Professor Parker, 
Characteristic roots and field of values of a matrix. Professor Wallace 
Givens presided during these addresses. 

Four sessions were held for contributed papers: Friday, 10:30 
A.M., Dr. A. S. Householder presiding; Friday, 2:00 P.M., Professor 
O. G. Harrold presiding; Saturday, 9:30 A.M., Professor Ralph Hull 
presiding; and Saturday, 11:15 a.m., Professor C. G. Latimer pre- 
siding. 

The Biometric Society held a session at 4:00 p.m. on Friday at 
which the following addresses were presented: The thermodynamics 
and steady-state kinetics of some biological systems by Professor J. Z. 
Hearon, Probabilistic theory of neural nets by Professor Anatol Rapo- 
port, Mathematical basts of the interpretation of isotope experiments by 
Dr. C. W. Sheppard. 
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Abstracts of papers presented at the meeting are given below. 
Papers read by title are indicated by the letter ^." Paper number 278 
was read by Mr. Hinds, and paper number 284 was read by Professor 
Roberts. Mr. Hopper was introduced by Professor Wallace Givens, 
Mr. Butz by Professor Tomlinson Fort, Messrs. Conner and Keesee 
by Mr. R. E. Allan, and Mr. Derr by Professor A. D. Wallace. 


ALGEBRA AND THEORY OF NUMBERS 
260. R. K. Butz: On 2-commutative matrices. 


The methods used by W, V. Parker for writing the matrix X such that AX = XB 
(Bull. Amer. Math. Soc. Abstract 55-7-287) are extended to solve the problem of 
finding a matrix X with respect to which a given matrix A, with elements in any field 
F, is 2-commutative. When 4 is in rational canonical form and X is partitioned prop- 
erly, these methods display X explicitly in terms of parameters. (Received March 9, 
1950.) 


2611. Leonard Carlitz: A theorem on higher congruences. 


This note contains a proof of the theorem that if the congruence f(x) 40 (mod p”) 
is solvable for r 5-1, where f? is the highest power of p dividing the discriminant of 
f(x), then the congruence is solvable for all r. While the theorem is contained in a 


more general theorem of Hensel a direct proof seems of interest. (Received March 6, 
1950.) 


2621. Leonard Carlitz: Some special functions connected wiih 
GF(p", x). 


This paper is concerned with the properties of the function g(x, t) 
Ll PBS y(u) (D/F, defined in Duke Math. J. vol. 15 (1948) p. 1008, and some re- 
lated functions. (Received March 6, 1950.) 


263t. Leonard Carlitz: Sums of kth powers in GF[p*, x]. 


In this paper an asymptotic formula is obtained for the number of solutions of 
MumayXt+ +++ +a,X', where a EGF"); M, X,CGF|p, x], deg MSmk, deg 
X,=m, X, primary, j $1]; deg X, «m, i>], and 1 S} <s; finally szso(k). The method 
is that developed in Duke Math. J. vol. 14 (1947) pp. 1121-1137; vol. 15 (1948) pp. 
795-801. The case }=0 is excluded. (Received March 6, 1950.) 


264. J. C. Currie: Unitary-canonical matrices. Preliminary report. 


It is known (I. Schur, Über die charakteristischen Wurzeln einer linearen Substitution, 
Math. Ann. vol. 66 (1909) pp. 488-510) that for any matrix A there exists a unitary 
matrix U such that UA U’ is triangular. However, the matrix U which performs this 
transformation is not unique, and the resulting triangular form is not unique. In this 
note it is established that from the set of matrices which are unitary transforms of a 
given matrix A a particular triangular matrix can be designated as the canonical 
representative of the set. Let the characteristic roots of A be ordered so that if m, 
is the nullity of \,J—A, then m, 2mj41,7-=1, +++ ,n—1. Then A is unitarily trans- 
formed into a triangular matrix in which square submatrices of the form 1,7, (where J, 
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is of order m,) appear in the principal diagonal. Additional zeros are introduced above 
the principal diagonal in an orderly procedure such that the end result is a triangular 
matrix with a maximum number of zeros above the principal diagonal, the zeros being 
systematically placed so that the form is unique for a given 4. (Received March 6, 
1950.) 


265. J. R. Garrett: Normal equations and resolvents $n fields of char- 
acteristic p. 


The general equation of degree not less than 5 with coefficients in a field F of 
characteristic p is reduced to the so-called principal and normal forms by means of 
Tschirnhaus transformations. In addition, a sextic resolvent is obtained for the 
normal quintic when p=2, 3, and 5. For corresponding results when F is of character- 
istic zero see Dickson's Modern algebraic theories, chap. 12. (Received March 6, 1950.) 


266. Wallace Givens: A Hadamard bound theorem for ihe de- 
terminant of a real quaternion matrix. 


The determinant of a regular matrix A of order s with elements in a division ring K 
is defined by Dieudonné [Bull. Soc. Math. France vol. 71 (1943) pp. 27-45] to bean 
element A(A) of the quotient group of the multiplicative group of nonzero elements of 
K with respect to its commutator subgroup. If one specializes to real quaternions, the 
group of determinantal values is isomorphic to the non-negative real numbers (with 
A(A) =0 if and only if A has no inverse). Normalizing by requiring the determi- 
nant of a diagonal matrix to be the square root of the products of the norms of its 
elements (which gives the square root of Study’s determinant) the Hadamard bound 
theorem is proved in the form: A(4) S5*/a^, where the elements of A are real 
quaternions a, such that Norm (2,,) &a. The stated bound is shown to be attained 
by specializing the as, to be complex numbers. If the bound can also be attained by a 
matrix every element of which is one of the sixteen numbers (+1+#+j+)/2, 
then the Hadamard bound for matrices of order 4s is also attained by a real matrix. 
(Received March 7, 1950.) 


267. E. H. Hadlock: A method of constructton of a properly primitive 
form. 

A method is derived and stated, whereby, given the integral invariants Q, A and 
possible sets of progressions involving 2 and the odd prime factors of Q and A, the 
integral coefficients a, b, c, r, and S are determined in the properly primitive form 
jJeaxi--byt-I-cst--2rys 4-25xs with determinant d= (01A540 so that f will have asso- 
ciated with it the given invariants and sets of progressions. (Received March 6, 
1950.) 


268. E. H. Hopper: The dectston problem in the free modulator 
lattice. 


Let FL[4], FM[4], and FD[4] be the free, the free modular, and the free dis- 
tributive lattice, respectively, on four generators, Polynomials equal in FL[4] are 
necessarily equal in ,MF[4] and FD[4] while inequality in FD[4] implies inequality 
in the other two lattices. The unsolved decision problem in FM [4] is thus reduced 
to a question of the equality in FM [4] of pairs of polynomials having equal canonical 
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forms in FD[4] and unequal canonical forms in FL[4]. This method is used to obtain 
canonical forms in FM[4] for polynomials of length not greater than 5. Inclusion 
relations between these polynomials are also determined. (Received March 6, 1950.) 


269%. Ralph Hull: An algebraic proof of a theorem on the full linear 
group. 

The theorem is: every rational integral representation of the full linear group of 
dimension # is either homogeneous or else is expressible as a sum of homogeneous ra~ 
tional integral representations. (Cf. Murnaghan, The theory of group representations, 
Johns Hopkins Press, 1938, p. 45.) (Received March 20, 1950.) 


270. R. J. Levit: Divided differences and some extremal properites of 
functions on finite sets. 


Let A, be a finite set consisting of elements ao, - ++, Ga of an ordered field Ta, 
and consider functions f(x) on A, with values in Te. For any nonzero element cC T, 
let a, be the class of all functions f(x) such that f(ao*-**,G&4)-c, where 
f(ao, * * - , a4) denotes the nth divided difference of f(x) with respect to the indicated 
arguments, This paper has the dual purpose of deriving certain formal algebraic 
properties of divided differences and then applying them to the determination of 
the function of ®,, which deviates least from zero on A, and also the functions whose 
divided differences of any given order b Sn deviate least from zero on Az. (Received 
March 8, 1950.) 


271. Nathaniel Macon: Some theorems on ihe approximation of 
irrational numbers by the convergents of their continued fractions. 


Let t be any positive irrational number. Denote by A,/B, the convergents of its 
expansion as a regular continued fraction, and set | &—Ax/B,| =1 MB. Recently 
Brauer and Macon (Amer. J. Math. vol. 71 (1949) pp. 349-361 and vol. 72 (1950)) 
obtained the best possible lower bound for the sum of & consecutive As, for every 
k. In this paper, the best possible lower bounds for the products of two, three, and 
four consecutive A, are obtained. For k=3, this generalizes a well known theorem 
of Borel (J. Math. Pures Appl. (5) vol. 9 (1903) pp. 329—375). Moreover, Brauer and 
Macon proved that in any sequence of five consecutive A, either at least two are 
greater than 5% or one is greater than 3. They obtained similar results for every 
sequence of 3m-}-2 consecutive s. These results are now improved for eight and eleven 
consecutive A's, (Received March 6, 1950.) 


2721. Leo Moser: On sets of integers which contain no three $n 
arithmetical progression. 


Let g(#) be the maximum number of integers under s, no three of which form an 
arithmetical progression. F, A. Behrend (Proc. Nat. Acad. Sci. U.S.A. (1946) pp. 331- 
333) showed that g(n) »n1-«0ox 9*' where c isa fixed constant. In Behrend's method 
the existence of appropriate sets is proved, but these differ for different n. An infinite 
sequence is here constructed, which has no three elements in arithmetical progression, 
and which has under # at least n?" Cos 9" integers, Upper bounds for g(n) were given 
by P. Erdós and P. Turán (Proc. London Math. Soc. (1936) pp. 261-264), Their 
results are here improved to g(n) «4n/11 4-5. (Received March 6, 1950.) 
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273. O. M. Nikodým: Remarks on the cartesian product of Boolean 
measure algebras. ` 


Kakutani's theorem, stating the possibility of extension of the finitely additive 
measure of the cartesian product of denumerably additive e-fields of sets provided 
with denumerably additive measures to a denumerably additive measure on the 
Borelian extension of this product, can be generalized to abstract Boolean measure 
algebras. Circumstances relating to this extension are discussed. (Received May 8, 
1950.) 


274. E. B. Shanks: An elementary proof of ihe fundamental theorem 
of algebra. 


Let N(t) be the net number of complete revolutions made by a line segment (of 
variable length) joining the origin to the point representing f(s) =2*+a,2"1+ --- 
ra. (where » is a positive integer and a47z£0) when z traces out the circle |z] =? one 
time. It is shown (1) if £=4, is sufficiently small, then N(4) —-0; (2) if =f is sufficiently 
large, then N(4) — (this is proved in What ts mathematics?, Courant and Robbins, 
Oxford University Press, New York, 1941, p. 271); (3) if N(t) is not a constant for all £ 
such that0 S T1 S1 S T5, then f(s) =0 for some s in the annular region 0 $ T1 S | z| ST. 
It follows from these three lemmas that f(z) =0 for some z in the annular region 0 S4 
&|s| St. (Received March 3, 1950.) 


275. J. A. Ward: A function of k constants. 


Let C, G, «+, Cy be an arbitrary set of k constants over a field F, with C =0 
for j>k. For p20 and s integers the function Wp.» is defined as follows: (1) For 
2n 20, Wo n= 2, CCa * * - C, where >, denotes the sum of products obtained by all 
permutations of all sets of fs ($—1, 2, - - - , $) such that 4+4:+ - - * +#=n; (2) 
forn 20, Wp.» is defined to be the result obtained from Wo,» by increasing by p the first 
subscript in each term of Won; (3) if 5 S0, Wp.n=8p, —n. It then follows for all $ 
and s that C,Wos-d-W..-— W,*4; and other similiar relations are derived. 
Typical applications of the W,,, are: If 0 satisfies the equation X*— X a0 Xt -0, 
then for all 720, = E ee Also if A is the companion matrix of the 
above equation, then for all 420, Af (Wi ^4, 4), where r and s are the row and 
column indices, respectively. (Received March 8, 1950.) 


ANALYSIS 


276. W. L. Duren: Extension of the Dantell-Stone integral to vector- 
valued functions. 


M. H. Stone in Proc. Nat. Acad. Sci. U.S.A. vol. 34 (1948) has redeveloped the 
Daniell general integral arising from a given elementary integral. Stone’s treatment, 
in common with other treatments of the Daniell integral, develops the theory for 
real-valued functions. The purpose of the present paper is to show that the Stone 
theory may be extended to functions whose values lie in a Banach space. The addi- 
tionalrestrictions required for this extension are that, for functions f in the elementary 
class and their elementary integrals E(f), ||EC)]| &/]|fG2l|dx, the latter integral 
being required to exist as a general integral of a real-valued function. (Received 
March 9, 1950.) 
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277. F. A. Ficken: Severely singular integral operators and Halder 
continuity. Preliminary report. 


In discussing second order partial differential equations of elliptic type, one may 
encounter integral operators of the form u—4Qw = fq(R, R’)u(R’)dor-, where Rand R’ 
are position vectors of points in n-dimensional Euclidean space En, dog is the ele- 
ment of volume at R’, and the integration is extended over Ey. The kernel g(R, R’) 
and the operator Q are said to be severely singular if g(R, R^) 2g(R—R"), where 
q(R) is continuous for Rx0 and behaves like | R|-* as R—0 or R—«. It is assumed 
further that: (i) if |R| &| R'|, then, for some positive constant K, |g(R’)—g(R)| 
&K| Rl R'|-:| R' - R|. and (ii) fa(R)dvr=0 if the integral is extended through 
any spherical shell 0 <a € | R| Sb. As a special case, q(R — R’) has these properties if it 
is the second derivative of | R —R'| -^*. With a view to iterative methods it is useful 
to know, under these circumstances, that if « is Holder continuous, then Qu is Holder 
continuous. The object of the present note is to give for this fact a proof believed to 
be simpler than those now available. Simplification results mainly from the observa- 
tion that f/[g(R' —S) —q(R — S) ]des, extended over a half-space | X — R| »| X—R'Í, 
exists and has an upper bound that is independent of R and R’. (Received March 16, 
1950.) 


278. A. K. Hinds and W. M. Whyburn: Characteristic seis for a 
non-self-adjoint second order differential system. 


The second order differential system y’=K(x, X)s, z'-G(x, X)y, yla, X) «0, 
pla, X) =el, X), wie, X) ev(x, azl, A)—A(w, Ayl, A), é(x, Amale, X)s(z, N) 
—B(x, X)y(x, X), is examined for existence and and oscillation theorems. Under mild 
hypotheses on the coefficients, it is shown that there exist sets S}, S2, - + - , S, of char- 
acteristic lambda values such that the given differential system is compatible for each 
lambda in these sets Furthermore, the sets are ordered in the sense that any number 
in S, is less than any number in 5, when ¢ <j. Oscillation theorems are established and 
separation theorems are developed for solution functions associated with two char- 
acteristic numbers that belong to the same S,. (Received February 24, 1950.) 


279t. J. D. Mancill: Identically non-regular problems in the calculus 
of variations. 


This paper is concerned with simple problems of the calculus of variations whose 
integrand f(x, y, y") satisfies the identity fy,/(x, y, y') 0 in a closed region R of the 
xy-plane and for all finite values of y’, from which it follows that f(x, y, y) wP(x, y) 
+y’Q(x, y). Since Euler's condition for this problem has the form P,=(e, either it is 
an identity in R and no proper minimum exists if the end points are fixed; or Euler's 
equation is not an identity and is either never satisfied or is satisfied only along cer- 
tain paths. In the latter case, given two points of the region R there will not in gen- 
eral exist an extremal joining these points. For this reason one is likely to assume 
that this problem contains little of interest. That such is not the case follows, in the 
author's opinion, from the very definite properties of a curve which does furnish a 
minimum. Also, when the end points are on the boundary of R, the necessary condi- 
tions are more generally satisfied. Furthermore, this whole problem is an excellent 
example in contrast to the well known results for regular problems. A minimum 
cannot exist for the analogous problem in parametric representation unless P =Q» 
identically. (Received March 9, 1950.) 
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280. K. S. Miller: A Sturm-Ltouville problem associated with itera- 
tive methods. 


* The problem considered in this paper is that of estimating rates of convergence in 
solving linear ordinary differential equations by an iterative process. Consider a linear 
differential operator M of the (n —2)th order and associated two point boundary con- 
ditions Us(s), «1,2, - » * , 5 —2, such that the totally homogeneous system Mu=0, 
Ua(u)=0 is incompatible. Then a sequence of iterants soe(x), ta(x), a(x), - - > is 
constructed such that s4(x) converges to a solution of the differential system as m 
tends to infinity. Let Mus (x) — ea (x). Then it is shown that there exists a transforma- 
tion Q, whose inverse is a Sturm-Liouville system, such that en(x) =" Qe, a(x). This 
problem is solved yielding a complete orthonormal set of functions [Va(x)] and asso- 
ciated characteristic number {Aq}. It is then shown that eo(x) = X Ga Walz) where all 
the ya(x) appearing in the sum have characteristic numbers A4 such that | Aal «1. 
Hence le clt Jaa Aa and the rapidity of convergence can be determined ex- 
plicitly without actually calculating the #e(x). (Received February 27, 1950.) 


281. L. V. Robinson: Solution of linear second-order partial differ- 
ential equations by operator methods. 


By making use of the differential operator, A= py (£i, 3s, + + © , x4)0/0xi + Pa(o, xs, 

t. X8)0/09ib- ++ + Hopal 22, °° + xX)0/0x4, it is shown how second-order linear 

partial differential equations can be solved. Conditions necessary for the solution of 
such equations are also derived. (Received March 9, 1950.) 


282. W.S. Snyder: A characterization of set functions with derivative 
Zero a.e. 


A necessary and sufficient condition is derived for a set function to have deriva- 
tive 0 a.e. Let f be real-valued and defined on ar arbitrary class I' of closed sets 
lying in a bounded region of the plane. Ê denotes generically a finite class of disjoint 
sets of I, and Ê is the point set they cover. ||£]| «max {diameter T] for TEE. The 
derivative in question D(f, x) =lim, f(€3/| | where KED = Xa for TEE, 
and {€,} is any sequence such that {Ete} is regular, and diameter (£,--«] —0. 
A necessary and sufficient condition that D(f, x)=0 a.e. is that given e»0 there 
exists a 30 such that ||E|| «3 implies the existence of a subclass ECE for which 
|£-€| <eand i (E1) <e. When D(f, x) can be defined a.e., a necessary and suffi- 
cient condition that D(f, x) exist and be summable is that f(T) =g(T)+A(T), where 
e(T)=f1D(Ẹ, x) and D(h, x) «0 a.e. In particular, if f is B.V. and D(f, x) exists a.e., 
then D(f, x) is summable and the previous decomposition generalizes the Lebesque 
decomposition without additivity for f. (Received March 6, 1950.) 


APPLIED MATHEMATICS 


283. W. R. Mann: On a class of nonlinear integral equations of the 
Volterra type. Preliminary report. 


Certain nonlinear boundary value problems arising in the study of heat transfer 
and diffusion phenomena can be expressed in terms of nonlinear integral equations 
of the form y(t) =/}K(t, r)G[y(r) ]dr where G is continuous and strictly decreasing in 
y, and K (t, 7) is positive and increasing in r for all #, Using Schauder's generalization 
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of the Brouwer fixpoint theorem to Banach spaces, it is easily shown that this equa- 
tion has a solution, y(t), for all #20. From the proof of this existence theorem, im- 
portant bounds for y(i) can also be derived. If one assumes that G satisfies a Lip- 
schitz condition and that the sth iterated integral of K(¢, r) with respect to r from 
0 to £ tends to zero sufficiently rapidly for all ż, as n— œ , a set of successive approxima- 
tions [y.(/)] is defined which have the important property that for all £50, y» 
PW > ss yu» 23(0, and y» «Y» <u < + * 35a X. +++ y(t). From these in- 
equalities, a good estimate for the error in the sti ad un is easily found. 
(Received February 24, 1950.) 


284. W. R. Mann and J. H. Roberts: Concerning a certain integral 
equation. 


Mann and Wolf considered the equation (1): y(¢) = fi {G[y(x) ]/ [x —) ] ^] dt and 
showed that if G(y) is continuous and decreasing for y 20, and G(1) =0, then (1) has 
at least one solution. Under the additional assumption that G satisfies a Lipschitz 
condition on the interval [0, 1], they proved that the solution of (1) was unique and 
nondecreasing. In the present paper the same conclusion is obtained without the extra 
hypothesis on G. Furthermore the function [x(¢—r) ]¥* can be replaced by any func- 
tion K (t —7) which, for x 0, is continuous, positive, decreasing, and convex, and such 
that lim f K(x)dx, as e0,, is finite. For example, instead of the one-half power 
in the denominator of the integrand of (1), we can take any power k such thatO <$ «1, 
and the resulting equation has a unique solution 5(/), which is strictly increasing 
and such that y(/)—1 as t+. (Received March 9, 1950.) 


285. E. K. Ritter: A method for computation of normal trajectories 
of missiles. 

The norma! equations of motion of the center of mass of a self-propelled missile 
referred to a pair of rectangular axes with origin on the earth's surface, can be trans- 
formed through the introduction of drag, lift, and thrust functions similar to the 
conventional drag function of artillery ballistics. The transformed equations may 
readily be solved by numerical techniques, applicable alike to “hand” computation 
and to computation by high-speed, automatic calculating machines. (Received April 
11, 1950.) 


286. C. B. Smith: Effect of a change in motsture content on the elastic 
behavtor of plywood plates. 


This investigation is concerned with the elastic behavior of a plywood plate 
subjected to a uniform change in moisture content. By means of a mathematical 
analysis the distribution of stress is found for infinite plates of two and three plies. 
"This distribution of stress is fairly simple, for all the stress components vanish except 
the normal stress components parallel to the surfaces of the plate. These are found 
to be discontinuous at the planes of separation of adjacent plies in both types of 
plates studied. The distribution of stress is found to be linear in each ply in the two- 
ply plate, and constant in each ply of the three-ply plate. (Received March 3, 1950.) 


GEOMETRY 


287. J. M. Clarkson: A vector representation of the regular poly- 
hedrons. 


328 AMERICAN MATHEMATICAL SOCIETY (July 


The five regular polyhedrons are related in the following manner: the tetrahedron 
is such that vectors from the center of the circumscribed sphere to the centroids of the 
faces meet the sphere, when they are multiplied by a suitable scalar, in the vertices 
of a second tetrahedron; the same relationship between the cube and the regular 
octahedron exists, and so does that between the dodecahedron and the icosahedron. 
This paper describes the vector representation of the vertices of the polyhedrons, and 
derives the scalar multipliers for the vectors to the centroids of the faces. As a by- 
product, the representation, by radicals, of the trigonometric functions of certain 
angles not multiples of 30° or 45° are obtained. (Received May 8, 1950.) 


288. Patrick Du Val: Regular surfaces of genus three. 


The main theorem is that the general surface of order 4n in n+3 dimensions de- 
fineable as the intersection of the intersection of the cone projecting a Veronese sur- 
face from an n —3 dimensional space, with a fivefold variety whose general surface 
section is the del Pezzo surface of order n, is the bicanonical model of a regular surface 
of superficial genus 3 and linear genus s--1. For n $5, this is the most general surface 
of its genera; and for any n, the bicanonical model of every surface of these genera 
lies on the Veronese cone, its canonical system being traced by the net of quadric 
cones on the latter. The canonical model is an »-ple plane, with branch curve of order 
ån, having 24(n —2) cusps and 8(5 —2)(n —3) nodes. For 5 $3, a complete specifica- 
tion of the branch curve is already known (P. Du Val, J. London Math. Soc. vol. 8 
(1933) p. 14). For n —4, it is the envelope of a rational family of quartics, of index 3, 
of which two reduce to repeated conics; and every such envelope is the branch curve 
of a canonical surface of these genera. (Received February 25, 1950.) 


289. G. B. Huff: Cremona's equations and the properness inequalities. 
II. Preliminary report. 


In part I (Bull. Amer. Math. Soc. Abstract 55-7-314) it was shown that all solu- 
tions of Cremona's equations and the properness inequalities are indeed proper for 
p=0, 1 and d>0. In the present paper, a substantial generalization of Noether's 
inequality is obtained, and it is shown that, for any particular p (£2), the question 
as to whether the properness inequalities do imply thata solution of Cremona's equa- 
tions is actually proper can be settled by examining a finite number of cases, In par- 
ticular, a check is obtained on tables constructed by Du Val (Proc. Lond. Math. Soc. 
(2) vol. 35, Part 1) and the result of part I is found to be true for 5 —2. (Received 
March 6, 1950.) 


2904. Jack Levine: Collineations $n. generalized. spaces. I. 


The general space of paths is characterized by its equations d*x'/di* 4- H*(x, dx/dt) 
=0 defining the paths, where H* are homogeneous of the second degree in dx*/dé 
(M. S. Knebelman, Amer. J. Math. vol. 51 (1928) pp. 527-564). It is shown that the 
equations of affine collineations AT, =0 obtained by Davies (J. London Math. Soc. 
vol. 18 (1943) pp. 100—107) can be simplified to AH* —0, where A represents the Lie 
derivative operator, and 2I? « 91H*/8/ap! (p'«dx*/di). The components AH* are 
those of a contravariant vector. A complete solution of AH’ «0 is obtained for n =2 
using Lie's classification of all real continuous groups G, in two variables. Nine types 
of generalized two-dimensional space are found admitting groups of affine collinea- 
tions. The maximum number of parameters is three, there being six spaces admitting 
G,’s, two admitting Grs and one admitting a Gi. These exclude spaces reducing to 
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ordinary affine spaces As. These results are an extension of some previous results of a 
former paper (Bull. Amer. Math. Soc. Abstract 55-7-3811). (Received March 6, 1950.) 


TOPOLOGY 
291. R. H. Bing: Hereditarily indecomposable continua. 


Examples are described showing that the plane contains as many topologically 
different hereditarily indecomposable compact continua as it does continua. The 
property of being a chained compact continuum is invariant under a monotone 
continuous transformation. Using this result and the fact that two nondegenerate 
hereditarily indecomposable compact continua are homeomorphic if each can be 
chained, we show that if N is a nondegenerate image of a hereditarily indecomposable 
compact continuum M under a monotone continuous transformation, then N is 
homeomorphic to M. (Received March 8, 1950.) 


292. W. J. Conner: On locally dosed sets. 


A set A of a topological space X is defined to be locally closed at a point 5 if p has 
a neighborhood whose closure relative to A is closed in X (stronger than the definition 
given by Kuratowski). “Local closure” and “locally closed set” are defined and the 
relationship between closure and local closure is used to characterize regular spaces, 
normal spaces, locally compact subsets of locally compact spaces. (Received March 
6, 1950.) 


293. L. J. Derr: A theorem on exact sequences. 


Let Gi, Gz be subgroups of an abelian group G. Using the Alexander-Kolmogoroff 
cohomology groups there exists an exact sequence: —H?(X; G)XHP*(X; Gi) 
—H*(X; Gy2-G) 9H» H(X ; Gi \G:)— where the groups in the parentheses indicate 
the coefficient group used in each case. It is clear that Gi \G,=0 implies H?(X; Gi) 
A(X; G))mH*?*(X; GitG:). (Received March 8, 1950.) 


294%. W. H. Gottschalk: Chotce functions and Tychonoff' s theorem. 


The purpose of this note is to point out that the following set-theoretic theorem 
[R. Rado, Axiomatic treatment of rank in infinite sets, Canadian Journal of Mathe- 
matics vol. 1 (1949) pp. 337—343] is an easy consequence of Tychonoff’s theorem that 
the cartesian product of a family of compact spaces is compact. Theorem. Let 
(Xal o I) be a family of finite sets, let Y be the class of all finite subsets of J, and 
for each ACM let $4 be a choice function of (Xy|a€A). Then there exists a choice 
function $ of (XaleEN such that ACW implies the existence of BEA such that 
BDA and ap - a$s (aC A). Proof. For ACW let Ea be the set of all $C X e XaciXa 
such that ap — ad (aA) for some BEA with BDA. Provide each X4 (o J) with its 
discrete topology. Since X is compact and [E4| ACW] is a class of nonvacuous closed 
subsets of X with the finite intersection property, there exists ¢C/ V4 cg E4. The proof 
is completed. Corollary. A family of finite sets has a one-to-one choice function if 
and only if each of its finite subfamilies has a one-to-one choice function. [Cf. C. J. 
Everett and G. Whaples, Representations of sequences of sets, Amer. J. Math. vol. 71 
(1949) pp. 287-293.] (Received January 16, 1950.) 


295. S. T. Hu: Chain transformations in Mayer chain complexes. 
A general theory of the extension and the classification of the equivariant chain 
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transformations in Mayer chain complexes with a group W of operators is established 
in this paper by means of the obstruction methods analogous to those used in the 
theory of continuous maps. The presentable and the regular subgroups of the equi- 
variant cohomology groups are defined in a natural way, and hence their quotient 
group J; (M, H,(N)), where M and N are Mayer chain complexes with operators W 
and H4(N) denotes the integral homology group of N. The main theorem of classifica- 
tion can be stated as follows: If there are two integers a and b such that C,(M) =0 
unless a <g Sb and if W operates freely on M, then the equivariant homotopy classes 
of the equivariant chain transformations of M into N are in a (1-1) correspondence 
with the elements of the direct sum J7* (M, Han(N))® - - - DJIM, H(N)). A 
number of specializations are made in the later part of the paper. In particular, for 
any augmentable closure-finite abstract complex K, the condition Z*(K, H,(K)) «0 
(034 n) implies H,(K) =0 (0 Sg <n), where Ho(K) denotes the reduced Oth integral 
homology group. (Received March 6, 1950.) 


296. J. W. Keesee: On a retract of a compact Hausdorff space. 


Let C(X) denote the ring of real continuous functions on the compact Hausdorff 
space X. An ideal J contained in C(X) is called a closed ideal if it is equal to the inter- 
section of all maximal ideals in which it is contained. A compact Hausdorff space Y 
is homeomorphic to a retract of X if and only if C(X) contains a closed ideal J and a 
subring R such that C(X) &I--R, I VR 0, and R is ring-isomorphic to C(X). (Re- 
ceived March 6, 1950.) 


297. V. L. Klee: On certain iniersecison properties of convex sets. 


A collection of #-+1 convex subsets of a Euclidean space E will be called an n-sef 
in E provided each n of the sets have a common interior point although the intersec- 
tion of all n-+1 interiors is empty. It is well known that if {Co Ci] is a 1-set, then 
Co and Ci can be separated by a hyperplane. In the present note this result is gen- 
eralized by showing that if {Co - - - , Ca} is an #-set in E, then there is a variety V 
of deficiency s in E such that V intersects no set Int Ci, although in each direction 
away from V, V bas a translate which intersects some set Int C;. This theorem is then 
used to prove the converse of Horn's recent generalization (Bull. Amer. Math. Soc. 
vol. 55 (1949) pp. 923—929, Theorem 4) of Helly's theorem on the intersection of con- 
vex sets. (Received March 6, 1950.) 


298. A. D. Wallace: Extension and reduction theorems. 


Let A, B be closed subsets of the fully normal (= paracompact) space X. Exten- 
sion Theorem: If e is any element of H?(B, A( XB) then there is an open set Q con- 
taining B and an element es of H*(Q, A( YQ) whose image, under the natural homo- 
morphism, is e, Reduction Theorem: If the element e of H?(X, A) is in the kernel of 
the natural homomorphism into H»(B, Af MB), then, for some open set Q containing 
B, e is in the kernel of the natural homomorphism into H*(Q, A(\Q). These are 
proved for the Alexander-Kolmogoroff cohomology groups. Their validity for normal 
spaces is an open question. (Received January 30, 1950.) 


299t. A. D. Wallace: Extenstonal invariance. 


Theorem: Any completely regular Hausdorff space has a homeomorph X densely 
contained in a compact Hausdorff space X’ so that (denoting closure in X’ by ‘) if 
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A, B are closed in X then (A(\B)'=A‘(\B’ provided that either (i) X is normal or 
(ii) X is locally compact and one of A, B is compact. This is ‘merely the Tychonoff 
imbedding (as improved by Cech and Stone) together with the additional result 
about closure. Case (i) can be deduced from some results of Wallman but case (ii) 
cannot since Wallman’s compaction is not Hausdorff unless X is normal. This result 
is applied to prove the extensional invariance of certain properties of X, for example 
unicoherence, if X has property S. (Received March 7, 1950.) 


W. M. WHYBURN, 
Associate Secrelary 


THE APRIL MEETING IN WASHINGTON 


The four hundred fifty-eighth meeting of the American Mathe- 
matical Society was held at George Washington University, Wash- 
ington, D.C., on Friday and Saturday, April 28-29, 1950. Registra- 
tion headquarters were in the Hall of Government, and all sessions 
were held there. Hotel headquarters were at the Roger Smith Hotel. 
The attendance was about 200, including the following 168 members 
of the Society: 


J. C. Abbott, R. D. Anderson, Miriam C. Ayer, R. P. Bailey, Joseph Barnett, 
P. T. Bateman, F. D. Bateman, T. J. Benac, Stefan Bergman, E. E. Betz, R. H. Bing, 
Garrett Birkhoff, D. H. Blackwell, W. A. Blankinship, J. H. Blau, Joseph Blum, R. P. 
Boas, T. A. Botts, J. R. Bowman, Jean M. Boyer, N. A. Brigham, F. E. Browder, 
Charlotte Brudno, Helen J. Buck, R. S. Burington, G. H. Butcher, B. F. Cheydleur, 
K. L. Chung, Randolph Church, A. H. Clifford, Natalie Coplan, Mary J. Cox, 
H, S. M. Coxeter, G. F. Cramer, A. R. Craw, J. M. Danskin, W. S. Dawkins, J. B. 
Diaz, C. H. Dowker, Yael N. Dowker, D. M. Dribin, W. D. Duthie, R. P. Eddy, 
Samuel Eilenberg, H. E. Ellingson, J. H. Engel, Bernard Epstein, G. C. Evans, Wil- 
liam Feller, N. J. Fine, Wilhelm Fischer, E. E. Floyd, Bernard Friedman, H. M. Geh- 
man, B. C, Getchell, Leonard Gillman, H. F. Gingerich, Michael Goldberg, Leon 
Goldstein, R. A. Good, E. C. Gras, T. N. E. Greville, Emil Grosswald, D. W. Hall, 
Philip Hartman, G. G. Harvey, R. M. Hayes, E. C. Higgison, H. A. Hill, L. Aileen 
Hostinsky, W. R. Hydeman, M. A. Hyman, S. B. Jackson, M. P. Jarnagin, ]r., Her- 
bert Jehle, Walter Jennings, R. E. Johnson, F. E. Johnston, M. L. Juncosa, D. E. 
Kibbey, J. W. Kitchens, V. L. Klee, J. R. Kline, Paul Kopp, W. D. Lambert, R. E. 
Langer, Richard Latter, W. S. Lawton, R. A. Leibler, W. W. Leutert, J. H. Levin, 
D. C. Lewis, F. W. Light, Miriam A. Lipschutz, Lee Lorch, E. J. McShane, H. M. 
MacNeille, C. J. Maloney, Murray Mannos, M. H. Martin, W. T. Martin, Florence 
M. Mears, A. E. Meder, Jr., T. W. Moore, T. S. Motzkin, S. B. Myers, David Nelson, 
Paolo Nesbeda, Moris Newman, T. E. Oberbeck, R. E. O'Donnell, M. W. Oliphant, 
K. L. Palmquist, A. J. Penico, Harry Polachek, R. R. Reynolds, R. P. Rich, G. de B. 
Robinson, Murray Rosenblatt, J. H. Rosenbloom, P. C. Rosenbloom, H. E. Salzer, 
S. S. Saslaw, Max Sasuly, G. E. Schweigert, C. W. Seekins, Atle Selberg, Daniel 
Shanks, George Shapiro, Seymour Sherman, Ruth W. Shnider, D. T. Sigley, R. C. 
Simpson, A. C. Smith, D. C. Spencer, Vivian E. Spencer, W. J. Strange, G. R. Strohl, 
E. G. Swafford, Olga Taussky-Todd, William Clare Taylor, J. H. Taylor, Feodor 
Theilheimer, D. L. Thomsen, John Todd, Miriam M. Torrey, C. A. Truesdell, J. L. 
Vanderslice, A. H. Van Tuyl, Oswald Veblen, M. C. Waddell, J. L. Walsh, J. V. 
Wehausen, F. M. Weida, Alexander Weinstein, F. J. Weyl, C. R. White, P. M. Whit- 
man, W. F. Whitmore, G. T. Whyburn, K. G. Wolfson, M. A. Woodbury, Arthur 
Wouk, J. G. Wozencraft, J. W. Wrench, J. W. Young, P.W. Zettler-Seidel, J. A. Zilber. 


The Committee to Select Hour Speakers for Eastern Sectional 
Meetings invited two speakers. On Friday, April 28, at 4:15 P.M., 
Dr. R. P. Boas, Executive Editor of Mathematical Reviews, gave an 
address on Trigonometric extremal problems. Professor G. C. Evans 
presided. At 2:15 p.m. on Saturday, April 28, Dr. Atle Selberg of the 
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Institute for Advanced Study gave an address on The prime number 
theorem for generalized primes and elementary methods. President J. L. 
Walsh presided. 

Sections for contributed papers were held at 2:00 p.m. and 3:00 
P.M. on Friday and at 10:00 a.m. and 11:00 a.m. on Saturday. The 
presiding officers for these sessions were Professor William Clare 
Taylor, Professor G. T. Whyburn, Dr. Seymour Sherman, and Dr. 
J. V. Wehausen. 

A resolution of thanks to George Washington University and to 
the Committee on Arrangements was moved by Professor G. de B. 
Robinson and adopted by those present at the session held at 2:15 
P.M. on Saturday. 

The Council met at 8:15 p.m. on April 28. 

The Secretary announced the election of the following one hundred 
and thirty-eight persons to ordinary membership in the Society: 


Professor Forrest Edwin Adams, University of Miami; 

Mr. Mohammad Wassel Al-Dhahir, Columbia University; 

Mr. Samuel I. Altwerger, Newtown High School and New School of Social Research, 
New York, N.Y.; 

Professor Emil Amelotti, Villanova College; 

Mr. William Edward Andrus, Jr., International Business Machines Corp., Endicott, 
N.Y.; 

Professor Carolyn Ruth Bahous, Lynchburg College; 

Mr. Dean Clifton Benson, Sioux Falls College; 

Mr. Morris Carl Bergen, Citrus Junior College, Azusa, Calif.; 

Mr. Herbert Ashley Bernhard, Columbia University; 

Mr. John Emory Berterman, Cornell University; 

Mr. Stanley Francis Block, University of Maryland; 

Mr. Russell Newton Bradt, University of Kansas; 

Dr. Abraham Brind, New York, N.Y.; 

Mr. Walter Clarke Brown, University of Oklahoma; 

Mr. Howard Walker Burnette, University of Georgia; 

Mr. John Richard Byrne, University of Washington; 

Professor Margaret C. Byrne, Saint Joseph's College, Brooklyn, N.Y.; 

Professor Harry Nelson Carter, University of Tulsa; 

Mr. Ernest Charles Casale, Temple University; 

Mr. Harold Hsiao-Li Chang, Princeton, N.J.; 

Mr. Robert Francis Clarke, United States Weather Bureau, Miami Springs, Fla.; 

Mr. James William Cooley, Woodside, N.Y.; 

Mr. Arthur Herbert Copeland, Jr., University of Michigan; 

Mr. Hewitt David Crane, International Business Machines Corp., New York, N.Y.; 

Professor Mary Honor Cummings, Rhode Island State College; 

Mr. Peter M. Curran, Fordham University; 

Mr. Max Alexander Dengler, Midwest Research Institute, Kansas City, Mo.; 

Brother V. Dominic, Saint Mary's College, Calif.; 

Mr. Edwin Richard Dunkle, Jr., Albright College; 

Mr. Ralph Edwin Ekstrom, Westminster College, Fulton, Mo.; 
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Mr. Irving Jacob Epstein, Evans Signal Laboratory, Belmar, N.].; 

Mr. Walter Feder, City College, New York, N.Y.; 

Professor Michael Fekete, Hebrew University, Jerusalem; 

Commander Reid Puryear Fiala, United States Navy, Destroyer Division 602; 

Professor Emery Louis Gerecz, Vincennes University; 

Mr. Myron Leonard Greenberg, University of Michigan; 

Mr. Urban S. Greene, Binghamton, N.Y.; 

Mr. Joseph Arthur Greenwood, Manhattan Life Insurance Company, New York, 
N.Y.; 

Professor Simon Gruenzweig, Lincoln University, Pa 

Mr. Jack Cogswell Gysbers, University of Oregon; 

Mr. William Bromley Hall, Jr., Long Island City, N.Y.; 

Professor Wame Jacob Hallmark, San Antonio College; 

Mr. Francis Robert Halpern, Bell Aircraft Company, Buffalo, N.Y.; 

Mr. John Charles Harden, Jr., Clemson College; 

Mrs. A. Z. Hays, Abilene Christian College; 

Mr. Glenn Fairbanks Hewitt, Wright Branch, Chicago City Junior College; 

Mr. Theodore Ware Hildebrandt, Massachusetts Institute of Technology; 

Professor Philip Murray Iloff, Chico State College, Chico, Calif.; 

Sister Mary Amata Kadlack, Saint Joseph's College for Women, Brooklyn, N.Y.; 

Mr. Surindra Nath Kalra, University of Illinois; 

Dr. Rosella Kanarik, University of Southern California; 

Mr. Costas Kassimatis, University of Toronto; 

Mr. J. Lawrence Katz, Brooklyn, N.Y.; 

Professor Jack Thurston Kent, Agricultural & Mechanical College, College Sath, 
Tex.; 

Miss Muriel Clarissa King, Georgia State College; 

Mr. Edward Harvey Kingsley, Roosevelt College, Chicago, Ill.; 

Mr. Joseph Klein, Redbank, N.J.; 

Mr. Robert J. Koch, New Orleans, La.; 

Professor Motokiti Kondó, Kyüsyt University, Japan; 

Professor Edward Michael Kovach, Cathedral College, New York, N.Y.; 

Mr. Vernon Kuykendall, Clark Junior College, Vancouver, Wash.; 

Mr. John Cornelius Laffan, Jr., Seton Hall College, South Orange, N.J.; 

Mr. Orlie William Laing, Pasadena City College; 

Mr. Seymour Landau, University of Connecticut; 

Mr. Serge Lang, Princeton University; 

Mr. Richard Kenneth Lashof, New York, N.Y.; 

Mr. Richard F. Link, University of Oregon; 

Professor Harry Maurice Linnette, Virginia State College; 

Mr. Charles K. Loomis, Jr., Detroit Institute of Technology; 

Mr. Robert Duncan Luce, Massachusetts Institute of Technology; 

Dr. Robert Hastings McCobb, New Jersey State Teachers College, Glassboro, N.J.; 

Professor Richard Joseph McCullough, Mount Saint Mary's College, Emmitsburg, 
Md.; 

Miss Clarice Irene MacDonald, University of Washington; 

Professor Duncan MacRae MacEwen, City College, New York, N.Y.; 

Dr. Lawrence Earl Malvern, Carnegie Institute of Technology; 

Mr. Robert Louis Marceau, University of Kansas; 

Mr. Henry George Mazurkiewicz, University of Michigan; 
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Mr. José Carlos Mello E. Souza, Rua Redentor 92, Distrito Federal, Brazil; 
Captain George Brown Miller, Jr., Georgia Military Academy, College Park, Ga.; 
Professor James L. Miller, Villanova College; 

Mr. Robert Elsworth Montgomery, University of Illinois; 

Mr. John Coleman Moore, Brown University; 

Miss Marian Alease Moore, Purdue University; 

Dr, Charles Edward Mullan, Duquesne Light Company, Pittsburgh, Pa.; 
Mr. George Max Muller, General Electric Company, Richland, Wash.; 
Professor Sigurd Mundhjeld, Concordia College, Moorhead, Minn.; 

Mr. James Henry Nash, Fordham University; _ 

Mr. Abas Beaucan Neale, Naval Aircraft Factory, Philadelphia, Pa.; 
Miss Elizabeth Jane Neiderberger, Purdue University; 

Mr. Ralph Henry Niemann, Purdue University; 

Dr. Fritz Oberhettinger, California Institute of Technology; 

Mr. Edward Scott O'Keefe, University of Washington; 

Miss Katharine Louisa Parks, Morgan Park Junior College, Chicago, Ill.; 
Mr. Paul Bryan Patterson, University of Florida; 

Mr. Paul Edwin Pfeiffer, Rice Institute; 

Professor Harold David Reese, Drexel Institute of Technology; 

Mr. Henry Gordon Rice, Syracuse University; 

Professor Ralph A. Rodefer, Michigan College of Mining & Technology; 
Mr. Jack Cree Rogers, Cornell University; 

Miss Mary Lee Rogers, University of Washington; 

Miss Florence Virginia Rohde, University of Kentucky; 

Mr. Richard Irwin Rossbacher, New Haven, Conn.; 

Mr, George Xavier Saltarelli, Buffalo, N.Y.; 

Mr. James Sanders, Syracuse University; 

Mr. Frank Salvatore Scalora, University of Illinois; 

Professor Olive Crosbie Schooler, University of Tulsa; 

Mr. William Howard Sellers, West Virginia University; 

Miss Edna Sheinhart, University of Connecticut; 

Mr. Alan B. Showalter, University of Kansas; 

Professor Marvin Banks Sledd, Emory University; 

Professor Richard Herbert Somers, University of New Hampshire; 

Mr. William Kebren Spears, Keesler Air Force Base, Biloxi, Miss.; 

Mr. Cliford Harvey Springer, Purdue University; 

Mr. Jeremiah Milton Stark, Massachusetts Institute of Technology; 

Mr. Gordian William Stremlau, St. Bede College, Peru, Ill; 

Professor Mary Virginia Sunseri, Stanford University; 

Professor Victor G. Szebehely, Virginia Polytechnic Institute; 

Professor Choy-tak Taam, University of Missouri; 

Mr. Eugene Titus, Southern University and Agricultural and Mechanical College; 
Mr. John William Toole, University of Illinois; 

Mr. Grover Jackson Trammell, Jr., Tulane University of Louisiana; 

Mr. Charles Hood Tyler, Lewis College, Lockport, IIL; 

Mr. Lewis Edes Ward, Jr., Tulane University of Louisiana; 

Mr. Hans Felix Weinberger, Carnegie Institute of Technology; 

Professor Annye Elizabeth Welch, Catawba College, Salisbury, N.C.; 
Mr. Burton Garland West, Lincoln High School, Port Arthur, Tex.; 
Professor John Elliott Westberry, Texas College; 
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Mr. Carl Edgar Weyland, College of South Jersey; 
Professor Royal Samuel Weymouth, Idaho State College; 
Mr. Robert Franklin Wheeling, Brown University; 
Professor Clarence Reed White, Hampton Institute; 

Mr. James Whittaker, University of California at Los Angeles; 
Professor Roy Edwin Wild, University of Idaho; 

Professor Ernest Williams, Alabama Polytechnic Institute; 
Mr. Wilber Albert Wilson, Clemson College; 

Mr. Henry Wolf, Brown University; 

Professor Guy Aytch York, Georgia School of Technology; 
Mr. Solomon Abraham Zadoff, Passaic, N.J. 


It was reported that the following twenty-five persons had been 
elected to membership on nomination of institutional members as 
indicated : . 

Indiana University: Mr. Donald Henry Porter; 

Institute for Advanced Study: Dr. Ernest Paul Specker; 

University of Minnesota: Messrs. Martin Samuel Friberg and Arnold Jackson 
Tingley; 

Northwestern University: Messrs. Donald Guy Austin, Robert Langley Sternberg, 
and Fred Marion Wright; 

Princeton University: Messrs. Iain Thomas Arthur Carpenter Adamson, Jose Adem 
Chahin, Richard Charles Blanchfield, Eugenio Calabi, Francis Brock Fuller, John 
McCarthy, John Willard Milnor, John Forbes Nash, Jr., Dr. Christos Dimitriov 
Papakyriakopoulos, Messrs. Melvin Philip Peisakoff, Oscar Seymour Rothaus, 
Joseph Harold Sampson, Jr., Lloyd Stowell Shapley, William Tout Sharp, George 
Stephenson, John Torrence Tate, Jr., and Guillermo Torres Diaz; 

University of Wichita: Professor Cecil Byron Read. 


The Secretary announced that the following had been admitted to 
the Society in accordance with reciprocity agreements with various 
mathematical organizations: London Mathematical Society: Mr. 
Cecil John Alvin Evelyn, London; Professor Werner Wolfgang Rogo- 
sinski, Durham University and Agricultural and Mechanical College, 
Stillwater, Okla.; Matematisk Forening, København: Mr. Bent Fug- 
lede, Stanford University; Polish Mathematical Society: Professor 
Edward Arnold Otto, Warsaw Politechnike School; Miss Wanda 
Szmielew, University of California; Société Mathématique de France: 
Mr. Marcel Honore Bayard, Sous-Marino Telecommunications, Meu- 
don; Dr. Jean Francois Braconnier, University of Lyon; Professor 
Jovan Karamata, University of Belgrade; Professor Georges de 
Rham, University of Geneve and Institute for Advanced Study; 
Mr. Dov Tamari, Boursier de l'A.R.S., Paris; Professor Miodrag 
Tomic, Belgrade Polytechnic Institute; Swiss Mathematical Society: 
Professor Hans Georg Haefeli, Boston College; Unione Mate- 
matica Italiana: Professor Francesco Elbano Sbrana, University of 
Genova. 
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Texas Christian University (Fort Worth, Texas) was elected to 
institutional membership in the Society. 

The following actions taken by mail vote of the Council were re- 
ported: election of Professors Einar Hille and A. W. Tucker as mem- 
bers of the Executive Committee of the Council to serve for a period 
of two years beginning January 1, 1950; election of Professor W. T. 
Martin as a repregentative of the Society on the Policy Committee 
for Mathematics, to serve for a period of four years beginning Jan- 
uary 1, 1950; authorization of the President to appoint a committee to 
study the question of reciprocity agreements with organizations on 
the American continents; authorization of the President to appoint a 
committee to cooperate with the American Institute of Graphic Arts 
in a study of printing problems. 

The following appointments of representatives of the Society were 
reported: Professor R. G. Helsel at centenary celebration of Univer- 
sity of Dayton on March 16, 1950; Professor Gillie A. Larew at 
inauguration of Orville Wentworth Wake as President of Lynchburg 
College on April 25, 1950; Professor S. P. Shugert at inauguration of 
H. Sherman Oberly as President of Roanoke College on April 14, 
1950; Professor Helen Barton at inauguration of Dale Hartzler 
Gramley as President of Salem College and Academy on April 22, 
1950; Professor V. H. Tingey at 100th anniversary of University of 
Utah on February 27-28, 1950; Professor Eric Reissner on Program 
Committee for 1951 London Conference in Heat Transmission 
(sponsored by American Society of Mechanical Engineers and Insti- 
tute of Mechanical Engineers, London). 

The following additional appointments by the President were re- 
ported: Professors T. F. Cope and B. P. Gill as auditors of the 
Society's accounts for 1950; Professors R. E. Langer (Chairman), J. 
L. Doob, M. H. Heins, T. H. Hildebrandt, and D. C. Spencer as a 
Committee to Study Individual Membership Dues; Professor R. 
L. Wilder as Chairman of the Committee on Places of Meetings for 
1950; Professor J. M. Thomas as a member of the Committee on 
Places of Meetings for 1950-1952; Professors G. T. Whyburn (Chair- 
man), Nelson Dunford, R. L. Jeffery, C. C. MacDuffee, and D. C. 
Spencer as a Committee to Study the Question of Reciprocity Agree- 
ments with Organizations on the American Continents; Professors 
Saunders MacLane (Chairman), C. C. MacDuffee, C. B. Price, A. C. 
Schaeffer, and J. M. Thomas as a Committee to Discuss Possible 
Reductions in Cost of Mathematical Composition; Professors S. S. 
Cairns (Chairman), E. F. Beckenbach, Einar Hille, Deane Mont- 
gomery, and R. L. Wilder as a Committee to Nominate Officers and 
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Members of the Council for 1951. 

The following resolution on the death of Professor Virgil Snyder 
was adopted by the Council: 

The Council of the American Mathematical Society wishes to record its deep sense 
of loss in the death of Virgil Snyder, Emeritus Professor at Cornell University since 
1938. He had been connected with Cornell University as a member of the faculty 
since 1895. 

Professor Snyder had an active and influential part in the affairs of the Society 
for fifty years, having served at various times as a member of the Council, vice 
president, president, as an editor of the Bulletin, and as a delegate to several in- 
ternational congresses. 

Professor Sayder’s mathematical interest was in the field of algebraic geometry. 
His graduate study at Göttingen and his later study and association with the Italian 
geometers laid the foundation for his own outstanding work in this field and for his 
inspiring guidance of some forty graduate students in the preparation of their doctoral 
dissertations. His standing in this particular field was recognized when he was selected 
as chairman of the committee of the National Research Council to prepare a bib- 


liography for algebraic geometry. 

During the first half of the twentieth century American interest in mathematics 
and American contributions to the development of the subject had a phenomenal 
growth. Now we are called upon once more to note the passing of one of the men who 
contributed largely to this advance. We do so with sincere appreciation of the man 
and of his work. 


Dr. H. M. MacNeille, Executive Director, reported on the follow- 
ing problems: (1) that of obtaining suitable office space for the Society 
in New York and the related problem of the use of the Society's 
library as a bargaining asset in negotiations with Columbia Univer- 
sity for office space; (2) that of establishing a new agreement with 
Johns Hopkins University in connection with the publication of the 
American Journal of Mathematics. The Council voted to recommend 
a change in the by-laws to reduce to two the number of representa- 
tives of the Society on the Editorial Board of the American Journal; 
(3) the Executive Director, at the request of the Board of Trustees, 
had gathered a list of candidates for the position of Executive Editor 
of Mathematical Reviews, for the consideration of the Editorial 
Committee. 

The Council voted to approve the recommendation of the Com- 
mittee on Applied Mathematics to hold the 1951 Symposium in 
Applied Mathematics at the University of Maryland and the United 
States Naval Ordnance Laboratory. 

The Council voted to recommend to the Board of Trustees that 
Dr. J. V. Wehausen be appointed as Executive Editor of Mathemati- 
cal Reviews, to succeed Dr. R. P. Boas. 

The Policy Committe for Mathematics reported progress in its 
consideration of the following problems: the establishment of a 
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Mathematics Foundation to receive and administer funds for the 
general support of mathematics; National Science Foundation and 
the service such a foundation could render to mathematics; separate 
division for mathematics in the National Research Council; Union 
Conference to be held at Columbia University on August 27-29, 
1950, for a discussion of a new International Mathematical Union. 

'The Council adopted a budget for the International Congress as 
recommended by the Organizing Committee; total estimated ex- 
penses for the Congress are $101,516.00. 

It was reported that the dictionary containing a list of words useful 
in reading Russian mathematical articles and about thirty pages of 
grammar would shortly be ready for distribution. The Council voted 
to recommend to the Trustees that a thousand copies, in addition 
to the number required by the Navy under the contract, be printed for 
possible future sales. It was also reported that fifteen translations of 
Russian mathematical articles had been completed and that the Navy 
contract for the preparation of these translations had been extended 
to April 30, 1951. 

'The Council voted to recommend to the Trustees that for 1951 the 
list price of the Bulletin be set at $7.00 and that of the Proceedings 
at $11.00. 

Abstracts of the papers read follow below. Papers whose abstract 
numbers are followed by the letter “#” were read by title. Paper 
number 302 was read by Professor Fine, paper number 313 by Pro- 
fessor Epstein, paper number 335 by Dr. Rosenblatt, and paper num- 
ber 338 by Professor Floyd. Mr. Hurley was introduced by Dr. 
H. W. E. Schwerdtfeger. 


ALGEBRA AND THEORY OF NUMBERS 


300%. Bailey Brown and N. H. McCoy: Some theorems on groups 
with applications to ring theory. 


Let G be an additively written group, and Fa mapping of G into the set of sub- 
groups of G. Under certain restrictions on F relative to a set of endomorphisms of G, 
a normal subgroup N is defined, depending on F. When G is the additive group of a 
ring R, N becomes for special choices of F, respectively: (1) the greatest regular ideal 
in R (Bull. Amer. Math. Soc. Abstract 55-3-100), (2) the Jacobson radical of R, 
(3) the F-radical of R, (4) the radical of R (Amer. J. Math. vol. 69 (1947) pp. 46-58). 
Regularity is defined in, and (1) extended to, an arbitrary naring, and a proof is 
indicated that a full matrix naring over a regular naring is regular. By strengthening 
the assumptions on F, N becomes for any G the intersection of a certain class of 
normal subgroups of G, and a subdirect decomposition of G is obtained if N 0. When 
G is the additive group of R, the corresponding theorems for (2), (3), (4) now be- 
LEE cases. Here R may be a naring or even a cluster. (Received March 27, 
1950. 
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301. A. H. Clifford: A noncommutative simple linearly ordered group. 


In answer to Garrett Birkhoff's Problem 5 (Ann. of Math. vol. 43 (1942) p. 329) 
an example is given of a noncommutative linearly ordered group having no proper 
Lideals, (Received March 14, 1950.) 


302. N. J. Fine and G. E. Schweigert: Concerning the group of 
homeomorphisms of a simple arc. 


Let G denote the group of all homeomorphisms of a simple arc onto itself. It is 
shown that every element of G is a product of at most four involutions (elements of 
order two). Certain subgroups of G are characterized, and G itself is determined 
among them by a maximality condition. A partial identification of the normal sub- 
groups is made. An interesting class of commutative subgroups is studied in some de- 
tail, with special reference to their intersection properties. Problems similar to those 
above are considered for other (possibly nonseparable) spaces with order topologies. 
The results on G can be used to show that every element in the homeomorphism 
group of a simple closed curve is representable as a product of at most five involutions. 
(Received March 9, 1950.) 


303. L. Aileen Hostinsky: Direct decompositions in lattices. 


'The refinement theorem proved by R. Baer for direct decompositions of operator 
loops (Direct decomposittons, Trans. Amer. Math. Soc. vol. 62 (1947) pp. 62-98) is 
generalized by using results in theauthor's Bull. Amer. Math. Soc. Abstract 55-11-474 
to translate into lattice theory Fitting's method of investigating refinement theorems. 
Relationships between this result and theorems of O. Ore, A. Kurosch, and M. Grayev 
are shown. (Received February 14, 1950.) : 


3041. A. C. Hurley: The irreducible crystal classes $n four dimensions. 


The problem of finding the crystal classes is tackled using the theory of group 
characters. Firstly all the types of elements which may occur are determined using 
the fact that the characteristic equation of the matrix must have integral coefficients 
(the invariants of the matrix). The second invariants of the matrices are shown them- 
selves to constitute the character of a representation of the group: thus in using the 
result of character theory, that all power sums of the characters give totals which are 
multiples of the order of the group, the second invariants may be used in forming the 
power sums as well as the characters. Using this method the possible values for the 
order of a four-dimensional crystal group are found, as are also the number of ele- 
ments in each group having a given value of the trace, second invariant, and de- 
terminant. Of these solutions of the character relations, some (38) are shown to repre- 
sent irreducible crystal groups (derived from the regular four-dimensional polytopes 
and other methods), some are shown to be extraneous, whilst some (33) remain un- 
accounted for. (Received April 11, 1950.) 


3051. A. C. Hurley: The crystal classes $n four dimensions. 


The investigation is based on a paper by Goursat (Ann. l'École Norm. vol. 16 
(1889)). In this paper Goursat determines all finite four-dimensional rotation groups 
which contain —J, where J is the unit element. The trace and second invariant of all 
elements of Goursat's groups are determined, those groups with non-integral in- 
variants being discarded. Of the remaining groups most are shown to be crystal 
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groups. Some however are not; these may be eliminated using the results of a paper 
by Robinson (Proc. Cambridge Philos. Soc. (2) vol. 32 (1930) p. 12). The crystal 
groups not containing —J are also found. The results of the character theory investi- 
gation given in the preceding abstract provide a useful check on the final list of 
groups, and in fact lead to the detection of an error of omission in the above-mentioned 
paper by Goursat. Using these methods it is shown that there are just 218 four-di- 
mensional crystal groups, of which 45 are irreducible. (Received April 11, 1950.) 


3064. D. J. Newman: An evaluation of the constant $n the asymptotic 
expression for p(n). 


Hardy and Ramanujan proved in 1918 the asymptotic formula p(n) 
~ (1/432) (eran » /n), where p() represents the number of partitions of n (Asymp- 
totic formulae in combsnatory analysis, Proc. London Math. Soc. (1918) pp. 75-115). 
Erd&s in 1942 proved, by elementary methods, that p(n) acras t /n for somea>0, 
but did not prove that a :1/4(3!/*) (On an elementary proof of some asymptotic formu- 
las in the theory of partitions, Ann. of Math. (1942) pp. 417-430). In this paper the 
author proves that a=1/4(313) Y jet methods. The method used 
is to estimate the two series 2 pine (2r) C —zapieritü-» and 
DY (erae! njere 1(6/.)is(1 =g)" NG) from which an immediate ap- 
plication of the theorem 4,7vaB.— Y Anxra 9 Bax" gives (e 1/2) (1 —x)¥ 
+ eT 00-9) 52,7 n8 (6 / iur! 60-2) and this proves a=1/4(3%%). (Received March 6, 
1950.) 


307. R. P. Rich: On partially ordered groups. 


A compositive convex normal subgroup of a partially ordered group G is called 
an l-ideal; this reduces to Birkhoff's definition (Ann. of Math. vol. 43 (1942) p. 310) 
if G is lattice ordered. The set € of ideals of G is a complete lattice under inclusion. 
If G has the Riesz interpolation property (Birkhoff, loc. cit. p. 328), then £ is a dis- 
tributive sublattice of the lattice 9t of normal subgroups of G, and the complemented 
l-ideals in 2 form a Boolean algebra. Answering Birkhoff's Problem 5 (loc. cit. p. 
329): there exists a non-archimedean lattice ordered group H which is simple, that is, 
without proper Lideals; H is a subgroup of the group of homeomorphisms of an 
interval considered by Everett and Ulam (Trans. Amer. Math. Soc. vol. 57 (1945) 
p. 212). If C is a linearly ordered group with an Lideal A such that A and C/A are 
both archimedean, then (i) if A is in the center of C, the factor set of C/A in A is 
arbitrary; (ii) if A is not in the center of C, then the factor set is associate to the 
identity. (Received March 14, 1950.) 


3084. C. E. Rickart: Isomorphic groups of linear transformations: 
the unitary and simpletic cases. 


In another paper (to appear in Amer. J. Math., cf. also Bull. Amer. Math. Soc. 
abstracts 54-11-440, 55-11-487) the structure of isomorphisms of certain groups of 
linear transformations which reduce in the finite-dimensional case to full linear 
groups was discussed. In the present paper, a similar investigation is carried out for 
groups of linear transformations which reduce in the finite-dimensional case to uni- 
tary (or orthogonal) groups on the one hand and to simplectic groups on the other. 
The main result is that the group isomorphisms are essentially generated by iso- 
morphisms of the underlying vector spaces on which the transformations act. The 
result in the finite-dimensional simplectic case reduces essentially to a result an- 
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nounced by Dieudonné (C. R. Acad. Sci. Paris vol. 225 (1947) pp. 914-915). (Received 
March 20, 1950.) 


309. G. de B. Robinson: Induced representations and invariants. 


Consider the subroup He S,XS4X +++ XS& (5 factors) and its normalizer 
N(H) in the symmetric group Sna. If [a] is an irreducible representation of Sw, then 
the representation [a]" of H can be extended by means of a representation [8] of 
S, to yield an irreducible representation [a; 8] of 9t(H), and this representation [a; 8] 
induces a representation [o] O [8] of Swa. In a previous paper the author gave an 
explicit formula for the reduction of [o] O [8] in terms of group characters. This 
formula has since been obtained by J. A. Todd (to appear shortly in the Canadian 
Journal of Mathematics) via the corresponding theory of the full linear group. How- 
ever, so far as the applications to invariants are concerned, it would be desirable to 
avoid the complications arising from such a dependence upon character tables. The 
present method accomplishes this end through a new "integration" process which 
makes it possible to pass from s to s--1 for a fixed [a]. It is necessary to add a 
“boundary condition" which depends on the s-Li-hook structure of the Young 
diagrams so obtained. (Received March 20, 1950.) 


310. Olga Taussky: Symmetrization of systems of linear equations. 


Let A = (a,:) be a real nonsingular s >< matrix, Amex, Amin its characteristic roots of 
largest, resp., smallest modulus, A’ the transpose of A and (bz) its inverse. The fol- 
lowing two “condition numbers” of A have been introduced recently: (i) | Max] / | Amin| ; 
(ii) (1/8)( bay ^ Dep” (see J. von Neumann and H. H. Goldstine, Bull. 
Amer. Math. Soc. vol. 53 (1947) pp. 1021-1099, and A, M. Turing, Quarterly Journal 
of Mechanics and Applied Mathematics vol. 1 (1948) pp. 287-308). It is shown that 
both numbers increase if A is replaced by AA’. Thus symmetrization of a system of 
linear equations, in general, leads to a worsening of the condition. Further, the class 
of the matrices 4.4’ is studied for which (ii) is constant. (Received March 14, 1950.) 


311. M. C. Waddell: On properties of regular rings. 


A ring R is regular if, for each aE R, there exists «CR with axa»a. A regular 
ring is called +regular if every principal ideal has a unit element, and is called s-regular 
if it contains no nonzero nilpotent element. Several properties, analogous to those of 
classical semi-simple ring theory, are obtained, including the following. In a regular 
ring every ideal is the meet of all generalized prime ideals (in the sense of McCoy, 
Amer. J. Math. vol. 71 (1949) p. 823) containing it, and the ideals form a distributive 
lattice. In a ;-regular ring every ideal is the meet of all maximal ideals containing it, 
and if every maximal ideal has nonzero annihilator, then every ideal contains a mini- 
mal ideal, the ring is isomorphic to a subdirect sum of its minimal ideals, and the ideals 
form a Boolean algebra. Nine necessary and sufficient conditions for a regular ring to 
be s-regular are given, including (i) every idempotent element is in the center of the 
ring, (ii) only two-sided ideals exist, (iii) every generalized prime ideal is prime, (iv) 
every ideal is the meet of all prime ideals containing it, (v) every ideal is a radical 
ideal (that is, aA implies 4&4). Assuming s-regularity, the sets of prime, maximal, 
and indecomposable ideals coincide. (Received March 14, 1950.) 


ANALYSIS 
3121. R. P. Boas: Differenital equations of infinite order. 
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The equations are of the form A(D)f(z) -g(s), where D=d/dz, A(i) = $ pant" 
is an entire function, g(z) is regular in a (sufficiently large) neighborhood of 0, and 
the solution f(s) is to be regular in some neighborhood of 0. By means of exponential 
transforms [Boas, Proc. Nat. Acad. Sci. U.S.A. vol. 34 (1948) pp. 481-483] some 
results of Sheffer (Duke Math. J. vol. 3 (1937) pp. 593-609) and Muggli (Comment. 
Math. Helv. vol. 11 (1938) pp. 151—179) are obtained when A(4) is of exponential 
type. In addition, it is shown that there is always a solution when A (f) belongs to a 
wider class of entire functions, whose essential property is that they increase at their 
maximum rate in at least three directions which are the normals to the sides of a 
closed convex polygon; A(#) exp (/) is a typical example. (Received March 15, 
1950.) 


313. Joseph Lehner and Bernard Epstein: Bekavtor of modular 
functions and forms near the boundary. 


The authors prove the following results, x representing a real number: (1) If J(r) 
is the absolute invariant of the full modular group, and if x is irrational, then along no 
curve terminating at x does J(r) approach a limit, finite or infinite, while it is known 
that J(r)— « as r approaches any rational x in any Stolz angle. (2) If f(r) isa modular 
form belonging to the full group, then f(r) possesses no limit at irrational x except on 
a certain set E where f(7)—0 or © in any Stolz angle according as f(r) is of positive 
or negative dimension. The set E consists of those irrationals whose expansions in 
regular continued fractions have bounded partial quotients. (3) These results gen- 
eralize to certain subgroups of the full group. (4) There exists an angle « independent 
of x such that, with the exception of a countable set of x, the image in the w-plane 
under the mapping w=A(r) of the Stolz angle of aperture a with vertex at x covers 
infinitely often a certain domain of the w-plane. (Received March 27, 1950.) 


3144. Dorothy Maharam: Decompositions of measure of algebras 
and spaces. 


If A is a given o-subalgebra of a o-finite measure algebra (E, nu), it is shown that 
(E, a) is isometric to a subalgebra of a principal ideal in the direct product of two 
«-finite measure algebras, one of which is algebraically isomorphic to A. (Cf. Gleason, 
Bull. Amer. Math. Soc. Abstract 55-3-144; Nikodým, C. R. Acad. Sci. Paris vol. 228 
(1949), for related results when y is finite.) This is proved by introducing a suitable 
abstract-valued measure in E and applying the author's representation theorem 
(Trans. Amer. Math. Soc. vol. 65 (1949)). Applications are made to normal measure 
spaces (Q, u); for example, if (Q, 2) is acted on by a measure-preserving transforma- 
tion, the direct sum decomposition of Q into ergodic parts can be imbedded, in a 
simple way, in a direct product decomposition. Other results due to von Neumann, 
Halmos, and Dieudonné are extended similerly. (Received March 10, 1950.) 


315i. E. F. Moore: Density ratios and (o, 1) rectifiability in n-space. 


If $ is a linear measure over Euclidean n-space En, a set ACE, is said to be (¢, 1) 
rectifiable if and only if for every «20 there is a rectifiable set B such that ¢(A — B) <e. 
If (A) € », the (¢, 1) rectifiability of A is shown to be equivalent to inequalities 
holding for ¢ almost all x in 4 between constant multiples of certain upper and lower 
density functions defined locally in terms of ¢ and A. This extends (with the same 
constants used in the inequalities) results proved in the case 5 32 by Morse and 
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Randolph (Trans. Amer. Math. Soc. vol. 55 (1944) pp. 236-305). (Received April 17, 
1950.) 


316. Ruth E. O'Donnell: &-polar polynomials. 


The purpose of this paper is to prove a generalization of the theorem of Grace on 
apolar polynomials. The polynomials f(z) — 21 Cana; and g(s) — V din eo Cx by! are 
k-polar if their coefficients satisfy the k* conditions ee (—1) Crab, 
(h=0,+++,k~1;sen,--++,n—k-+1). Itis proved that the k-polarity of two poly- 
nomials is sufficient to insure that every circular domain containing all the zeros of 
one of the polynomials shall contain at least k zeros of the other. (Received March 
16, 1950.) 


3171. J. E. L. Peck: An ergodic theorem for a certain non-commuta- 
tive semigroup of linear operators. 


If Lis a semigroup of bounded linear operators on a Banach space, which is totally 
bounded in the strong topology of operators, and which satisfies the pseudo-com- 
mutative restrictions (1) given Sı, Sa in £ there exists Sj, 5, in JC with 515; = 525 
and (2) given Ss, Se in JC. there exist Sr, Ss in L with SeSe =S1S5 = SeS; then L is an 
ergodic semigroup in the sense of Eberlein (Trans. Amer. Math. Soc. vol. 67 (1949) 
pp. 217-240) and every element of the Banach space is ergodic in the same sense. 
This theorem is proved by making use of a fixed point theorem of Kakutani (Proc. 
Imp. Acad. Tokyo vol. 14 (1938) pp. 242-245). (Received April 17, 1950.) 


318. P. C. Rosenbloom: A problem in Hilberi space. 


Let A be a non-negative bounded Hermitian operator, xs a given element in 
Hilbert space, and 4 a given positive constant. We seek the maximum of | (x, xo)| 
under the conditions ||x|| =1 and (Ax, x) =#. This maximum and the extremal element 
x can be determined in terms of the function F(A) =((AT—A)~'xo, xo), which is a 
Stieltjes transform. The behavior of the maximum as t0 depends on that of F(A) 
as À—0 —. We obtain a known inequality of Carlson as a special case, and also the 
best possible inequalities for the maximum modulus of an analytic function on a given 
circle when the mean square on two given circles has prescribed values. Other ap- 
plications to analytic and harmonic functions are obtained. (Received March 23, 
1950.) 


319. George Shapiro: On ihe Dirichlet series associated with Rama- 
nujan's function t(n). Preliminary report. 


Let F(s) = 2 +(n)n-*-11/3 for c7 2/5. This series, as well as the infinite product 
representation F(s) =J, —1(pe) br * 1/14-p;?)71, is known to be absolutely 
convergent when e 71; hence, F(s) £0 there. Let G be the (simply-connected) region 
obtained from the half plane o>1/2 by deleting all horizontal segments o++ho, 
1/2 <o Soo, where oo-+4to is a zero of F(s) in «>1/2 (if such exists). By log F(s) in 
c1/2 is meant the analytic continuation into G of log F(s) in «»1. Let F4(s) 
=]]z, (1—7(2)) py 13--$,2)-1. By iteration of the alternate use of a result of 
Carlson (Arkiv fór Matematik, Astronomi och Fysik vol. 19A (1926) no. 25) and the 
functional equation of F(s), it is shown that | F(c 4-30]: has a finite mean value for 
every fixed «13/20. From this it follows, by a method similar to that of Bohr (Acta 
Math. vol. 40 (1916) p. 67), that for every fixed «213/20, the sequence {log F.()] 
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converges in relative measure to log F(s). On the basis of Ramanujan’s conjecture 
that r(n)=O(n!/#+9), the same results are obtained in «71/2. (Received March 14, 
1950.) 


320. K. G. Wolfson: On the spectrum of a boundary value problem 
with two singular end points. 


Let p =p(t)>0 and g=g(¢) be continuous functions for — œ <#<-+ such that 
(*) (px^)'-(q--X)x 0 is of “Grenzpunkt” type at ¿=— œ and t— 4- o. Let the 
spectrum of the boundary value problem thus determined be denoted by SS, and the 
set of its cluster points by S’. For 6>0 and a <b, let N(a, b, ^, e) be the number of 
eigenvalues in the interval [X— e, \+e] belonging to the Sturm-Liouville problem 
determined by (*) and the boundary conditions x(a)-x(b)—0. Put n(A, e) 
=lim sup N(a, b, ^, e), as a—— œ and b+ œ. Finally, let (Xo) denote the number 
(0, 1, or 2) of the half-lines (— ©, 0], [0, ©) on which (*) is oscillatory for ^ near, but 
exceeding, Ao. Then Ao is in S if and only if (Xo, e) = (Ao) --1 for all e>0; while do is 
in S’ if and only if 2 (Ao, e) = © for all e>0. (Received March 14, 1950.) 


321. Arthur Wouk: Difference equations and J-matrices. Y. Pre- 
liminary report. 


Let J — (ja) be a real symmetric infinite matrix which is of the Jacobi type, that 
is, 4a 0 if |£—kR| 51 and ji.» 0. A connection between J and a Sturm difference 
equation A(fsAx«) --qdax«41 20, where $4 jai, Qa — jan tjat nai, 18 implicit in 
Hellinger's paper on Continued fracison theory, Math. Ann. vol. 86 (1922) pp. 18-29. 
Methods common in the theory of the Sturm differential equation are applied to the 
difference equation to obtain criteria for J to be self-adjoint and to obtain a char- 
acterization of the spectrum of J. (Received March 14, 1950.) 


3221. D. M. Young: The rate of convergence of an improved iterative 
method for solving the finite difference analogue of the Dtrichlet problem. 


Using overrelaxation combined with the Liebmann method, the number of itera- 
tions required to solve the finite difference analogue of the Dirichlet Problem for an 
n-dimensional network with mesh size k is asymptotically proportional to A^! if the 
overrelaxation factor w is suitably chosen, This compares with 47? for the Liebmann 
method. If m is the largest eigenvalue of the Richardson method (Philos. Trans. Roy. 
Soc. London Ser. A vol. 210 (1910) pp. 307-357) mœ, - 4(«i —1). For a rectangular 
network with sides 7,5, m= (1/5) 20k cos (x/I,). For other regions (1 —41) can be 
estimated by comparison theorems. If (1 —4:;) is replaced by 6(1—44) (0<@<1), the 
relative increase in the required number of iterations is about (1/0/?—1). The eigen- 
values for the method defined by any overrelaxation factor w 2 «; each have absolute 
value (w—1), and the normal form of the matrix is diagonal except if w=. If 
«ox, the normal form has precisely one non-diagonal element. The formula for «i 
is valid for any self-adjoint second order partial difference equation in two variables. 
The above statements about the normal matrix form are also valid. (Received March 
6, 1950.) 


APPLIED MATHEMATICS 


323. J. B. Diaz: Concerning scalar products and certain minimum 
and maximum principles of mathematical physics. 
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Let 4 and B be points of three-dimensional Euclidean space; P the plane through 
B perpendicular to the straight line joining A and B; and S the sphere through A 
and tangent to P at B. Then (1) (non-negative) minimum principle: for a point C of 
P, d(B, A) ad(C, A) (d denotes distance); and (2) (non-negative) maximum prin- 
ciple: for a point C of S, d(C, A) Sd(B, A). Simply derived analogues of (1) and (2) 
for a linear vector space with a positive semi-definite scalar product (,) yield— 
for various choices of the scalar product—many minimum and maximum principles 
(some hitherto unknown) in hydrodynamics, elasticity, electromagnetic theory, and 
so on. All of these are thus seen to have a common origin. As an example, suppose A 
is the solution of a boundary value problem consisting of a single linear differential 
equation plus some linear boundary conditions. Four distinct principles for A are 
obtained. Two of them, one a minimum and one a maximum principle, characterize 
A among functions satisfying the boundary conditions. The other two, one a mini- 
mum and one a maximum principle, characterize 4 from among the solutions of the 
differential equation. (Received March 14, 1950.) 


324. M. A. Hyman: Solution of boundary value problems as initial 
value problems. 


A technique is presented for obtaining numerical solutions of boundary value 
problems over elementary regions, such as rectangles or rings. The method is ap- 
plicable whenever a formula (F) giving an exact solution is available. If the differential 
(or difference) equation is linear and the region R elementary, one can usually obtain 
(F) by introducing normal or uncoupled coordinates. One evaluates the derivatives 
(or differences) of (F) on a part P of the complete boundary, then seeks the solution 
of the differential (or difference) equation in R with initial values given at P. This 
initial-value problem can be solved step-wise with simple operations at each step. 
Several “initial lines” may be used, on the boundary and inside the region (one motive 
being to control error growth). Using this method, Laplace's equation (in difference 
form) has been solved over a rectangle. A solution over a general region may be 
effected by transforming to an elementary region, provided the corresponding trans- 
form of the differential (or difference) equation is tractable. Since this technique, 
when applied to a linear difference equation, in effect solved a system of linear alge- 
braic equations, it constitutes a new approach to high-order matrix inversion. (Re- 
ceived March 16, 1950.) 


325. Herbert Jehle: Complex and real representations of ihe Lorents 
group without reflections. 

The relationship between Dirac's and Majorana's wave equations as well as that 
between the wave equations of Majorana and of the present author are investigated. 


(Cf. Serpe, Physical Review (1949), Jehle, Bull. Amer. Math. Soc. vol. 56 (1950)). 
(Recetved March 15, 1950.) 


326t. C. N. Mooers: Generation of unique ciphers for a finite net- 
work. 


It is desired to assign a unique cipher of letters and numerals to each chemical 
compound of finite size representable by a network. Such assignment is shown to be 
possible with a fixed number of rules making a closed set: Cuts are made at arbitrary 
positions in rings and at branching points to give linear segments. Segments are 
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placed end to end in arbitrary order, and are translated into letters and signs by use of 
conventional chemical abbreviations, hyphens for bonds, and semicolons to indicate 
breaks. Each character and mark is given a number, starting with one at the left. 
Connection into molecule of the end of each segment is shown by the corresponding 
number, zero for a termina], and these numbers are inserted into expression at ends 
of each segment. The result is a non-unique cipher. Process is repeated for all possible 
cuts and orderings, giving set of all possible ciphers for molecule. By an alphabetiza- 
tion of characters, the set of ciphers is ordered, and the first cipher is designated as 
unique. The large but finite number of steps required is a consequence of the require- 
ment for a fixed number of rules. (Received March 15, 1950.) 


3271. Seymour Sherman: Games and. sub-games. 


Suppose a two-person zero-sum game matrix B is decomposed into MN sub- 
matrices (5; 1s:sM,1 sjsNn} , where the rows of B involved in the sub-matrix Bi 
are independent of j and the columns independent of f, and that the value of the game 
associated with Bi is v. If, for each 4, there is a common optimal strategy for the first 
player i in the games, {B *|1s;sN], then v, the value of game, associated with B, 
is greater than or equal to 3, the value of game with matrix, B= [sj *]. Under analogous 
conditions “down columns" an upper bound for the value of the game and a strategy 
for the second player preventing the payoff from exceeding the upper bound are given. 
In the event that both conditions, that is, “across rows and down columns,” are 
satisfied, the value of the game and a set of optimal strategies are determined from 
the values and n strategies of the games, Bi , and the value and optimal strate- 
gies of the game, B. (Received February 29, 1950. ) 


328. C. A. Truesdell: On Potncaré’s analogy between vorticity and 
mass-denstty. 


Let r be the radius vector, let its polyadic sth power be defined by r(9 21, r™ 
=r—Uy, let w be the vorticity vector of a continuous motion, let {rw} stand for 
rw Are Dort » ++ tur, Then Wie f[r'?w]dV taken over a finite volume is 
expressible as an integral over the boundary surface. Hence the vector moments Wa 
are all zero in a motion bounded by finite walls, to which the material adheres with- 
out slipping, or in a motion vanishing at « to a sufficiently high order; under some- 
what weaker conditions, they are constant. These purely kinematical results, gen- 
eralizing some vortex theorems of Poincaré, exhibit a strong regularity in the average 
distribution of vorticity in many common types of three-dimensional motions. The 
conditions for their validity are never satisfied by & plane motion. (Received Febru- 
ary 28, 1950.) j 


329%. L. A. Zadeh: The correlation function of the response of a 
variable system. 


Consider a linear varying-parameter system in which one or more parameters are 
stationary functions of time. In a recent paper (Proceedings of the I.R.E. vol. 38 
(1950) pp. 291-299) the system funciton of a linear varying-parameter system was 
defined as a function H(jw; t) such that H(jo; #)e™! is the response of the system to 
an input of the form et, Define the correlation function of the system as y(r; w) 
= H(jo; t) H(— jo; t+r). Let the input to the system be stationary and uncorrelated 
with H(jo; t), and let its spectral density be S(w). It is shown that the correlation 
function of the response of the system to this input is given by the relation y(r) 


348 AMERICAN MATHEMATICAL SOCIETY [July 


= (2x)7! L7 vr; c) S(«)e!' "do. This result may be stated in the form of a theorem as 
follows: The correlation functions of the input and the output of a variable system N may 
be regarded as the input and output of variable system N* whose system function is the cor- 
relation function of the system function of N. This theorem has numerous practical 
applications. (Received March 15, 1950.) 


330¢. Othar Zaldastani: Operator methods in the theory of one- 
dimensional unsteady compressible fluid flow. 


If the ratio, x, of specific heats equals (2N-+1)/(2N—1), N being an integer, the 
. nonlinear partial differential equations of the unsteady rectilinear motion of a com- 
pressible fluid can be solved by using the Legendre transform U of the stream func- 
tion. Using this procedure, the author extends the results of Beckert (Annals of 
Physics vol. 5 (1940) p. 38). In particular, he gives general equations for the particle 
lines in the v, »-plane, u being the velocity and va function of the velocity. For x — 1.4, 
the problem of the study of the flows is reduced to the integration of U.«— Uy 
= ~4U,/», for which the general solution U = fv/v(f --g)dvdv is used, where f and g are 
arbitrary functions respectively of t -v and u —». Bergman's integral operator c of the 
second kind (Bergman, Proceedings of the First Symposium in Applied Mathematics, 
American Mathematical Society, 1949, pp. 19-40) supplies another form of a general 
solution, which is particularly useful in applications, since the generating function of 
the later operator (for N integer) becomes a Bernoulli polynomial. Several initial 
and boundary value problems are considered, and a complete study of the continuous 
motion of a fluid between the fixed pistons is given for «1.4. (Received March 30, 
1950.) ` 


GEOMETRY 
331. H. S. M. Coxeter: Integral Lorentz transformations. 


An integral Lorentz transformation is a linear transformation with integral coeffi- 
cients leaving the form /1—x1—1—s invariant. It is known (see A. Schild, Canadian 
Journal of Mathematics vol. 1 (1949) p. 47) that the group of all such transformations 
is generated by the changes of sign of the coordinates, the permutations of x, y, 3, 
and the reflection that changes (r, x, y, 3) into (22 —x —y—2,t—9 —z,4—z—x,£—x— y). 
The transforms of (1, 0, 0, 0) are the integral solutions of the Diophantine equation 
f1—31—341—51-1, When regarded as points in hyperbolic space with the absolute 
quadric (1 —41— y! —21 —0, these are the vertices of the hyperbolic honeycomb whose 
Schläfli symbol is (4, 4, 3]. (In the same notation the ordinary cubic lattice in 
Euclidean space is (4, 3, 4].) (Received March 6, 1950.) 


3321. Jack Levine: Collineattons in generalized. spaces. II. 


It is shown that the equations A I, -«0 (Buchin Su, Descriptive collineations in 
spaces of K-spreads, Trans. Amer. Math. Soc. vol. 61 (1947) pp. 495-507) defining the 
projective collineations of a generalized space H, can be expressed in the equivalent 
simpler form AP'-*0 (where A is the Lie derivative operator). The components 
ID, of projective connection are obtained in the form 2 IT,  03P*/ageop*, and P* 
=H'—p'F/(n+1), F-0I5/9p. The paths of an H, are given by d'x'/d?? 
I, HEEF, p)/(n+1)=0, where p'=dx'/dt. The P! satisfy the identity 
358P'/axt —0. All generalized spaces of two dimensions admitting real groups G, of 
projective collineations are determined by solving the equations AP*=0. There are 
nine such types of H, and r <3. (Received March 15, 1950.) 
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333. T. S. Motzkin: Dualsty for general varieties. Preliminary re- 
port. 


Let p5£0 be the characteristic of the (algebraically closed) coordinate field. For a 
hypersurface whose general point P is not parabolic, duality is birational and involu- 
tory. For other hypersurfaces the tangent hyperplane T' at P touches with multi- 
plicity 2 or £*; in both cases the dual may have, or not have, smaller dimension; and 
in the latter case the variety of points whose tangent hyperplane is T' need not be 
linear, nor split into linear varieties. For a surface in 6-space duality may be non- 
involutory even if it is birational and even if p=0. For curves, cf. Bull. Amer. Math. 
Soc. Abstracts 56-1-25, 56-3-193, 56-3-194. Illustrations are given by monomial 
varieties x, =c, 114, other abelian varieties, and Fermat hypersurfaces 27x20. 
(Received May 1, 1950.) 


STATISTICS AND PROBABILITY 


334t. K. L. Chung and Mark Kac: Remarks on fluctuations of sums 
of independent random vartables. 


Let Xi, Xs, * * * be independent random variables each having the same sym- 
metric stable distribution with exponent a(0<aS2). Let s42X14- +++ +X, and 
denote by N, the number of changes of sign in the finite sequence sı, 5s, * - * , Ss. For 
1<a32 the limiting distribution of N,/n!^V/^ is determined explicitly and the 
answer is related to the Mittag-Leffler function E;( —x). For 0<a<1 the limiting 
distribution of N«/log n is proved to be exponential with the exponent depending on 
a. For a=1 (Cauchy distribution) the limiting distribution of N,/(2r*(og n)! is 
exponential (1 —e7*). (Received February 16, 1950.) 


335. Mark Kac and Murray Rosenblatt: On diffusion with ab- 
sorbing barriers in more than 1 dimenston. 


Let F(t) be an element of the product space of n independent Wiener spaces. Let 
C be the bounding surface of the region R in the space of n-vectors F., It is assumed 
that C satisfies the regularity conditions of Poincaré and that R contains the origin. 
The probability «(2, 1) = Pr(F(£) =4, F(T) CR, 0 S7 <4) is shown to be the fundamental 
solution of àu/8t -: V1u/2 with boundary value zero at C and singularity at the origin. 
Let V(F) be the characteristic function of the complement of R. The expectation. 
E(exp (~uf V(F())d7)| F(t) =#) exp (— 22/21) 2x1)! is considered. The derivation 
uses the fact that u(x, !) lim... exp (—#1/2t)(2mt) "(exp (—u fi V(r (r))dr) | PO 
= £) and the method of barriers, (Received April 28, 1950.) 


336i. C. N. Mooers: Logic of selective systems. 


In the digital description and selection of non-numerical information, one tech- 
nique (Zatocoding) employs a collection of information carriers, such as cards or 
frames of film strip, each bearing a multiposition digital symbol field with each posi- 
tion taking a mark or blank, assigns a random pattern of marks in the field to each 
descriptor of information, and combines the several patterns in each field by Boolean 
addition. Descriptor patterns defining a selection of cards are combined by Boolean 
addition in the selector, and selection occurs when the total pattern in the field in- 
cludes the total selector pattern. Aside from the statistically-expected “noise” in the 
selection, selection is found to be according to the logical product of the selector de- 
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scriptors. One-step selection according to logical sum is found to be incompatible 
with adequate control of “noise” for all variations by complementation or duality 
when pattern inclusion rules the selections, (Received March 15, 1950.) 


TOPOLOGY 
337t. R. D. Anderson: On collections of pseudo-ares. 


The author studies collections of pseudo-arcs. Bing has recently shown that if H 
and K are chained hereditarily indecomposable continua, H is topologically equiva- 
lent to K. The pseudo-arc of Moise is, by construction, a chained hereditarily inde- 
composable continuum. The author shows, using Bing's result, that there exists a 
continuous collection of pseudo-arcs filling up the plane. It is known that such a col- 
lection must be topologically equivalent to the plane. In demonstrating the above 
theorem the author proves a lemma which implies, among other things, that there 
exists a continuous collection of pseudo-arcs filling up a closed annulus such that this 
collection is topologically equivalent to a simple closed curve. (Received March 14, 
1950.) 


338. R. H. Bing and E. E. Floyd: Coverings with connected inter- 
sections. 


Suppose S is a compact locally connected metric continuum. There is a countable 
basis for S such that the common part of the elements of any subcollection of this 
basis is connected and uniformly locally connected. Furthermore, the collection of 
closures of the elements of this basis is a family G of continuous curves such that the 
common part of the elements of any subcollection of G is either null or a continuous 
curve. (This is an extension of a result of R. D. Anderson [Concerning upper semi- 
continuous collections of continua, Trans. Amer. Math. Soc. vol. 67 (1949) pp. 451- 
460].) These results are proved by making use of brick partitionings of S. (Received 
March 7, 1950.) 


339. V. L. Klee: A proof that Hilbert space is homeomorphic with 
the surface of tts unit sphere. 


Suppose that E is a nonreflexive normed linear space. By use of the fact that E 
must contain a decreasing sequence of bounded closed convex sets whose intersection 
is empty, it is proved that (a) every hyperplane in E is homeomorphic with the surface of 
the unit sphere of E; (b) there is a homeomorphisms of pertod 2 without fixed points of E 
onto tiself which takes the (solid) unit sphere onto itself. These statements also apply to 
many reflexive spaces, and in particular to Hilbert space (since (4) is homeomorphic 
with (/3)). Thus certain questions of S. Kakutani and P. A. Smith are answered. 
(Received March 14, 1950.) 


3404. J. E. L. Peck: The embedding of topological groupotds $n topo- 
logical quastgroups. 

An alternation topological groupoid is a topological set, closed under a binary, 
continuous operation, in which any four elements satisfy the relation (ab)(cd) 
= (ac) (bd). An element is a *canceller if all its powers may be cancelled on both sides. 
A topological quasigroup is a topological groupoid in which any one of the three ele- 
ments, related by a =bc, is a unique, continuous function of the other two. It is proved 
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that an alternation topological groupoid, in which the set of *cancellers is open and in 
which the operation satisfies a further continuity restriction, may be embedded in an 
alternation topological groupoid, whose set of *cancellers form a topological quasi- 
group, containing the original *cancellers. This topological theorem is based on the 
algebraic results of Scholander (Bull. Amer. Math. Soc. vol. 55 (1949) pp. 746-757). 
A similar theorem is proved for noncommutative topological semigroups, using the 
algebraic results of Dubreil (Algébre, Paris, 1946). It is also shown that a compact 
topological semigroup, with a cancellation law, is a topological group. (Received April 
17, 1950.) 


H. M. MACNEILLE, 
Executive Director 


THE APRIL MEETING IN CHICAGO 


The four hundred fifty-seventh meeting of the American Mathe- 
matical Society was held at the University of Chicago, Chicago, Illi- 
nois, on Friday and Saturday, April 28-29, in conjunction with 
meetings of the Institute of Mathematical Statistics. Approximately 
500 persons attended, including the following 208 members of the 
Society: 


A. A. Albert, W. R. Allen, D. N. Arden, K. J. Arnold, Max Astrachan, W. L. 
Ayres, Reinhold Baer, R. G. Bartle, A. F. Bausch, J. H. Bell, L. D. Berkovitz, S. F. 
Bibb, K. E. Bisshopp, L. M. Blumenthal, W. M. Boothby, D. G. Bourgin, H. R. 
Brahana, Richard Brauer, C. F. Briggs, Ellen F. Buck, R. C. Buck, E. L. Buell, 
I. W. Burr, B. G. Carlson, R. E. Carr, E. D. Cashwell, T. E. Caywood, Lamberto 
Cesari, Herman Chernoff, E. W. Chittenden, Helen M. Clark, Mary Dean Clement, 
Harvey Cohn, J. B. Coleman, J. A. Colon, B. H. Colvin, E. G. H. Comfort, J. J. Cor- 
liss, M. L. Curtis, M. M. Day, John DeCicco, R. F. Deniston, Flora Dinkines, N. J 
Divinsky, D. G. Duncan, P. S. Dwyer, W. F. Eberlein, H. P. Evans, H. S. Everett, 
Chester Feldman, W. L. Fields, D. A. Flanders, L. R. Ford, J. S. Frame, Evelyn 
Frank, Cleota G. Fry, R. E. Fullerton, M. P. Gaffney, B. A. Galler, Murray Gersten- 
haber, H. A. Giddings, J. K. Goldhaber, C. C. Goldman, Michael Golomb, R. D. 
Gordon, R. N. Goss, M. J. Gottlieb, S. H. Gould, L. M. Graves, V. G. Grove, John 
Gurland, M. M. Gutterman, Marshall Hall, P. R. Halmos, P. C. Hammer, W. L. 
Hart, H. D. Hartstein, M. Agnes Hatke, Ruth Heinsheimer, R. G. Helsel, Fritz 
Herzog, G. F. Hewitt, E. H. C. Hildebrandt, T. H. Hildebrandt, G. P. Hochschild, 
R. E. von Holdt, D. L. Holl, W. A. Howard, C. C. Hsiung, S. P. Hughart, H. K. 
Hughes, Ralph Hull, P. E. Irick, W. E. Jenner, Meyer Jerison, S. M. Johnson, R. V. 
Kadison, G. K. Kalisch, L. H. Kanter, Leo Katz, J. B. Kelley, L. M. Kelly, W. M. 
Kincaid, E. C. Kleinhans, L. A. Knowler, Jacob Korevar, H. G. Landau, E. P. Lane, 
Leo Lapidus, Sim Lasher, C. G. Latimer, J. S. Leech, K. B. Leisenring, F. C. Leone, 
D. J. Lewis, O. I. Litoff, A. J. Lohwater, F. W. Lott, W. S. Loud, A. W. McGaughey, 
Saunders MacLane, W. G. Madow, Morris Marden, A. M. Mark, Kenneth May, 
D. M. Merriell, H. L. Meyer, Josephine M. Mitchell, J. T. Moore, C. W. Moran, M. L. 
Mousinho, Leopoldo Nachbin, Zeev Nahari, W. J. Nemerever, K. L. Nielsen, R. Z. 
Norman, E. P. Northrop, F. S. Nowlan, Rufus Oldenburger, H. W. Oliver, Daniel 
Orloff, E. H. Ostrow, G. K. Overholtzer, Gordon Pall, Katharine Parks, Mary H. 
Payne, Marilia C. Peixoto, M. M. Peixoto, George Piranian, G. B. Price, L. E. Pur- 
sell, A. L. Putnam, Gustave Rabson, Tibo Rado, G. Y. Rainich, O. W. Rechard, 
W. T. Reid, Haim Reingold, P. R. Rider, R. A. Roberts, W. G. Rosen, I. A. Rosen- 
berg, Arthur Rosenthal, J. M. Sacks, Hans Samelson, L. J. Savage, R. H. Scherer, 
O. F. G. Schilling, W. T. Scott, I. E. Segal, B. R. Seth, M. Anice Seybold, M. E. 
Shanks, A. S. Shapiro, Jack Sherman, J. H. Siedband, G. F. Simmons, I. M. Singer, 
M. L. Slater, M. F. Smiley, G. W. Smith, Elizabeth S. Sokolnikoff, E. H. Spanier, 
G. L. Spencer, M. D. Springer, W. L. Stamey, B. M. Stewart, A. F. Svoboda, R. L. 
Swain, P. M. Swingle, J. V. Talacko, R. M. Thrall, E. A. Trabant, E. F. Trombley, 
C. H, Tyler, Eugene Usdin, F. A. Valentine, Bernard Vinograde, D. R. Waterman, 
H. F. Weinberger, L. M. Weiner, M. E. Wescott, J. B. Wright, L. C. Young, J. W. T. 
Youngs, R. K. Zeigler, Daniel Zelinsky, Antoni Zygmund. 
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Sessions for contributed papers were held on Friday at 10:45 a.m. 
and 3:30 P.M., and on Saturday at 10:30 a.m. and 11 a.m. The last 
session was held jointly with the Institute of Mathematical Statistics. 
Presiding officers for the various sessions were Professors Marshall 
Hall, Saunders MacLane, G. B. Price, and G. Y. Rainich. Dr. John 
Gurland presided over the joint sessions with the Institute of Mathe- 
matical Statistics. 

At 2:00 p.m. Friday, by invitation of the Committee to Select Hour 
Speakers for Western Sectional Meetings, Professor Hans Samelson, of 
The University of Michigan, delivered an address entitled T'opology of 
Lie groups. Professor A. A. Albert, of the University of Chicago, was 
the presiding officer. 

There was a tea for visiting members and their guests held in the 
lounge of Eckhart Hall on Friday afternoon. 

Abstracts of papers presented follow below. Abstracts whose num- 
bers are followed by the letter “#” were read by title. Paper number 
357 was read by Professor Buck, paper number 359 by Mr. Klein, 
paper number 364 by Professor Piranian, and paper number 370 by 
Mr. Stamey. Mr. Luke was introduced by Professor Eric Reissner, 
Dr. Zahorski, Mr. Calderon and Mr. Klein by Professor Antoni 
Zygmund. 


ALGEBRA AND THEORY OF NUMBERS 


341. A. A. Albert: A theory of power-associative commutative 
algebras. 


Let A bea commutative power-associative ring whose characteristic is prime to 30 
and suppose that the equation 2x *a has a unique solution x in A for every a of A. 
We show that if A is simple and contains a pair of orthogonal idempotents whose sum 
is not the unity quantity of A then A is a Jordan ring. The result may be applied to 
commutative power-associative algebras 4 over a field F of characteristic not 2, 3, or 
5. Every simple algebra not a nilalgebra has a unity quantity e and we may extend 
the center F of A to a field K such that &-e-- * * * +e for pairwise orthogonal 
idempotents e, of 4x. The maximal value of # is called the degree of A and we show 
that if #>2 then A is a Jordan algebra. All simple Jordan algebras of degree 272 are 
shown to be classical Jordan algebras, that is, the same type of algebras that arise 
when F has characteristic zero. Define the radical N of any power-associative commu- 
tative algebra A of characteristic prime to 30 to be the maximal nilideal of A. Then 
if e is a principal idempotent of A we show that 4,(1/2) -A,(0) is contained in N. 
Thus every semisimple A has a unity quantity and we show that A is uniquely ex- 
pressible as the direct sum of simple algebras with unity quantities. Our theory thus 
includes the theory of Jordan algebras of characteristic p52, 3, 5. (Received March 
20, 1950.) 


3421. Rheinhold Baer: Free mobility and orthogonality. 
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Suppose that V is an #-dimensional vector space over the [not necessarily com- 
mutative] field F, and that P is a domain of positivity of F. If bı, - - - , ba are inde- 
pendent elements in V, then the subsets 277^, Fb, +Pb,, for $21, - - - , k, of V form 
an f-dimensional chain of incident sub-half-spaces of V. The problem is to characterize 
the groups of linear transformations of V which are simply transitive on the totality 

-of these #-dimensional chains of incident sub-half-spaces of V. This problem is 
solved under the additional hypotheses that 1 «4 and 2 «s. (Received February 2, 
1950.) 


343%, J. R. Brown and A. B. Showalter: On a problem connected 
wtth the theory of the Riemann seta-funciton. 


In his paper (On some approximate DiricMel-polynomstals in the theory of the zeta- 
function of Riemann, Det Kgl. Danske Videnskabernes Selskab. vol. 24 (1948)) Turán 
proved that if there is an øo such that for *>m the partial-sums U,(s) =1/1*+1/2* 
-+ +++ 1/n* do not vanish in the half-plane R(s)>1, then Reimann's hypothesis 
concerning the roots of the zeta-function is true, Turán also discussed the cases for 
nmi, 2, 3, 4, 5 and showed that U&(s) x40 for these values of s. In this note the 
authors prove U,(s) »50 for #=6 by showing the still stronger result: R[Us(s)] 50 
for R(s) 21. (Received March 13, 1950.) 


344i. F. Marion Clarke: On the factorisation of polynomials $n n 
variables. IV. ` 


The theorem of the author’s Bull. Amer. Math. Soc. Abstract 55-7-399 concerning 
the uniqueness of the splitting field of polynomial in # variables over a coefficient 
field of characteristic zero is generalized for polynomials over fields of any char- 
acteristic. (Received March 17, 1950.) 


345. Nathan Divinsky: Power-associative crossed extension algebras. 


This paper is a study of power-associative crossed extension algebras, that is, 
algebras built from an algebra A, a group of nonsingular linear transformations G of 
A, a subset H of G, and a set of elements g of A. These algebras include crossed 
product algebras and we first show that a power-associative crossed product 
is associative. When A is a simple associative algebra over a field of character- 
istic not 2, we show that the power-associative crossed extension C is either asso- 
ciative or is an extended Cayley algebra. Then we show that if A is a G-simple 
semi-simple associative algebra over a field of characteristic not 2 and if the identity 
is the only semi-identity transformation in G, then either C is associative or A is 
simple when the above result holds. In proving these results we show that every auto- 
morphism T of a simple noncommutative ring with minimum condition such that 
æ: xT xx? - x for every x must be the identity, and we extend this to semi-simple rings. 
Finally we generalize the definition of crossed products to include Jordan algebras and 
find sufficient conditions for these generalized crossed products to be simple Jordan 
algebras. (Received April 24, 1950.) 


346. D. G. Duncan: Note on a formula by Todd. Preliminary report. 


In a recent paper (Cambridge Philosophical Society, vol. 45, part 3) Todd has 
given the following formula: {m} @S,= 27,6, (c]. Here & denotes Littlewood's 
“new” or induced multiplication of S functions. In this note a new characterization 
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is given to the coefficients 9, and a short method provided for determining them in 
terms of the removal of hooks from the Young diagram associated with the partition 
[c]. 6. is shown to be zero if the removal of hooks of length leaves a core and other- 
wise is plus or minus one according as m plus the sum of the heights of the removed 
hooks is even or odd. (Received April 24, 1950.) 


347. J. K. Goldhaber: Conditions ordering the characterssitc roots of 
matrices. 


Let & be a subalgebra of a total matric algebra of order n? over an algebraically 
closed field (y. Suppose that the identity matrix is in A. Let A,,, jm 1, - - * , n, denote 
the characteristic roots of A,CC9f. The following three properties are shown to be 
equivalent. I: The characteristic roots of every pair of matrices 41, A&N may be so 
ordered that the characteristic roots of Ai+-As are 24; 43-5; II: The characteristic 
roots of every finite set of matrices {.A,}* CW may be so ordered that the character- 


istic roots of 2 X a4, are 2, ahs; for all a,C 8; III: Let f(x, ---, xa) be any 
polynomial. The characteristic roots of every finite set of matrices {4s} Eu may 
be so ordered that the characteristic roots of f(4i, * © * , Ay) are fàn, ©- *, Mj). This 


ordering is the same for every f. In the proof of this analne the following map- 
ping theorem is used: Let & and $8 be linear algebras over F. Let 4$ be a mapping of 
X onto $8 satisfying (a) (e) =e’ where e and e’ are the units of A and B respectively, 
(b) &(25 40 = Prantl), and (c) if [T^ ,4.-0 then IT? (4) 0. Then 
$ is a homomorphism of A onto $8 —91, where KN is "the radical of $8. (Received March 
13, 1950.) 


348. J. B. Kelly: A closed set of algebraic integers. 


An algebraic integer, 6, will be said to belong to class Si if all conjugates of 6, save 
8 itself, lie inside the unit circle and to class S; if all conjugates of 0, save @ and one 
additional conjugate, 6’, lie inside the unit circle. The subclass of real elements of S3 
will be denoted by S;, the subclass of non-real elements by Si’; if 0€—.52' , then 
0' 8. Salem (Duke Math. J. vol. 11 (1944) pp. 103-108; Duke Math. J. vol. 12 
(1945) pp. 153-172) proved that Sı is a closed set. It is shown here that although the 
sets Sa, 51 , and Sj’ are not closed, the set S, S$’ is closed. Further, 5;\S/’ has no 
limit points on the unit circle. (Received April 24, 1950.) 


349. D. J. Lewis: Cubic homogeneous equations in p-adic number 
fields. 


It is shown that every cubic homogeneous polynomial equation f(xi, xa, * * * , Xn) 
=0 with coefficients in a p-adic number field has a nontrivial integral solution in the 
field of the coefficients provided n 210. Simple examples of equations having # $9 
which possess only the trivial solution are given. Thus ten is the minimum number of 
variables necessary to insure the existence of nontrivial solutions. (Received March 
20, 1950.) 


350%. A. R. Schweitzer: Grassmann's extensive algebra and modern 
number theory. 


Grassmann's algebra is associated with modern number theory through the 
“algebraic keys" (clefs algébriques) of A. Cauchy (C. R. Acad. Sci. Paris vol. 36) and 
through researches of E. Lasker. In this paper the author discusses Grassmann's 
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theory in the light of the following articles by Lasker: (I) 4s essay on the geometrical 
calculus, Proc. London Math. Soc. vol. 28 (1896-1897) p. 217; (II) Ibid. p. 500; 
(III) A neto method in geometry, Amer. J. Math. vol. 30 (1908) p. 65; (IV) Zur Theorie 
der Moduln und Ideale, Math. Ann. vol. 60 (1905) p. 20. (I) constitutes, in effect, a 
survey of Grassmann's theories of 1844 and 1862 as interpreted by Lasker in terms 
of algebraic identities, modern algebra, and projective geometry. (II) is construed by 
the author as a logical continuation of (I) and as a means of transition from (I) to 
(IID; (II) and (III) together are regarded as a connecting bond between Grass- 
mann's Ausdehnungslehre and modern number theory represented by (IV). The latter 
article constitutes, as is well known, a development of Kronecker's modular systems, 
that is, ideals of polynomial rings. Reference is made to W. Krull, Idealtheorte, Berlin, 

1935, (Received March 13, 1950.) 


3511. A. B. Showalter: On a problem connected with the extended 
Riemann hypothesis. 


Let x(s) denote a complex character (mod E) and L(s, x)= M x(n) /n* for 
R(s) 20. It has been conjectured (“extended Riemann hypothesis") that if L(s, x) =0 
for complex s [with R(s) 0], then R(s) 1/2. However, it has not even been proved 
that L(s, x) £0 for s>0. The latter would be true if (1) R[L(s, x)]>0 for s>0. 
Chowla has conjectured that (1) is true. In this paper the author finds by numerical 
calculations that (1) is true in a large number of special cases. The author also finds 
that (2) R[L(1, x)]>0 for all complex x(mod &) where & $37. To prove (1) in special 
cases the author uses the method described in Acta Arithmetica (vol. 1 (1936) pp. 
115-116). To prove (2) he also uses two new methods devised by the author. (Re- 
ceived March 13, 1950.) 


3521. A. B. Showalter: Remark on partial sums of L-series. 


Let f(m- n) &f(m)f(n), f(1) = +1, and let each f(s) «+1, —1, or 0. Let A(n) de- 
note Liouville's number theoretic function. The author proves that if » i A(n)/n»0 
for all k €i, then $7. | f(n)/nz 2, , ^(n)/n. (Received March 13, 1950.) 


353. Bernard Vinograde: Hermitean classification of matrices. Pre- 
liminary report. 


The space M of unitary vectors X such that AX =A*X for a complex matrix A 
will be called the hermitean domain of A. A subspace MoC M is invariant if and 
only if it completely reduces A unitarily. The usual theory of a Hermitean A is 
readily modified and extended. Any ring contained in the set of matrices whose 
hermitean domains contain Jf is completely reduced by M and easily characterized. 
(Received March 15, 1950.) 


ANALYSIS 
3544. R. P. Agnew: Mean values and Frullané integrals. 


Using results of Iyengar (Proc. Cambridge Philos. Soc. vol. 37 (1941) pp. 9-13) 
and Agnew (Duke Math. vol. 9 (1942) pp. 10-19) or, alternatively, of Ostrowski 
(Proc. Nat. Acad. Sci. U.S.A. vol. 35 (1949) pp. 612-616) and a theorem on mean 
values of functions, we obtain the following incisive theorem involving Frullani 
integrals and the familiar mean values of f(x) at 0 and at œ. Let f(/) be Lebesgue 
integrable over each finite interval 0 «m SiS M « v. If the Frullani integral in the 
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left member of (*) fo [f(at) —f (bt) ]dt => [limano x71 ff (0)dt — lima. x7ifef(t)dt] ex- 
ists for each A log (a/b) in a set of positive measure, then the mean values in the 
right member exist and (*) holds for each pair of positive numbers a and b. On the 
other hand if the mean values in the right member of (*) exist, then the left member 
exists and (*) holds for each pair of positive numbers a and b. (Received April 11, 
1950.) 


3551. E. F. Beckenbach: Generalised convex curves. 


In a domain D of the plane, let there be given a family {C} of Jordan arcs C 
each separating D into two components, and such that for each pair of distinct points 
A and B of D there is exactly one Caz of (C] passing through both A and B. Then 
a Jordan arc K in D shall be said to be {C}-convex to one of its sides s provided 
that, for each pair of points A and B of K, the arc between A and B, of the above 
Can, lies on the side of K opposite to s. Properties of the family (C] and of these 
generalized convex curves, analogous to known properties of generalized convex 
functions, are investigated; in particular, generalized convex regions and their 
boundaries are defined and discussed. (Received March 10, 1950 ) 


356. L. D. Berkovitz: Spherical summation and localization of 
double trigonometric series. Preliminary report. 


Let U= asset ori be a double trigonometric series with coefficients dan 
we o(((m1--n2)?)!/3), y= —1. An operator V~? is defined, which on each term of U 
acts as a formal inverse to the Laplacian. To U, V~? is applied a sufficient number of 
times, and a series is obtained which converges uniformly to a function F(x, y). If 
the function F vanishes on a rectangle R, contained in the square bounded by x= tz, 
y-z, then for (x, y) in any rectangle R’, contained in R, the series U is 
uniformly circularly summable (in the sense of Bochner) (C, y+1) to zero. This 
fact is a consequence of localization formulae which for the case y= —1, say, read: 
(È minig Gane maine) — (1/443) [2 f2* Flu, v)A(u, v) VIDn(u —x, v—»)dudv) —0 where 
A(#, v) is a sufficiently regular localizing function, and Da(x, y) is the analogue of the 
Dirichlet Kernel for circular summation of double Fourier Series. The method of 
proof uses formal multiplication of series in a manner somewhat analogous to that 
developed for single series by Rajchman and Zygmund, but applied to circular sums 
and means. (Received March 15, 1950.) 


357. R. P. Boas and R. C. Buck: Expansions of entire functions $n 
polynomial series. 

J. M. T. Whittaker has obtained conditions under which an entire function has a 
convergent expansion in a basic series ?;C.p.(s) (Interpolatory function theory, 
Cambridge, 1938). One of the authors has observed that in the case of Appell poly- 
nomials, convergence may occur for a much larger class of functions, if the coefficients 
{Ca} are chosen differently. In the present paper, a general theory for the expansion 


of entire functions into convergent or summable series of Appell-type polynomials 
is obtained. (Received March 16, 1950.) 


358. A. P. Calderon and George Klein: On an extremal problem 
concerning irigonomeirical polynomials. 
This paper is concerned with the following generalization of a theorem of P. 


358 AMERICAN MATHEMATICAL SOCIETY July 


Erdós: suppose $(x) is a function defined for non-negative x and satisfies the condition 
that (6(x) —$(0))/x be a non-negative non-decreasing function of x, x z:0. Then the 
maximum of the integral /27¢4( S'(x)| )dx for all real trigonometrical polynomials 
S(x) of order s, bounded in absolute value by 1, is achieved by the Tchebycheff 
polynomial cos (nx-+a). If $ is not a constant function, then among all such poly- 
nomials the Tchebycheff polynomial only achieves this maximum. This theorem 
applies, for example, to nondecreasing functions and the theorem of Erdós referred 
to above for arc length is obtained by setting $(x) »» (1--x1)V*. (Received April 28, 
1950.) 


359%. C. C. Camp: An expansion associated with an irreducible 
partial differential equation. Preliminary report. 


The equation #:-+,+Aa(x, y)u —-0 for which a(x, y) is not separable into g(x) 
+h(y) cannot be reduced by Bernoulli’s method to a system of ordinary dif- 
ferential equations. The boundary conditions W, = ft —u(x, 1) v(x, 0)1dx —0, Wa 
= folu, 3)v(0, y) —1]dy —0, where v=1/u is a solution of the adjoint equation, like- 
wise cannot be carried over to equivalents for an ordinary boundary value problem 
unless a(x, y) is properly restricted. Although a formal expansion can be set up, even 
with a second parameter u, such that s exp [—AH(x, y)-+u(x—y)] and H.--H, 
=a(x, y), no valid expansion exists since it can be shown that the only characteristic 
value for à is A=0. If H(x, 1) = H(x, 0) and H(1, y) 2 H(0, y) ,then A will have a count- 
ably infinite number of characteristic values and the usual convergence proof involv- 
ing a Green's function and a double contour integral in A, u can be carried through. 
Without the second parameter u the formal expansion can be shown not valid. This 
theory is being extended to more than 2 independent variables. (Received March 15, 
1950.) 


360. W. F. Eberlein: Decomposition of weak almost periodic func- 
Hons. Preliminary report. 


Let x(t) (— © «£« €) be weakly almost periodic (for this concept cf. W. F. Eber- 
lein, Trans. Amer. Math. Soc. vol. 67 (1949) pp. 217-240). Then x(#) admits the unique 
decomposition x(t) »ai(2) --x4(2), where x(t) is uniformly almost periodic, and x(t) 
is a weakly almost periodic function all of whose Fourier coefficients vanish. The 
point spectrum of a weakly almost periodic function is thus determined. Preliminary 
results on extension of the theorem to arbitrary locally compact Abelian groups are ob- 
tained, (Received February 13, 1950.) 


361. R. E. Fullerton: Characterssations of L and C spaces. 


Let X be a Banach space whose unit sphere S is the convex closure of its set of 
extreme points. Then X is a space of integrable functions or of continuous functions if 
any one of the following three equivalent conditions hold: (1) If |[x|| =1, x€& F where 
F is a maximal convex subset of the surface of S and S is the convex set determined 
by F and —F. (2) Every extreme point of S is the vertex of a cone C having the 
property that S C(1(— C). (3) If u€S is an extreme point of S, then for any à, 
03X«2, SM((A/2)u+5) = (/2)u 4-(1 —3/2)S. (Received March 15, 1950.) 


362. L. M. Graves: Induced linear transformaitons on spaces of 
continuous functions. 
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Let U and X be Banach spaces, and € a compact metric space. Let X and 9 
denote the Banach spaces consisting of all continuous functions on © to U and to $8, 
respectively. Let Qo be the space of all linear continuous transformations K map- 
ping ll onto B. Let L(K, v) =g.l.b.||u|| for Ku =v, I(K) =1.u.b. L(K, v) for ||| =1. By 
a theorem of Banach, J(K) « œ on Qo. Now let K(s) be continuous on € to Qo, and 
let y» xx denote the induced transformation defined by y(s)=K(s)x(s). Then x 
maps X onto P, and I(x) * max I(K(s)) on ©. Moreover, if © is a linear interval, and 
N> I(x), then for each y there exists x with xx and ||x(s)|| «.N||y(s)]| on ©. In this 
special case, the proof is made by constructing a sequence of polygonal approxima- 
tions toa solution x(s). By induction the theorem may be extended to the case when € 
is an interval in m-space, and then to the Hilbert parallelotope. From this result the 
general case is obtained with the help of a device used by Hestenes. The theorem has 
numerous applications in securing existence theorems for the solution of functional 
"equations. (Received March 13, 1950.) 


363. Josephine M. Mitchell: A convergence theorem for multiple 
Fourier series summed by spherical means. 


Let Sg 2^,sn Gm, -emp exp (ilm +++ +aum)) (p= mi s +mj) be the 
spherical partial sum of the Fourier expansion of a Lebesgue square integrable function 
f(m, +++, xs) defined on the k-dimensional hypercube D(—x Sx, Sr, j=1, + - , k). 
The Lebesgue function (1/(22)9 7, +++ fix] Zraz exp $25m(x, —»)|dy + + + dys 
=0O(R**) from which it follows that Sg —O(RH*). Consequently we may prove the 
theorem that if Do(mi-+ +--+ +m) am. -n< ©, then limg..Se exists almost 
everywhere in D. For the cases k =2 and 3 the exponent &/4 may be made consider- 
ably smaller. The proofs of these statements use the classical methods of Fourier 
and orthogonal series and represent an improvement over results obtained by dif- 
ferent methods (cf, for example, Chandrasekharan and Minakshisundaharan, Duke 
Math. J. vol. 14 (1947) and Chandrasekharan, Bull. Amer. Math. Soc. vol. 52 (1946)). 
(Received March 15, 1950.) 


364. George Piranian and A. J. Lohwater: Linear accessibility in 
Jordan regtons. 


A point P on the boundary C of a Jordan region R is said to be linearly accessible 
if there exists a rectilinear segment QP whose points lie interior to R, except for P. 
There exists a Jordan curve C in the j-plane such that, under the mapping s= f(y) of 
the simply-connected region determined by C onto the unit circle, the set of linearly 
accessible points of C is mapped into a set of Lebesgue measure zero. The proof is 
based on the construction of an appropriate Taylor series with large gaps. (Received 
March 15, 1950.) 


3651. R. K. Ritt: Algebraic functions in an Abelian normed ring. 
Preliminary report. 

Let K —R(e, a) be an Abelian normed ring, e(a) the spectrum of a. This paper 
examines the relationship between the topology of o(a) and the possibility of solving 


the equation u*=b, bC-K. Applications are made to transformations in a Banach 
space, (Received March 20, 1950.) 


3661. I. E. Segal: Decomposition of operator algebras. IIL. Multi- 
plictty theory. 
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Every commutative W*-algebra (=weakly closed and self-adjoint algebra of 
bounded linear operators on a Hilbert space) is a direct sum of W*-algebras of uni- 
form multiplicity, an algebra of the latter type of multiplicity 50 being unitarily 
equivalent to an n-fold copy of a maximal abelian W*-algebra. This last algebra is 
unitarily equivalent to the algebra of all multiplications by bounded measurable 
functions on Z4 over a suitable measure space. An arbitrary W*-algebra is determined 
within unitary equivalence by the Boolean ring (of all measurable sets modulo null 
sets) associated thereby with each multiplicity. It follows that any commutative 
W*-algebra is algebraically isomorphic to a maximal abelian W*-algebra in a fashion 
which is weakly bicontinuous and which preserves the operational calculus. The 
decomposition of W*-algebras into parts of uniform multiplicity is valid also for 
non-commutative algebras, and any W*-algebra of finite uniform multiplicity »>0 
is unitarily equivalent to an s-fold copy of a W*-algebra A for which A’ is abelian. 
(Received April 7, 1950.) 


367. B. R. Seth: Some solutions of the wave equation. 


A number of solutions of the two-dimensional wave equation A*p=9%¢/ai have 
been obtained by B. R. Seth, D. G. Christopherson, and P. N. Sharma. In all these 
solutions the boundary is rectilinear and either ¢ or the normal derivative vanishes 
over the boundary. In the present paper the boundary condition is taken as ọ ma 
constant, and the corresponding forms of ¢ are obtained for a number of boundaries. 
For an equilateral and some rhombus and pentagonal boundaries $ is obtained in a 
finite number of trigonometrical terms. (Received February 17, 1950.) 


368i. Zygmunt Zahorski: On ihe first derivative. (Sur la première 
dérivée.) 


This paper is concerned primarily with characterizing five classes of functions in 
terms of the properties of the sets [f'(x) >a], where f'(x) exists everywhere. In the 
case where f'(x) is bounded, necessary and sufficient conditions are developed. For 
the cases where f'(x) is either finite or assumes the values + c, only necessary condi- 
tions are developed. The five classes of functions considered comprise a descending 
sequence intermediate between the first class of Baire with Darboux property and the 
class of approximately continuous functions. In particular, the following theorem is 
established: Let f(x) be a function which passes through all mean values and such that, 
allowing infinite values, f'(x) exists everywhere, with the possible exception of the 
points of an enumerable set, and f'(x) 20 almost everywhere; then f(x) is continuous 
and non-decreasing. This theorem is established without making any assumption as 
to the measurability of f(x). (Recetved April 24, 1950.) 


APPLIED MATHEMATICS 
369. Y. L. Luke: Some notes on integrals involving Bessel functions. 


In a number of applied mathematics problems, the results depend on the values 
of fiu Z,(Nu)du where Z,(u) represents any of the Bessel functions of the first 
three kinds or the modified Bessel functions. The purpase of this note is to develop 
some recursion formulae and power series expansions, which can be used to compute 
theaboveintegral. Theresultsareapplied to show that fee*Ko(u)du =xe*[Ko(x) +Ki(x) | 
—1. Thus one obtains an alternative proof that the constant term in the asymptotic 
expansion of the latter integral is —1. (H. Bateman and R. C. Archibald, Guids to 
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tables of Bessel functions, MTAC, vol. 1, no. 7, July 1944, p. 226.) Other applications 
also are presented. (Received March 2, 1950.) 


GEOMETRY 


370. L. M. Blumenthal and W. L. Stamey: Characterisation of 
pseudo-Sn,r sets. 


A semimetric space S is pseudo-S,,, provided each of its (n--2)-tuples is con- 
gruently imbeddable in the convexly metrised n-sphere S,,, of diameter zr, but S 
itself is not. If no two points of a pseudo-S,,, set S have distance vr, it was shown by 
Blumenthal and Thurman (Amer. J. Math. vol. 62 (1940) pp. 835-854) that for every 
integer k, the matrix ||cos (p,p,/r)|| G, j™1, 2, +++, k) of each k-tuple pr, f +++, fi 
of points of S has (upon multiplication by —1 of appropriate rows and the same num- 
bered columns) every element equal to 1 or —1/(s--1), provided S contains more 
than » 4-3 points. In this note, the characterization is completed by showing that the 
restriction that S be without diametral point-pairs may be dropped. The Blumenthal- 
Thurman theorem remains valid provided S contains more than 2(n+-3) points, or if 
S contains »+k+3 points (k>0), not more than &—1 of its pairs be diametral. 
(Received March 15, 1950.) 


371. H. R. Brahana: Finite metabelian groups and the lines of a 
projective four-space. 


The groups dealt with are metabelian (that is, of class 2); their elements are all of 
order p; their centrals and commutator subgroups coincide; and each is generated by 
five elements. There is one largest group G, of order £55, with these properties; every 
other group is a quotient group of G. The cyclic subgroups of the central quotient 
group of G can be represented on the points of a finite projective four-space X. The 
lines of .X correspond to the commutators of G; the lines of X can be represented on 
points of a projective nine-space S, these points constitute a locus V of order five 
and dimension six. The problem of the determination of the groups is the problem of 
the possible relations of points, lines, planes, and so on, in S to V. This paper de- 
termines the 85 groups of order p to pY (there are 54 of order p”). Canonical forms 
are given which are immediately translatable into defining relations of the groups. 
The geometric relations which determine the canonical forms are invariant under 
collineations in X and translate into properties of the groups which are independent 
of the generating elements. (Received March 16, 1950.) 


372. G. Y. Rainich: The neglected part of the Riemann tensor. 


A tensor of rank four is considered (in flat Euclidean four-space) which has the 
algebraic properties of the Riemann tensor and also satisfies the Bianchi equations. 
On this tensor is imposed the condition that its contracted tensor vanish. The 
remaining components are arranged into a matrix M of three rows and six columns 
such that the two halves of it are three-by-three symmetric matrices of zero trace. 
The transformation properties of these matrices under rotations of the four-space are 
described by presenting such rotation as product of two elementary rotations (for 
each of which every vector belongs to an invariant plane) of opposite type. Each of 
these does not affect one half of M and transforms the other half as a rotation in 
three-space transforms a symmetric tensor of rank two. The Bianchi relations reduce 
to a system of differential equations which may be considered as generalizations of 


362 AMERICAN MATHEMATICAL SOCIETY Duly 


the Cauchy-Riemann equations for analytic functions. The equations for each row of 
M are also the exact Euclidean analogues of Maxwell’s equations but the three sets 
of these Maxwell equations are coupled by having some components in common. 
(Received March 14, 1950.) 


373. J. B. Wright: Meta-projecitve geometry. 


A geometry without points and without hyerplanes is formulated as an extension 
of projective geometry. An equivalence relation produces a dichotomy of elements 
in which those of one equivalence clags are related to those of the other, as points are 
related to planes. The reflexivity, symmetry, and transitivity of this relation follow 
from the first four axioms which make use of chains (sequences of elements each 
joined to the next by incidence). The axiom that every five-chain is open implies 
that every five-chain can be closed (transitivity of incidence), An infinite-dimensional 
counter example is eliminated by an axiom guaranteeing the existence of a finite set 
of equivalent elements without common incident. One says that n elements are inde- 
pendent if the incidence of t —1 of them to an element does not imply the incidence 
of the remaining. The axiom that n independent elements have a unique common in- 
cident makes it possible to prove the usual properties of bases and dimensionality of 
the space. Axioms for n-dimensional projective geometry over a division ring become 
theorems in our system. In three dimensions the Moebius theorem assures the com- 
mutativity of the number system. (Received February 10, 1950.) 


STATISTICS AND PROBABILITY 


374. P. E. Irick: A geometric method for finding the distribution of 
standard deviations when the sampled population is arbitrary. Pre- 
liminary report. 


For an ordered random sample, x: SxS +--+ Sx, chosen from a population, 
JG) aSxSb, let r,x.1—x;£0, $1, 2,- --, n—1. Then make the transfor- 
mation n= — ((5—1)/2s) ftr, + (6-1) /23) r1 , and call U’ the 1/s! portion of 
the r’ space bounded by the s—1 sphere and hyperplanes, S onnt-22nsh r 
= ((£—1)/G4-1)) ri 1 $1,2, +++, n—1, where s is the sample standard deviation. 
The point density in U’, &(r'), is the transform of è(r)= f, Tf(xf(m--n) --- 
fnnc: droddx. Change to generalized polar coordinates and call U the 
outer hyperspherical boundary of U’ whereon the density is designated by 5((25) 3s, 
4). Then p(s), the probability law for s, is given by p(s)ds—n!n*itst ds fy - - - 
ena 8((2m) “45, p) sing, + - - sin padhas + + 7 di, where arc cos ((n/(s —5) (i--1)) 
X4 Sarc cos [((6—1)/($2-1)) "3/tan ġia], £91, 2, --- ,5—2, whenever b is in- 
finite. The distribution of sample range is readily found in U’ and is expressible in 
the same form as p(s) with the same limits of integration. When b is finite, the com- 
plete integral holds only for 0 $5 S (b —a)/(2n)!, there being n?/4 connected arcs in 
t(s) if n is even, and (3—1)/4 arcs if s is odd. The axes are rotated to give relatively 
simple formulas for p(s) when s $4, the case of 5-5 also being discussed. The 
method readily produces previously reported results for p(s). In the application of 
the method, particular attention has been paid to the Type III and polynomial 
Type I populations. The density function provides much information concerning the 
form of p(s) for various populations, and contours of constant éin U’ are of theoretical 
interest. (Received March 15, 1950.) 
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375. W. M. Kincaid: Analysts of a one-person game. Preliminary 
report. 


The problem of allocation of supplies is one which arises in many military and eco- 
nomic connections. The present report discusses a game constructed as a model of a 
simple situation of this type. The player is given a supply of cards, and receives pay- 
ments for giving these up when certain random events occur during the period of play. 
The optimal strategy, which maximizes the expected value of these payments, is 
governed by certain critical times such that the player's response to a particular 
event depends on whether it occurs before or after one of these times, (Received 
March 3, 1950.) 


376. W. S. Loud: Probability of a correct result with a ceritain 
roundsng-off procedure. 


Consider the problem of the addition of s numbers expressed in the base B of 
numeration. Supposing each number known to arbitrary accuracy, to obtain the sum 
accurate to & places, one may round off each number to (k--1) places, add, and 
round the sum to & places. If the numbers are assumed uniformly distributed, the 
probability that the above procedure gives the correct result may be found explicitly 
by use of characteristic functions. If the base B is odd, the result is 2(2B)-t LA sini y 
‘sin? Bu udu, and if the base B is even, 2(zB)-1f , sin*-! y sin? Bu cos u uvidu. 
Both formulas have the asymptotic formula 6U1B(z5)-!3 as s becomes infinite. 
(Received March 13, 1950.) 


377. P. R. Rider: The distribution of ihe quotient of ranges in 
samples from a rectangular population. 


The distribution of the quotient of two independent, random samples from a 
continuous rectangular population is derived. The distribution is independent of the 
population range and can be used to test the hypothesis that two samples came 
from the same rectangular population, just as the distribution of the variance ratio is 
used to test whether two samples came from the same normal population. (Received 
March 13, 1950.) 


TOPOLOGY 
378t. E. A. Michael: Topologies on subsets. 


Two topologies on the collection 2X of closed subsets of a topological space X are 
studied. The finite topology (L. Vietoris, Monatshefte für Mathematik und Physik, 
1922) is the coarsest topology on 2X in which ( EC:2* | ECA} is closed if A is closed 
and open if A is open. The uniform topology (N. Bourbaki, Topologie générale, chap. 
2, p. 97), defined on 2X if X is uniform, generalizes Hausdorff’s topology for a metric 
X. It is shown that these topologies agree on C(X), the collection of compact subsets 
of X, for any uniform X; they agree on all of 2X if X is normal, and if the uniform 
structure is induced by the Stone-Cech compactification. Various properties of 2X 
and C(X), known for the Hausdorff metric topology, are extended. Among new re- 
sults, the following is typical: Let X be a topological space with topology T. Then a 
necessary and sufficient condition for the existence of a continuous function from 2X 
to X which maps each element of 2X into a point of itself is that there exist a linear 
ordering on X such that the order topology is coarser than T and such that every 
closed (T) subset of X has a first element. (Received March 16, 1950.) 
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379. P. M. Swingle: The closure of types of connected sets. 


Using where necessary the hypothesis of the continuum and Zermelo’s axiom, 
it is shown in any connected domain, D, in the plane there exist subsets W, B, F, 
and T such that W is widely connected, B is a biconnected set without dispersion 
point, F is a finitely-containing connected set, and both T and D—T are indecom- 
posable connexes—and D, W, B, F, T, and D—T all have the same closure. (Re- 
ceived March 8, 1950.) 


J. W. T. Younes, 
Assoctate Secretary 


THE APRIL MEETING IN BERKELEY 


The four hundred fifty-ninth meeting of the American Mathe- 
matical Society was held at the University of California, Berkeley, 
California, on Friday and Saturday, April 28-29, 1950. Over 100 
persons attended, including the following 97 members of the society: 

F. C. Andrews, Richard Arens, W. G. Bade, E. M. Beesley, Richard Bellman, 
H. F. Bohnenblust, F. A. Butter, E. H. Clarke, Paolo Comba, K. L. Cooke, F. G. 
Cresse, P. H. Daus, D. B. Dekker, J. E. Denby-Wilks, C. R. De Prima, Douglas 
Derry, R. C. H. Dieckmann, S. P. Diliberto, R. P. Dilworth, Worthie Doyle, Roy 
Dubisch, L. K. Durst, Arthur Erdélyi, E. A. Fay, J. M. G. Fell, Werner Fenchel, 
Harley Flanders, G. E. Forsythe, A. L. Foster, Marianne R. Freundlich, R. A. Fuchs, 
Bent Fuglede, P. R. Garabedian, M. A. Girshick, G. E. Gourrich, J. W. Green, K. D. 
C. Haley, G. J. Haltiner, J. G. Herriot, M. R. Hestenes, J. L. Hodges, D. W. Hulling- 
horst, R. C. James, S. L. Jamison, Irving Kaplansky, Samuel Karlin, William 
Karush, J. L. Kelley, S. H. Lachenbruch, R. M. Lakness, Cornelius Lanczos, D. H. 
Lehmer, Hans Lewy, Charles Loewner, A. T. Lonseth, J. E. McLaughlin, Rhoda 
Manning, W. A. Mersman, A. B. Mewborn, E. D. Miller, C. B. Morrey, F. R. 
Morris, A. P. Morse, Ivan Niven, Andrewa R. Noble, Fritz Oberhettinger, T. K, Pan, 
R. S. Phillips, George Pólya, F. P. Pu, Edris P. Rahn, W. C. Randels, Hugo Ribeiro, 
julia B. Robinson, R. M. Robinson, J. B. Rosser, Herman Rubin, H. M. Schaerf, 
Abraham Seidenberg, Max Shiffman, W. H. Simons, W. M. Stone, Irving Sussman, 
Otto Szász, Gabor Szegó, Alfred Tarski, F. B. Thompson, F. G. Tricomi, A. W. 
Tucker, R. L. Vaught, R. K. Wakerling, S. S. Walters, W. R. Wasow, P. A. White, 
A. L. Whiteman, A. R. Williams, František Wolf. 


'The meeting opened Friday afternoon with an invited address by 
Professor Richard Arens of the University of California, Los Angeles, 
on Representation of rings and functionals in spectral theory. Professor 
J. L. Kelley presided. Following the invited address there was a 
session for contributed papers in analysis and applied mathematics, 
Professor C. B. Morrey presiding. A second invited address, On the 
diferential geometry of closed space curves by Professor Werner Fenchel 
of the Technical University of Denmark and the University of 
Southern California was delivered on Saturday morning, Professor 
Hans Lewy presiding. On Saturday afternoon there were three sec- 
tions: algebra and number theory, geometry and topology, and 
late papers. These were presided over by Professor Ivan Niven, 
Abraham Seidenberg, and George Pélya, respectively. 

Abstracts of the papers presented at the meeting follow. Abstracts 
whose titles are followed by the letter */" were presented by title. 
Paper 386 was presented by Mr. Fell, paper 388 by Mr. Jackson 
and paper 390 by Professor Karlin. 
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ALGEBRA AND THEORY OF NUMBERS 
380. R. P. Dilworth: Injintie disiribuisoity tn function lattices. 


A lattice L is said to be $nfintiely distributive if whenever U S exists for a subset S 
of L, U(aNS) also exists and af1U (S) s U(af1S). A distributive lattice need not 
be infinitely distributive. Nevertheless, as first noticed by Tarski and von Neumann, 
every complemented distributive lattice (Boolean algebra) is infinitely distributive. 
In this note it is proved that the lattice of all bounded continuous real functions on a 
topological space is infinitely distributive. (Received March 15, 1950.) 


381. Worthie Doyle: An arithmetical theorem for partially ordered 
sets. 


Let S bea partially ordered set satisfying the ascending chain condition. An ele- 
ment gCS is irreducible if q=g.1.b. (X) implies g&X for all finite subsets X of S for 
which g.l.b. (X) exists. The ascending chain condition implies that every element 
of S is representable as a meet of irreducibles. A subset A of S is an ideal if (1) «CA 
and yèx imply 4y€CA, (2) x »g.l.b. (X) where X is a finite subset of A implies «CA. 
The ideals form a complete lattice L. If aC, the (a) = («| xwa) is a principal ideal. 
S is upper semimodular if B covers (a), C2 (a) and CB imply BUC covers C for all 
aC Sand B, CEL. Let U, denote the union of ideals covering (a) and let Le denote the 
quotient lattice U,/(a). The following theorem is proved: If Sis a partially ordered set 
satisfying the ascending chain condition, then every element of S is uniquely repre- 
sentable as a reduced meet of irreducibles if and only if S is upper semimodular and 
each L, is a Boolean algebra. This result extends to partially ordered sets a known 
theorem for lattices. (Received March 15, 1950.) 


382. Harley Flanders: Algebratc field extenstons. 


The purpose of this paper is to prove systematically certain basic theorems of the 
theory of algebraic extensions of algebraic fields. These theorems include, for example, 
the transitivity of norm, discriminant, and separability, the existence of a maximal 
separable subfield, and the equivalence of p-independence to separability. The proofs 
depend strongly on the use of the regular representation, trace, and discriminant and 
almost completely avoid the use of conjugate elements and decomposition into 
towers of simply generated extensions. (Received March 15, 1950.) 


383. J. E. McLaughlin: Simple quotient lattices in relatively comple- 
mented latitces. 


In a simple complemented modular lattice every quotient lattice is simple. While 
this is not true for arbitrary relatively complemented lattices, the following theorem 
gives a large class of simple quotient lattices: Let L be a simple relatively comple- 
mented lattice of dimension 5 »1. If p is any point and & is any integer such that 
k< [(n--1)/2], let C; be the class of points projective to p is not more than 2k trans- 
poses, and let a, rÜ (C). Then a/s i is a simple lattice of dimension at least 2k+1. 
(Received March 16, 1950. ) 


384. R. M. Robinson: Arsthmetical defintitons tn the ring of integers. 


It is shown that the set of natural numbers cannot be defined arithmetically in 
the ring of integers by a formula containing just one quantifier. There is however a 
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suitable formula involving two quantifiers. (Received March 15, 1950.) 


385. J. B. Rosser: Real zeros of real Dirichlet L-series. 


A long standing conjecture is that if X is real then L(s, X) has no positive real 
zeros. By a certain computational! procedure the conjecture has been verified for each 
individual $ <67. In the present paper, this computational procedure was tried for 
each k 3227 and failed for k=163. An improved computational procedure is given 
in the present paper, but even by the new procedure the case &»- 163 presents diffi- 
culty. Finally, a new formula for L(s, X) is presented which makes it possible to treat 
many values of k simultaneously. By means of the new formula, the case =163 is 
readily handled. (Received March 8, 1950.) 


386. Alfred Tarski and J. M. G. Fell: On algebras whose factor 
algebras are Boolean. 


Consider algebras A= (4, +) having one binary operation with zero element 0. 
Two subalgebras B and C are called complementary factors if BXC=A, where X 
is the operation of direct multiplication. A subalgebra B is a factor of A if for some 
subalgebra C, BXC=A. The factor algebra of Y is called Boolean if the algebra of all 
factors of A, with the operation X, is a disjunctive Boolean algebra. (For the notions 
involved here see Tarski, Cardinal algebras.) The following three conditions are shown 
to be equivalent: (i) the factor algebra of M is Boolean, (ii) every factor for 9( has 
precisely one complementary factor, (iii) if B and C are any complementary factors, 
B is not homomorphic to any subalgebra of the center of C containing elements dif- 
ferent from 0. The results extend to algebras with many operations. Further, if the 
factor algebra of & is Boolean, the same applies to any algebra obtained from A by 
adding new operations (result of Jónsson and Tarski). The results obtained show 
directly that the factor algebras of various special classes of algebras—namely, 
cyclic groups, centerless algebras, rings with unit, and the so-called zero-equivalent 
algebras—are Boolean. The class of zero-equivalent algebras includes groups identical 
with their commutator subgroups and algebras with an infinity element (x+ œ 
= œ +x 0), (Received March 22, 1950.) 


387. A. L. Whiteman: Cyclotomy and Jacobstahl sums. 


Let g be a fixed primitive root of a prime f. Let e be a divisor of f —1 and write 
p—1=ef. The Jacobstahl sum ¢,(n) is defined by patie (h/f) ((b*--n)/p), where (h/p) 
denotes the quadratic character of k with respect to p. Of the theorems established in 
this paper, the following is typical. If e is odd, then 277, $«(g)&«(g**) m etp—e(p —1) 
or —ée(p—1) according as j=0 or j0, OSjSe—1. Among the applications is the 
result: if e —4 and f is even, then p == ($,(1)/4)?4-2($4(g) /4)*. The paper also contains 
a detailed study of the connection between Jacobstahl sums and the theory of 
cyclotomy. (Received March 7, 1950.) 


ANALYSIS 
388. E. F. Beckenbach and L. K. Jackson: A generalization of sub- 
harmonic functions. 


The idea of a subharmonic function is generalized as follows, in analogy with 
E. F. Beckenbach, Generalized convex functions, Bull. Amer. Math. Soc. vol. 43 (1937) 
pp. 363-371. Let there be given a family of functions { F(x, y)} which are (a) con- 
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tinuous in a domain D, (b) uniquely determined by continuous boundary values on 
simple closed contours T lying in D, (c) such that, if Fi(x, y) < Fs(x, y) on a simple 
closed contour T bounding a subdomain G, then Fi(x, y) & Fs(x, y) in G, the strict 
inequality holding throughout G if it holds at any point of T, and (d) such that if 
Fi(x, y) = Felz, y) HK on T then F(z, y) S Fa(x, y) +K throughout G for K z0. Then 
a function f(x, y) may be said to be a sub-{ F} function provided (1) f(x, y) is con- 
tinuous in D, and (2) if f(x, y) & F(x, y) on T, then f(x, y) € F(x, y) in G. Results of 
Littlewood and others concerning subharmonic functions are generalized to sub -{ F} 
functions. Also, results of the following type are obtained, if { F(x, y)] consists of the 
solutions of L(F) &AF--a(x, y) F,J-b(x, y) F,-Fe(x, y)F+e(x, y) =0, c(x, y) SO in D, 
then a function f(x, y) is sub-{ F} if and only if L(f) £0. (Received February 15, 
1950.) 


3891. Richard Bellman: On the asymptotic behavior of solutions of 
linear differential equations. 


A method is given for obtaining the asymptotic behavior of the solutions of 
x^! —(1-++-a(#))«==0 under the assumptions that a(#)-+0 as i+ and that there exists 
an s for which Jalat) |*dt< *, The case 1&5 £2 has recently been treated by 
Hartman, Trans. Amer. Math. Soc. (1948). The method is a combination of a device 
of Poincaré and the standard technique of Poincaré-Liapounoff stability theory. The 
general sth order equation u™ +a,(é)u-)-+ - - - +a,(#)u=0 isamenable to the same 
treatment and results similar to those of Levinson, Duke Math. J. (1948), may be de- 
rived under weaker assumptions. (Received March 10, 1950.) 


390. H. F. Bohnenblust and Samuel Karlin: On posttive operators. 


Let E be a Banach space in which a closed cone K (x, y in K and A, p20 imply 
detuyK; x and —x in K imply x=0) is given. It is assumed that K spans E. A 
bounded linear operator T is said to be positive (T>0) if T(K) CX. Let e(T) denote 
the spectrum of T and let ħo=sup lal for à in o(T). By extending results on power 
series with non-negative coefficients to abstract-valued functions, the following 
result are established: (1) Ao is in the spectrum, (2) If ^o is a pole of R(A, T) of order k 
then n-*'T'(k+1) 2 XT tends to (Ag — T)*1E uniformly, where E denotes a projec- 
tion on the manifold of characteristic vectors of Ae, (3) If nl» tends to E 
uniformly, then ` is a pole of order 1 of R(A, T), (4) the value ^s can be characterized 
as the sup of all à (à z0) for which there exists an x in K with Ax & Tx. This holds for 
completely continuous positive operators and also for any strictly positive operators, 
that is, those which map K into the interior of K. (Received March 17, 1950.) 


391. J. E. Denby-Wilkes: Structure of commutative normed rings. 


Let A be a complex normed ring and S, its unit sphere about the unit element u. 
It is shown that the origin 0 is a vertex of S, in the sense that there exists a total 
family of functionals which are all supporting planes of Su at 0. In case A is finite- 
dimensional it is also shown that the cone formed by the radical R of A has only 
the point @ in common with Sy. If A is finite-dimensional and has a star operation, 
under suitable restrictions a representation of A as a direct sum of three rings 
A m A ADA, is obtained in which the product in A splits up into three parts: in 
‘A, scalar, in A, convolution (or Cauchy), in As void (x, 5C 439x398 50). This de- 
composition yields in particular for 4 a "natural" norm with a polyhedral unit 
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sphere qi! mio Fe, lel z:1 such that lx 4-e)72]| =1); it also gives a product in A* 
making A* a normed ring and such that A**=A. (Received March 22, 1950.) 


392. Bent Fuglede: A commutativity theorem for normal operators 
in Hilbert space. 


The following theorem on linear operators in Hilbert space is established: "If a 
bounded operator B commutes with a bounded, normal operator N: BN = NB, then 
B commutes also with the adjoint operator N* of N: BN*NB.” Therefore, it follows 
that B commutes with all projectors in the canonical spectral representation of N. 
The theorem holds also if N is nonbounded. It is not known whether it holds for a 
bounded, normal operator N and a closed, but nonbounded, operator B. If B and N 
are both nonbounded the concept of commutativity is not generally defined. As a 
conversion of the above theorem we find that a bounded operator N must necessarily 
be normal if N and N* commute with exactly the same bounded operators B. This 
follows at once by the choice B =N. For nonbounded, even closed, operators N this 
conversion does not hold in general. In the author's note in Proc. Nat. Acad. Sci. 
U.S.A. vol. 36 where the above theorem is proved is also given an example illustrating 
the last remark by defining a closed operator which does not commute with any 
bounded operator at all. This operator is, of course, not normal. (Received March 20, 
1950.) 


3931. Edwin Hewitt and H. S. Zuckerman: A group-theoretic method 
in approximation theory. 


The following general theorem is proved. Let G be an Abelian group, and let X 
be any group of characters of G. Let x be any character of F, leto, - - - ; om be any 
finite subset of F, and let e be any positive real number. Then there exists an element 
g&G such that | x(o,)—o.(g)| <e 61, 2, ^ - - , m). This result is used to give new 
proofs of Kronecker's approximation theorems, and to prove a number of new ap- 
proximation theorems, of which the following is typical. Let «x, - - * , wm be real- 
valued functions of bounded variation on (— ©, +) which are rationally inde- 
pendent. Let œ, * ^ * , a» be any real numbers and let ¢ be any positive real number. 
Then there exists a real-valued continuous function f on (— œ, +œ) such that 
lims.+ « f(x) «0 and such that |a,—/7, f(x)dex(x)| <e ($91, 2, - - - , m). (Received 
January 31, 1950.) 


394. R. S. Phillips: On Fourter-Stieltjes integrals. 


A function (r) on (— *, ©) satisfies condition (A) if for some constant C, 
| Zee] SC|| Doan exp (irns)|| for all finite sets (ra) and (an) where Ilf) 
=Lub [/(s)| . If &(7) is measurable and satisfies (A), then there exists a unique func- 
tion of bounded variation y(s) continuous on the right with y(— %)=0 such that 
g(r) =f", exp (érs)dy(s) a.e. One obtains the Bochner, Riesz result for positive 
definite functions from this theorem by means of the lemma: Any non-negative 
trigonometric polynomial can be expressed as the sum of absolute value squares of 
periodic trigonometric polynomials. As a corollary one shows that a function satisfy- 
ing the positive definiteness condition only for finite commensurate sets of 7's will be 
positive definite. An analogous result is obtained for condition (A) by means of a 
decomposition of the space of almost periodic functions into the direct product of a 
nondenumerable set of limited periodic spaces. The paper also contains generalized 
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Fourier-Stieltjes integral representation theorems for arbitrary complex valued func- 
tions satisfying (A) and for measurable Banach-space valued functions satisfying (A) 
and a weak compactness condition. (Received March 3, 1950.) 


395t. R. S. Phillips: On one-parameter semi-groups of linear trans- 
formations. 


Let X be a Banach space and let E(X) be the Banach algebra of bounded linear 
transformations on X to itself. A one-parameter semi-group of operators in E(X) is 
defined to be a function T(£) on (0, œ) to E(X) such that T(+&)x=7()T(&)x 
for 0<h, f< o, and xC- X. T(E) is said to be weakly measurable if the numerically 
valued function f[T(£)x] is measurable for each xX and fEX. T(£) is said to be 
strongly measurable if, for each x, T(£)x is the limit almost everywhere of a sequence 
of step functions, It is shown that if T(£) is strongly measurable, then Irol is 
bounded in each interval [5, 1/3] where 3>0. An example is given of a one-parameter 
semi-group of transformations T(t) which is weakly measurable but such that 
[TO is unbounded in every finite subinterval of (0, œ). (Received January 30, 
1950.) 


396. Max Shiffman: Minimal surfaces, analytic functions, and sym- 
meirization. 

In connection with boundary curves bounding several different minimal surfaces, 
the following problem was posed by T. Rado in the session on Analysts in the large 
of the Princeton Bicentennial Conferences on the Problems of Mathematics: show 
that a minimal surface bounded by two parallel circles, with the line of centers 
perpendicular to the planes of the circles, is a surface of revolution. This, and a 
more general result, is established by showing that a certain angle defined at each 
point of the minimal surface is a harmonic function on the surface, and that the curva- 
ture at each point of a family of plane curves on the minimal surface satisfies a certain 
partial differential equation of elliptic type. À discussion of the second eigenvalue of 
an associated elliptic equation yields the result. These theorems are generalizations 
and analogues of theorems in the theory of analytic functions. In fact, minimal 
surface theory can be put in the form analogous to the Cauchy-Riemann equations. 
The particular case of Rado can also be done by an extension of the notion of sym- 
metrization, but the more general case treated leads to an open geometric question 
in this domain. (Received March 16, 1950.) 


397. Otto Szász: Gibbs phenomenon for Hausdorff means. 


We discuss here the Gibbs phenomenon for the Hausdorff means of Fourier series. 
These means for a sequence sa are defined by Aname 323 Cw sf" (1 —r)* dy (r), where 
V(r) is of bounded variation. The main result is: The series ? sin n/n = (x —1)/2 
presents a Gibbs phenomenon at ¢=0 if and only if max;>o Rh -w(r) ] (sin rr/r)dr 
72/2. It includes known results for Cesàro and for Euler means. Applied to Holder 
means of order #>0, it is found that there is a constant y so that Holder means 
present a Gibbs phenomenon for p <y, but not for p z y. Numerical calculation yields 
y=0.58- - - , For Cesàro means the corresponding constant is, according to Gronwall, 
0.439 - - - . (Received March 8, 1950.) 


398. F. G. Tricomi: On the finite Halbert transformation. 
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The finite Hilbert transformation Tiela (y—x) ody (Cauchy's prin- 
cipal value of the integral) furnishes the necessary basis for the rigorous study of the 
singular integral equations of Carleman's type: a(x)o(x) —~AZ [o] =f(x). Some, but not 
all, of the properties of the T-transformation can be deduced from those of the cor- 
responding infinite transformation treated carefully in Titchmarsh’s Theory of Fourier 
integrals. In particular to these properties is added a kind of convolution theorem 
which asserts that £{¢:-[¢.]+¢2:Z[¢:] } =T]: E [05] i: p: provided that the 
functions 41, ¢: belong to suitable L? classes. Precise conditions are also given for the 
inversion of the transformation X, that is, for the solution of the c#rfotl equation 
& [6] =f. (Received March 1, 1950.) 


399. S. S. Walters: Locally bounded linear topological spaces of 
analytic functions. 


A method for norming the conjugate space of a locally bounded linear topological 
space (LBLTS) is presented. Let A2 E, [|sl «1, z a complex number], and & be all 
complex valued f analytic on A. Then a subspace 38 of & is said to be of type I pro- 
vided $ is a LBLTS Dyo Æ Y* (conjugate space of $8) for all s©A and provided 3 
a real-valued function N(r) ||vo,l| & N() for |s| &r«1. Here one defines n..(f) 
f 9 (z)/nl, n0, 1, - - - JEA, CC A. Then, in a space $ of type I, weak convergence 
is meaningful since $8* distinguishes elements in B. It is shown that f,—*f (fa con- 
verges weakly to f) implies f.(z) f(z) uniformly on compact subsets of A. For arbi- 
trary {EW let Tf: Tf) ef(rz), 0 &r «1, SEA, and let Us: Us(z) 2^, 85:40, 1, +-+. 
Then $5, a space of type I, is of type II provided: (a) { Un} is a bounded subset of 3B, 
(b) Doorn) W*U, converges in B for all fEB, w€-A, (c) T;f—*f as r—1— for all 

fE®B, and (d) B is complete. Let D denote all GC- 31 3lim,.a f? f(oef)G((r/p)e 79)d6, 
r Xp«1, exists for all fC. It is then shown that 38* and D are algebraically iso- 
morphic, and if y+Gy is the isomorphism, then y(f) lim, f? f(pe9)GA((r/)e-*9)d6, 
r «p <1, for every fC-38. An example of a space of type II is H», 0 X p «1, where the 
topology of H? isthatdetermined by themetric d(f, g) =suposra f?" | f(re®) —g(re®) | 940. 
(Received May 22, 1950.) 


4001. W. R. Wasow: A study of the solutions of the differential 
equation y® +\3(xy’’-+) =0 for large values of ^. 

The differential equation y-+-A2(ay’’+-y) -0 belongs to a type studied in a 
previous paper by the author (Ann. of Math. vol. 49 (1948) p. 852). By means of 
Laplace contour integrals and the method of steepest descent the character of the 
solutions for large A is studied more completely than is possible with the methods of 
the former paper. The results obtained include, in particular: (1) An asymptotic 
description of the solutions in a full neighborhood of the origin. This requires three 
sets of formulas, one valid when |x| =const.>0, the second when |x| Sconst., but 
MAy very large, the third when [Az Sconst. (2) Asymptotic expressions for the 
solutions called “balanced” in the paper mentioned above that are valid in the sector 
where these solutions diverge. They show that these solutions are there of the order 
of A793 exp [\(2/3)(—x)¥?]. (3) Asymptotic formulas valid on the “Stokes lines." 
(Received March 10, 1950.) 


APPLIED MATHEMATICS 


401. William Karush: An iterative method for finding characteristic 
vectors of a symmetric matrix. 
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The following iteration procedure for finding a characteristic vector of a real 
symmetric matrix A is treated. Let s>1 bea fixed positive integer. Given the vector 
x*, construct the spacec/f! spanned by x, Axt, * - - , A‘ xt. Then there is a unique 
vector x**! of the form x*+y, (x*, 7) 0, which minimizes (maximizes) the Rayleigh 
quotient (x, Ax): |x| 71 for x ine 4}. The initial vector x? is chosen arbitrarily. Let Amin 
(Amaz) be the least (greatest) characteristic value of characteristic vectors y for which 
(x°, y) £0. Then x'—+ymin (max), Where Ymin (Ymax) has characteristic value Ai (Amax)- 
The proof is based upon an investigation of the polynomials associated with an 
orthogonalization of the spaces c/f!. The iteration scheme is essentially a gradient 
method. For s=2 the vector 7 is a multiple of the gradient of the Rayleigh quotient; 
for s>2 the vector y contains higher correction terms. (Received March 7, 1950.) 


402. Cornelius Lanczos: Inverston of the Laplace transform. 


The customary method of inverting the Laplace transform makes use of integra- 
tion along the imaginary axis from —$« to +4, closing the path of integration 
through the negative infinite semi-circle. The integration is then reduced to loops 
around the singular points or lines. This method becomes cumbersome if the singu- 
larities of the transform are not of a simple type. The present procedure maps the 
infinite imaginary axis into the unit circle, with the help of reciprocal radii. Inside of 
this circle the transform is regular and allows expansion into a Taylor series. In the 
inversion the series can be integrated term by term. The resultant f(x) appears as an 
infinite expansion into modified Laguerre functions, orthogonal in the range between 
Qand © with respect to the weight factor x. These expansions combine the simplicity 
of the Taylor coefficients, obtained by successive recursions, with the advantages of 
an approximation in the large, usually obtained by cumbersome integrations. The 
method yields also a simple algorithm for designing an electric network of definite 
order which approximates a prescribed pulse response as closely as possible. (Received 
March 17, 1950.) 


403. W. R. Wasow: On random walks and eigenvalues of elliptic 
difference equations. 


Let B be a finite domain bounded by a polygon C whose vertices are points of a 
square lattice of mesh length 4. A particle starting with mass one from a point P in 
B performs a random walk in the lattice with equal transition probabilities for the 
four possible directions, until it is absorbed by the boundary. At each step the mass 
is multiplied by the value of a given positive function k(x, y) of the position. Let 
E(P, R) be the expected value of the mass absorbed by a preassigned boundary point 
R. If E(P, R) is finite, it is a solution of the difference equation Au + (4/h3) (1 —1/k)s 
»0, where Au is the usual finite difference analogue of the Laplace operator. It is 
shown that E(P, R) is finite if and only if the difference expression above is positive 
definite in B. With appropriate modifications a similar result holds for infinite do- 
mains. This random walk procedure can be used for the approximate numerical solu- 
tion by means of sampling methods of boundary and eigenvalue problems for the cor- 
responding partial differential equations. (Received March 10, 1950.) 


GEOMETRY 


404. D. B. Dekker: Some generalizations of hypergeodestcs. 
In a previous paper (Hypergeodestc curvature and torsion, Bull. Amer. Math. Soc, 
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vol. 55 (1949) pp. 1151-1168) theauthor studied anarbitrary family of hypergeodesics 
on a general surface in ordinary euclidean space. In the present paper a more general 
class of curves is obtained by replacing in the usual tensor differential equation of a 
family of hypergeodesics the homogeneous cubic form in the first derivatives of the 
surface coordinates with respect to arc length by a rational function homogeneous of 
degree three in the derivatives. This more general class of curves contains the hyper- 
geodesics as a subclass and possesses most of their properties. It is found that a curve 
of a family is a plane curve if and only if it is a curve of a special related intersector 
net of a certain complex of lines determined by the family. If » and 5 —3 are the de- 
grees of the numerator and denominator of the rational homogeneous function then 
in general the special intersector net consists of 35 —1 one-parameter families of 
curves on the surface. (Received March 8, 1950.) 


405. Douglas Derry: The duality theorem for curves of order n in 
n-space. 


Let C, bea curve in real projective n-space for which (1) all osculating r-subspaces, 
1 &r<n, are defined for each curve point and (2) no hyperplane cuts the curve in 
more than s points. P. Scherk showed (Über differensterbar Kurven und Bogen, 
Casopis pro péstovánf, matematiky a fysiky vol. 66 (1937) pp. 172-191) by a fixed 
point theorem applied to a closed C, that the dual curve of C, possesses properties (1) 
and (2). The present note gives another proof of this result which is based on a varia- 
tion of Rolle's theorem. (Received March 15, 1950.) 


406. T. K. Pan: Hypergeodestcs and dual hypergeodesscs. 


A system of curves on a general proper analytic surface in ordinary metric space 
called dual hypergeodesics is defined, which includes a system of dual union curves 
as a special case. First, an extended relation R with respect to a general net is defined 
and an equation of a line L in extended relation R to L’ is derived. Then the envelope 
of L as L’ generates the osc-cone at a point of a family of hypergeodesics is found, 
which leads from the definition to the intrinsic differential equations of dual hyper- 
geodesics. The unicity and the reciprocity properties of hypergeodesics and dual 
hypergeodesics lead to the definition of reciprocal families of hypergeodesics, which is 
followed by the pairing of hypergeodesics of one or two reciprocal families into a 
conjugate net and the relationships between the associated cones and cubics. Torsal 
curves associated with a family of hypergeodesics are defined and the non-asymptotic 
torsal curves are shown to be the nonlinear plane hypergeodesics contained in the 
family. (Received March 14, 1950.) 


TOPOLOGY 
407. P. A. White: Regular convergence in terms of Cech cycles. 


In a compact Hausdorff space closed subsets (4,] converging to A are said to 
converge n-regularly if for each finite covering U of S by open sets, there is a finite 
refinement VU of U and an integer N such that if s^ is a Cech cycle (with field coeffi- 
cients) on 4, for $> N and r Sn with diameter less than fU, then z" bounds a chain on 
A, with diameter less than U. This differs from the original definition of G. T. Why- 
burn ín that Cech cycles without assuming a metric are used instead of Vietoris cycles 
with a metric. It is proved that under s-regular convergence the limit set 4 is an lc”, 
the Betti numbers ?'(4;) = p'(A) for all r&n and almost all ¢, and if each A, is an 


BOOK REVIEWS 


Electromagnetic theory. (Proceedings of Symposia In Applied Mathe- 
matics, vol. 2.) New York, American Mathematical Society, 1950. 
2+-91 pp. $3.00. 


The present book gives an account of the Second Symposium in 
Applied Mathematics of the American Mathematical Society, held 
at the Massachusetts Institute of Technology, July 24-31, 1948. 
It covers all fields of modern development in the electromagnetic 
theory, ranging from quantum electrodynamics to practical applica- 
tions of the electromagnetic theory in communication engineering. 

H. Feshbach presents in the first paper an excellent and very 
clear summary of the problems of quantum electromagnetic theory. 
He explains the advances made in recent years, especially the work 
of Schwinger on the elimination of infinite terms and the correct 
discussion of the Lamb-Rutherford correction. 

J. L. Synge discusses a problem of importance for general rela- 
tivity, and investigates how far it may be possible to dissociate elec- 
tromagnetism from metric definitions. This is a central problem in 
relativity theory, and it had retained the attention of the late P. 
Langevin in many of his (unpublished!) lectures at the College de 
France. Synge's paper goes back to the fundamental definitions and 
represents a very important contribution to the problem. 

W. H. Watson investigates the possibility of introducing discon- 
tinuities in the classical electromagnetic theory, and especially a sort 
of discontinuous motion. The idea is to obtain a translation of Max- 
well’s theory that could be more easily connected with the quantum 
statistical methods. This interesting paper shows how such an 
adaptation of the classical theory can be logically attempted and 
practically performed. 

L. Infeld discusses the factorization method and its application to 
differential equations in theoretical physics, a very interesting prob- 
lem on account of the power of the method for practical resolution of 
problems. 

R. J. Duffin treats of nonlinear networks and indicates the method 
that can be used for such problems. 

C. L. Pekeris compares the ray theory to the normal mode method, 
and shows that they are related by a Poisson transform. 

A. E. Heins discusses systems of Wiener-Hopf integral equations 
and their applications to some boundary value problems in electro- 
magnetic theory. 
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Other papers, by A. H. Taub, S. O. Rice, A. F. Stevenson, R. Truell 
E. G. Ramberg, M. Kac, N. Wiener, Y. W. Lee, H. Wallman, E. 
Feenberg, are short abstracts of articles published in different scien- 
tific reviews. 

L. BRILLOUIN 


The real projective plane. By H. S. M. Coxeter, New York, McGraw- 
Hill, 1949. 104-196 pp. $3.00. 


This book is an admirable introduction to the subject for students 
who know a fair amount of ordinary plane geometry, including at 
least something about conics, but have no idea at all of projective 
geometry. It begins by the introduction of points and the line at in- 
finity by means of the *vanishing line" or horizon of a central projec- 
tion from one plane onto another, and goes on to illustrate the dis- 
tinction between affine and projective geometry by proving De- 
sargues' theorem by projection, from the properties of similar and 
similarly situated triangles. In the second chapter a set of five axioms 
of incidence (one of which is Desargues' theorem) is given, the prin- 
ciple of duality explained, and the quadrilateral and quadrangle and 
the harmonic relation studied in an elementary manner. The perspec- 
tive relation between two lines is defined, likewise its dual (also called 
perspective). Chapter III introduces the idea of order, defined in 
terms of the separation relations of two pairs of points, and its prop- 
erties deduced from six simple axioms, of which one states that order 
is invariant under perspective correspondence. The familiar separa- 
tion properties of the harmonic relation are very simply deduced. 
'Then as a temporary expedient Enriques' theorem to the effect that 
an ordered correspondence which relates an interval to an interior 
interval has a first invariant point in the interval is introduced as an 
axiom of continuity. 

Chapter IV is on one-dimensional projectivities, defined as cor- 
respondences that preserve the harmonic relation. The funda- 
mental theorem is proved from the axiom of continuity; Pappus' 
theorem and the axis of projectivity follow simply. Projectivities are 
classified into direct and opposite according to their effect on sense 
and into elliptic, parabolic, and hyperbolic, according to the number 
of their invariant points. Involutions are studied, and the involutory 
property of the quadrangular set proved. 

Chapter V is a similar treatment of two-dimensional projec- 
tivities, both collineations and correlations, a collineation being 
defined as any point-to-point correspondence that preserves col- 
linearity. It is shown from the fundamental theorem that there 
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cannot be more than one collineation in which one given quadrangle 
corresponds to another, but curiously it is never shown, though con- 
stantly taken for granted in the sequel, that there is always one such 
collineation. The proof of this, though a simple consequence of 
Desargues’ theorem, is surely not sufficiently self-evident to be passed 
without even a mention. Oddly enough, the corresponding result for 
correlations is proved with care, using the fundamental theorem. 

Polarities are introduced, as symmetrical correlations, and are 
classified in the next chapter as hyperbolic or elliptic according as 
there are points lying in their own polars or not. This leads to the 
definition of a conic as the locus of such points. Early in the chapter 
this is shown to be equivalent to Steiner’s definition of the conic as 
locus of intersections of corresponding lines of projectively related 
pencils. Chapters VI and VII contain a quite full account of conics, 
pencils of conics, and projectivities on conics, and a hint at the trans- 
formation by conics through three points (in the form of “polarity” 
with respect to a triangle). 

Chapters VIII and IX give an illuminating account of the deriva- 
tions of affine and metrical from projective geometry, by the special 
treatment of a particular line and a particular elliptic involution on it. 
This is carried as far as the circles connected with a triangle and the 
focal properties of conics. 

Chapter X is probably the best in the book. It is a reexamination 
of the problem of continuity, based on the axiom that every mono- 
tonic sequence of points has a limit; from this it is proved that the 
line is perfect. The chapter concludes with proofs of the fundamental 
theorem, Dedekind’s axiom, and Enriques’ theorem, which was 
temporarily taken as an axiom in Chapter III. 

The last two chapters deal with the introduction and use of co- 
ordinates. The addition and multiplication of points on a line or on a 
conic are defined by the conditions that (Po, Pa), (A, B), (Ps, A+B) 
and (Po, Po), (A, B), (Pı, AB) are three pairs of an involution, and 
the ring obtained is shown by continuity methods to be isomorphic 
with the field of real numbers. In the plane, homogeneous coordinates 
are defined by the ingenious but rather baffling method of drawing a 
conic through the vertices of the triangle of reference, the unit point, 
and the point whose coordinates are required; the coordinates of the 
point are then the parameters, on the conic, of the vertices of the 
triangle with regard to a triad consisting of the remaining two points 
and an arbitrary sixth point of the conic, whose choice provides the 
arbitrary coefficient of homogeniety. This is remarkably neat, but is 
it really the best way to show a student new to the business what 
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homogeneous coordinates really mean geometrically? In the last 
chapter the start is made at the other end. A point is defined by a 
set of coordinates and a line by a linear equation; it is verified that 
this system obeys all the axioms, and the general collineation and 
correlation are expressed as linear transformations. 

It will be seen from the foregoing that the work is severely and 
carefully argued from beginning to end, and that within its limita- 
tions to the real field and to two dimensions it covers just about every- 
thing that one could think of including. The shelving of the serious 
discussion of continuity to a late stage, by assuming one of its chief 
results as a temporary axiom, probably makes greatly for the in- 
telligibility of the book to beginners. A great number of admirably 
clear diagrams (probably more than one to every page on an average) 
illustrate the ideas. The proofs are lucid, and in nearly every case 
lay bare the fundamental ideas that are being used rather than ob- 
scuring these in a mass of detail. The whole book, indeed, is most 
readable; there are interesting historical notes on the genesis of the 
ideas presented and a very good bibliography. An appendix of only a 
couple of pages briefly indicates the nature of the step from real to 
complex geometry. 

Patrick DUVAL 


Extrapolation, interpolation, and smoothing of stationary time series 
with engineering applications. By Nobert Wiener. Cambridge, 
Technology Press of Massachusetts Institute of Technology, and 
New York, Wiley, 1949. 104-163 pp. $4.00. 


This is the second book by Professor Wiener on time series and 
communication engineering published since 1948. While the first 
book, Cybernetics, treated the subject from a general standpoint and 
was more philosophical than mathematical, the present book is more 
technical than theoretical, and is intended to give a useful tool for 
engineers working in the field of electrical communication and related 
subjects. This book is essentially a reproduction of a pamphlet which 
had limited circulation during the war. 

The main problem discussed in this book is the following: Let 
{xe} be a stationary time series of class Z?, where the parameter £ 
runs through all integers (discrete case) or all real numbers (continu- 
ous case); given a random variable y of class Z? and a set T of the 
values of the parameter t, how can we approximate y by finite linear 
combinations of x, with t from T? 

In the terminology of Hilbert space, this problem can be formu- 
lated in a different manner. Let (x;] be a “sequence” (discrete case) 
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or a “curve” (continuous case) in a Hilbert space Q such that the 
inner product (x,, x;) depends only on s—t. This is equivalent to say- 
ing that there exists a unitary transformation U defined on $ and 
an element xo of $ such that U'xo- x, for all integers £ (discrete 
case), or there exists a one-parameter group ( U'] of unitary trans- 
formations U' defined on $ and an element xo of $ such that U'xy—x.; 
for all real numbers # (continuous case). For any set T of the values of 
the parameter £, let Mr be a closed linear subspace of $ spanned by 
fæl te T} . 

Given an element y of $, the main problems are: (I) how can we 
compute the distance d(y, Mr) of y from Mr and (II) how can we find 
an element yr of Myr which attains or approximates this minimum 
distance to y? If 4i «io, T= {s| — c «s €f] and y=x,,, then this is 
nothing but a problem of prediction (that is, stochastic extrapola- 
tion). If 4 «t; «&, T= {s| - e <sSh or áSs« o] and yx, then 
this is reduced to a problem of stochastic interpolation. It is easy to 
see that d(y, Mr) =d(h) depends only on 5-—1,—4& in the first case, 
and that d(y, Mr) =d(hı, hz) depends only on kı =#)— £4 and 54 — & — to 
in the second case. Further, if x,—x/ «-x//, where {xi} and (xi'] 
are stationary time series, and if T'— fs] — o <ssh}, Y =x then 
this becomes a problem of filtering, that is, a problem of estimating 
the future, present, or past values of x, according as /o—/i is >0, 
=0, or <0, when the past values of x, up to present (¿= to) are known. 
If we consider x/ as a real message, x// as random noise, and x,—x 
+i’ as actual information, then this is a problem of eliminating 
unnecessary noise x// from the information x;. 

Let us consider the continuous case. In this case $(/)-— (xq xo) 
= (Ux, xo) is a positive definite function, and hence, by Bochner's 
theorem, there exists a distribution function F(A) defined on the 
infinite interval such that 


(1) 6 = f camo». 
It is then easy to see that the problem of extrapolation and interpola- 


tion is equivalent to the problem of finding a trigonometrical poly- 
nomial P(A) which attains or approximates the infimum of 


(2) fle = Poy paren, 


where P(\) = 97r. ane is any finite linear combination of eit? 
with LET, k-1,---,m. 
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In this book the discussion is limited to the case when FA) is 
absolutely continuous. It turns out that either d(#)>0 for all k>0 
or d(h) z:0 for all &» 0, and the first case happens if and only if 


* log F'(X 
f g OU os 


3 
(3) PEE 


' 


Here the problem is further reduced to the discussion of the possi- 
bility, and the concrete method, of representing F’(A) as a product 
of two functions $,(À) and ®_(A) which are the boundary values on 
the real line of functions ®,(A+¢u) and 9 (A--iu) defined and 
analytic in the upper and the lower half plane, respectively. 

These problems are not only mathematically interesting, but also 
extremely important in application. This book gives a detailed dis- 
cussion of the theory of approximation of this type which has been 
developed by the author himself. As is pointed out by the author, the 
theory of extrapolation and interpolation for the discrete case has 
been investigated independently by A. Kolmogoroff (Bull. Acad. 
Sci. USSR, Ser. Math. vol. 5 (1941) pp. 3-14) by using the method of 
operator theory in Hilbert space. It is easy to see that in the discrete 
case F(A) becomes a distribution defined on the set of real numbers 
mod. 1, or equivalently on the unit circle. Kolmogoroff does not 
assume that F(A) is absolutely continuous. In case F(A) is absolutely 
continuous, the problem is again reduced to that of finding a repre- 
sentation of F’(A) as a product of two functions which are the 
boundary values on the unit circle of functions defined and analytic 
inside and outside the unit circle, respectively. 

It is to be remarked that Kolmogoroff is mainly interested in prob- 
lem (I), that is, in the problem of finding the exact values of d(h) 
and d(hı, hs) in terms of k, hı, ha, and F(A), while the author is more 
interested in problem (II), that is, in the problem of finding a con- 
crete method of obtaining a linear combination which attains or ap- 
proximates the minimum distance. The method of the author is 
straight forward and is based on Fourier analysis. This fact makes it 
possible to solve practical prediction problems experimentally in 
many important cases by constructing a suitable electrical network. 
It is remarkable to note that the theory of generalized harmonic 
analysis developed by the author some twenty years ago is exactly 
the right tool for this purpose. 

The whole treatment is based on the author’s theory of generalized 
harmonic analysis (Acta Math. vol. 55 (1930) pp. 117—258) and as in 
many other writings of the author, technical terms from electrical 
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engineering are often used to explain the intuitive meaning of various 
mathematical concepts. These technical terms are very useful and 
illustrative in view of its application to practical problems. On the 
other hand, it seems that there are many places in this book in 
which geometrical language from Hilbert space could have been suc- 
cessfully introduced to clarify the situation. Also, the interpretation 
of each x,=x,(w) as a random variable, and the observation of the 
fact that, because the ergodicity of the system in case F(A) is 
absolutely continuous, the “time average" 


1 A 
(4) lim xf ku (o) xi s ()du 
Aw 2A A 
is equal to the “space average” 
(5) Cin 2) = f ndo 


would have simplified the argument substantially. 

The book consists of an introduction, five chapters, and three ap- 
pendices. After explaining the general outline of the problem in the 
introduction, the author gives in Chapter I a review of generalized 
harmonic analysis which is necessary for the understanding of the 
following chapters. Chapters II and III are devoted to the problems 
of prediction and filtering respectively. In Chapter IV there is given 
a brief account of the theory of multiple prediction, that is, the 
theory of prediction when we deal with more than one time series at 
the same time. This theory is still incomplete, and the problem 
analogous to that of factorization of F’(A) is not yet solved. Finally, 
in Chapter V there is given a short discussion on the application of 
similar methods to a problem of approximate differentiation. 

The book concludes with three appendices: a numerical table of 
Laguerre functions which are useful in practical application, and two 
papers by N. Levinson reprinted from Journal of Mathematics and 
Physics vol. 25 (1946) pp. 261-278, vol. 26 (1947) pp. 110-119. The 
first of these notes by N. Levinson gives a practical method of 
eliminating random noise (filtering) in communication engineering 
by using electrical networks, and the second note is an excellent, 
heuristic but very clear, exposition which explains the structure of 
Wiener’s theory of prediction and filtering. 

SHIZUO KAKUTANI 


NOTES 


Brown University announces its Third Symposium on Plasticity to 
be held September 8-9, 1950 under the auspices of the Graduate 
Division of Applied Mathematics. 

The University of Maryland announces a Conference on Differ- 
ential Equations to be held on September 8-9, 1950. 

The John Simon Guggenheim Memorial Foundation has an- 
nounced awards in mathematics to the following: Dr. J. H. Bigelow, 
Institute for Advanced Study; Professor Samuel Eilenberg, Colum- 
bia University; Associate Professor N. E. Steenrod, Princeton Uni- . 
versity; Dr. R. P. Boas, Jr., American Mathematical Society; and 
Associate Professor Philip Hartman, Johns Hopkins University. 

Professor H. S. M. Coxeter of the University of Toronto has been 
elected a fellow in the Royal Society. 

Professor J. G. van der Corput of the University of Amsterdam is 
on leave of absence and has been appointed to a visiting professorship 
at Stanford University. 

Professor Emeritus W. B. Carver of Cornell University has been 
appointed to a visiting professorship at Southern Illinois University. 

Assistant Professor W. B. Caton of the State College of Washington 
has been appointed to an assistant professorship at DePaul Univer- 
sity. 

, Associate Professor John DeCicco of the Illinois Institute of Tech- 
nology has been appointed to a professorship at DePaul University. 

Mr. R. J. Learson of the Western and Southern Insurance Com- 
pany has accepted a position as Associate Manager of Selection with 
the Mutual Life Insurance Company of New York. 

Professor H. B. Mann of Ohio State University is on leave of ab- 
sence and has been appointed to a visiting professorship at the 
University of California. 

Professor B. C. Patterson of Hamilton College has been appointed 
president of Washington and Jefferson College. 

Professor A. C. Schaeffer of Purdue University has been appointed 
to a professorship at the University of Wisconsin. 

Dr. Dorothy M. Stone has been appointed to a visiting professor- 
ship at Wellesley College. 

Dr. J. V. Wehausen of David Taylor Model Basin, Navy Depart- 
ment, Washington, has accepted appointment to the position of 
Executive Editor of Mathematical Reviews to succeed Dr. R. P. 
Boas. 
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Professor F. B. Wiley of Denison University has retired with the 
title Emeritus. 2 

The following promotions have been announced: 

F. S. Beckman, Pratt Institute, to an assistant professorship. 

R. G. Blake, University of Florida, to an assistant professorship. 

H. K. Brown, Northeastern University, to an associate professor- 
ship. 

R. G. Helsel, Ohio State University, to a professorship. 

Chosaburo Kato, Denison University, to a professorship. 

Howard Levi, Columbia University, to an associate professorship. 

G. B. Lang, University of Florida, to an associate professorship. 

C. J. Rees, University of Delaware, to dean of the School of 
Graduate Studies. 

E. P. Vance, Oberlin College, to an associate professorship. 

M. R. Spiegel, Rensselaer Polytechnic Institute, to an assistant 
professorship. 

The following appointment to an instructorship is announced: 
Oregon State College: Mr. F. E. Ehlers. 

Professor G. H. Livens of University College, Cardiff, Wales, died 
March 26, 1950. He had been a member of the Society for twenty- 
eight years. 

The note about Dr. Meyer Jerison which appeared under instruc- 
torships on p. 275 of volume 56 of the Bulletin, May 1950, is in error 
and should read “University of Illinois: Dr. Meyer Jerison.” 

"The note about Professor Fritz Rothberger on p. 274 of volume 56 
of the Bulletin, May 1950, is in error and should read “professorship 
at the University of New Brunswick." 
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FUNCTIONS ON LOCALLY COMPACT GROUPS 
GEORGE W. MACKEY! 


I. INTRODUCTION 


1. Background. The subject of this address is a branch of mathe- 
matics which may be regarded as a combination of the classical 
theory of representations of finite groups by matrices and that part of 
analysis centering around the theory of Fourier series and integrals. 
The connection between these two apparently diverse subjects arises 
simply enough from the fact that the real numbers and the real 
numbers modulo 2r form groups under addition. 

In one form of the theory of representations of a finite group G a 
central role is played by the so-called group ring or group algebra. 
This is usually defined as the set of all formal linear combinations of 
group elements ¢,5,+¢s5s+ - ++ -F 6454, where each s,€G and each c, 
is a complex number. Two such expressions are added in the obvious 
manner and are multiplied by writing down the formal product and 
simplifying by means of the distributive law and the given multiplica- 
tion of group elements. It may also be defined (and this is the defini- 
tion we shall use) as the vector space of all complex-valued functions 
on G with multiplication defined by the formula 


(feg)(s) = 25 f(st-)g(). 
Ea 


If we regard eisi--cs2d- + - + +CaSa a8 the function whose value at s, 
is c, it is not difficult to see that these two definitions amount to the 
same thing. A basic result in the theory of group representations as- 
serts that the group algebra is a direct sum of minimal two-sided 
ideals. Now it is easy to see that a linear subspace M of the group 
algebra is a left (right) ideal if and only if it is closed with respect to 
left (right) translation; that is, if and only if f C M implies that af (fa) 
is in M for all a in G where ;f(s) =f(as) and f,(s) —f(sa). Thus every 
function on G is uniquely expressible as a sum of functions each of 
which has the property that its right and left translates generate a 
linear subspace which is minimal with respect to translation invari- 
ance. 


An address delivered before the Philadelphia meeting of the Society on April 29, 
1949, by invitation of the Committee to Select Hour Speakers for Eastern Sectional 
Meetings; received by the editors October 3, 1949. 

1 The author is a fellow of the John Simon Guggenheim Memorial Foundation. 
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On the other hand, Fourier’s theorem asserts that every member of 
a large class of functions on the line with period 2r (that is, func- 
tions on the group of the reals modulo 27) may be written in the 
form 


È Cn exp (inz) 


where the c, are complex numbers, n is an integer, and 7? — —1. Here 
the functions exp (tnx) generate one-dimensional and hence minimal 
subspaces which are certainly translation invariant. 

The analogy is clear. In each case there is a theorem asserting 
that a fairly general function on a group is a sum of functions having 
especially simple translation properties. It is natural to seek general 
theorems about the translation properties of functions on groups 
which include these as special cases. In this address I shall describe 
some of the work that has been done in this direction in the last 
twenty years or so and indicate its connections with other branches 
of mathematics. 

There will be no attempt at completeness of coverage except from 
the special point of view here adopted. Many topics more or less 
closely related will not be discussed at all. In particular the em- 
phasis will be on theorems valid for quite general groups and on the 
papers in the literature where these theorems are established in gen- 
eral. Thus in spite of his pioneering work in the harmonic analysis of 
functions on the line, there will be little mention of the name of 
Norbert Wiener. 

In gathering this material together I have benefited greatly from 
conversations with I. Kaplansky, L. H. Loomis, F. I. Mautner, 
and I. E. Segal, and I wish to take this opportunity to acknowledge 
my indebtedness to them. 


2. Preliminaries. In the theory of Fourier series and integrals the 
topology of the underlying group plays a role. Accordingly it is 
natural to consider topological groups; that is, groups which are at 
the same time topological spaces in such a manner that the group 
operations are continuous. Since every group is a topological group 
with respect to the topology under which every set is closed, discrete 
and in particular finite groups are not excluded. Among topological 
groups, those admitting a compact neighborhood of the identity, the 
so-called locally compact groups, present themselves as especially 
suitable for study. According to a refinement of an important 
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theorem of A. Haar [34],? every such group! admits an essentially 
unique Borel measure‘ which is invariant under right (left) transla- 
tion. When G is the real line, this measure reduces to ordinary 
Lebesgue measure. In the general case its existence makes it possible 
to extend most of the methods, notions, and results of the theory of 
Lebesgue integration to the study of functions on arbitrary locally 
compact groups. In particular one may speak of the class '(G) of 
functions summable on the group of the class £?(G) of functions of 
summable square, of the integral [f(x)dx of a function in }(G), and 
80 OD. 

It is only when G is finite that a satisfactory theory of the set of 
all functions on G can be given. In general it seems to be necessary to 
restrict attention to a large but not all inclusive subfamily. This 
family is usually taken to be the set of all functions on the group 
having some simple topological or measure theoretic property. It is 
ordinarily linear and translation invariant and provided with a nat- 
ural topology. The problem is then to give as complete an analysis 
as possible of the structure of the set of closed translation invariant 
linear subspaces. Of the families of functions one might consider, 
two have properties which make them especially suitable for such a 
study and have received a great deal of attention. These are the two 
measure theoretically defined families mentioned in the preceding 
paragraph, (}(G) and £?(G). The first may be made into an algebra 
which is a generalization of the group algebra of a finite group, multi- 
plication being defined by the formula 


feg(s) = f fGt-)g()dt 


where integration is with respect to right invariant Haar measure. 
Whenever f and g are in 7 (G), the right-hand side exists for almost 
all s and defines a function in (1(G). It is not difficult to show that a 
linear subspace of L(G) closed in the usual norm is right (left) in- 
variant under translation if and only if it is a right (left) ideal in the 
group algebra. In this case then the general problem becomes that af 


3 Numbers in brackets refer to the bibliography at the end of the paper. 

3 Haar considered only separable groups and did not prove uniqueness. Unique- 
ness was first proved by von Neumann [55] and the extension to the nonseparable 
[ns was first carried out by Weil [77]. Cf. also von Neumann [56] and Kakutani 

38}. 
t In the terminology of Halmos [36]. 
* Cf. [66, p. 865]. 
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studying the ideal theory of a certain Banach algebra. £?(G) on the 
other hand, while not in general an algebra, is a Hilbert space and 
possesses the especially simple structure of such spaces. In particu- 
lar the possibility of taking orthogonal complements makes its par- 
ticularly suitable for direct sum-like decompositions. 


II. Compact GROUPS 


3. Two-sided invariant subspaces and the Peter-Weyl theorem. 
When the group in question is not only locally compact but compact, 
a rather complete extension of the theory for finite groups may be 
given. This theory was first developed by F. Peter and H. Weyl 
[60] in 1927. These authors restricted themselves to Lie groups, but 
only because the general measure of Haar, which incidentally for 
compact groups is always both left and right invariant, was not then 
available. Their theory goes over to the general case without change.* 
The fundamental result of this theory—the celebrated Peter-Weyl 
theorem—may be stated in the following form’: L(G) is the direct 
sum of finite-dimensional minimal two-sided invariant subspaces Ja. 
Each consists entirely of continuous functions. Every continuous 
function on G is a uniform limit of finite sums of functions from the 
Ja- The theory of the closed two-sided invariant subspaces of £3(G) 
now follows at once. Every such subspace is the direct sum of the 
34's which it contains and every family of 5,’s defines a unique such 
subspace. In particular there is a natural inclusion preserving cor- 
respondence between the subfamilies of the family of all 3.’s and the 
closed two-sided invariant subspaces of £#(G). The theory of L(G) 
is hardly less simple. Each 3, is a minimal two-sided ideal and every 
closed two-sided ideal is the closed linear span of the 3,'s which it 
contains. For compact groups there is a natural one-to-one cor- 
respondence between the closed invariant subspaces of £?(G) on the 
one hand and those of £1(G) on the other. 


4. One-sided invariant subspaces and representations. Every 
closed right invariant subspace R of L? (G) or €1(G) is the closed linear 
span of the set of intersections R/Y3,. Thus the analysis of the right 
invariant subspaces of 3(G) or ('(G) reduces to that of the Ja. Now 
it is a well known theorem of Wedderburn that each Ja, being simple 
as an algebra, is isomorphic to the algebra of all linear transforma- 
tions of an n-dimensional vector space into itself. Here n=, is a 


* As far as separable groups are concerned this was pointed out by Haar himself 
as a corollary to the existence of his measure. 
7 Cf. Kathe [42]. 
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positive integer depending on a. It follows that each 3, is a (non- 
unique) direct sum of ne minimal right invariant subspaces and that 
the family of all right invariant subspaces of Je is order isomorphic 
to the family of all subspaces of an n,-dimensional vector space. 

The finite-dimensional right invariant subspaces of £?(G) fur- 
nish examples of what are called representations of G, that is, con- 
tinuous homomorphisms of G into the group of unitary transforma- 
tions of a finite-dimensional Hilbert space into itself. Indeed if M is 
such a subspace, f C M, aCG, and U,(f) =f. where falx) =f(xa), then 
U, is unitary and the map a— U, is a representation of G. The close 
and important connection between the theory of the representations 
of G and the foregoing may be described briefly as follows. If M and 
M® are minimal right invariant subspaces of the same Ja, then the 
associated unitary representations U™ and U®) are unitary equiva- 
lent in the sense that there exists a unitary map V of M? on M? 
such that VU“ y-1— U® for all aCG. Moreover any unitary repre- 
sentation a— U, of G which is irreducible in the sense that there is 
no subspace invariant under all U, is unitary equivalent to the repre- 
sentations associated with one and only of the Ja. If $1, 6, - - - isa 
basis in the space in which the U, act, then the *matrix elements" 
(Uab, ó;) are continuous complex-valued functions defined on G. 
Their linear span is independent of the basis and in fact coincides 
with Je. It follows that the matrix elements of the irreducible repre- 
sentations of G are dense in L? (G), and it is in this form that the 
Peter-Weyl theorem is often quoted. 

Since J?(G) is the direct sum of the Ja, each f C.1(G) is of the form 
f= ae where f,@ 3a. If we use representations, a compact and 
suggestive formula for fa may be obtained. If Uf is defined for each 
a and each f C.(?(G) by the formula 


U; = f Ussf(a)dx 


where U* is associated with 3,, then 
fa = na Trace [U; U;]. 
This last equality implies and is implied by the equality 


f | f(x) [1d = J na Trace [U (U7)*], 


which may be regarded as a generalization of Parseval's equation in 
the theory of Fourier series. 
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5. Almost periodic functions. Bochner’s reformulation [4] of Bohr’s 
definition of almost periodic functions on the line makes sense for 
arbitrary groups. For compact groups all the continuous functions 
turn out to be almost periodic. J. von Neumann ina celebrated paper 
[54] showed that the Peter-Weyl theory for continuous functions 
on a compact group could be obtained as a special case of an an- 
alogous theory of continuous almost periodic functions on an arbi- 
trary topological group. When the group is the real line this theory 
reduces to that of Bohr. A central tool is a mean value defined for 
each almost periodic function and taking the place of the Haar inte- 
gral. The main result asserts that the almost periodic functions on a 
group are related to the minimal finite-dimensional invariant sub- 
spaces of continuous functions and hence to the representations of 
the group just as are the continuous functions on a compact group. 
Later A. Weil® [76; 78] showed that the theory of von Neumann 
could be deduced from the Peter-Weyl theory. More precisely he 
showed that for an arbitrary topological group G there exists a con- 
tinuous homomorphism $ of G onto a dense subgroup of a certain 
compact group K with the property that a function f on G is almost 
periodic if and only if there exists a continuous g on K such that 
f(x) =g(b(«)). 


III. ABELIAN GROUPS 


6. Duality and the Plancherel theorem. The theory of compact 
groups assumes an especially simple form when the group G is 
Abelian as well as compact. The irreducible representations are all 
one-dimensional and so are simply continuous homomorphisms of G 
into the group of complex numbers of modulus one, that is, char- 
acters of G. The minimal invariant subspace 5. of £?(G) associated 
with the representation defined by the character y, is simply the one- 
dimensional subspace of all complex multiples of Ya. Thus the expan- 
sion formula becomes f(x) = >.c,y(x) where c, ff(x)y(x)d« and the 
summation is over all characters y. Convergence is of course in the 
sense of the 3(G) norm, that is, “in the mean.” 

It was apparently first noticed by A. Weil [78] that these formulae 
could be given a much more symmetric form and generalized to arbi- 
trary locally compact Abelian groups by making use of the Pontrja- 
gin-van Kampen duality theory [62; 63; 39] for such groups. If G is 
locally compact and Abelian, then the set G~ of all characters on G 
is itself an Abelian group under ordinary pointwise multiplication. 


5 Cf. also Weyl [79]. 
? Cf. also Freudenthal [9], van Kampen [40], Pontrjagin [61] and Tannaka [74]. 
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Moreover it is locally compact in a certain natural topology. Now if 
y€G^ and x€G, then for fixed x, y(x) looked at as a function of y isa 
character of G^. The principal theorem of the Pontrjagin-van 
Kampen theory asserts that every character of G~ is uniquely ob- 
tainable in this way from an element of G and that the topology of 
G regarded as G~~ is the same as the given topology of G. Thus 
there is a natural pairing of locally compact Abelian groups such 
that each member of a pair is the character group of the other. 
Because of the symmetry of the relationship between G and G^ it 
is customary to write (x, y) instead of y(x). The resulting function 
of two variables is sometimes called the character function. If G is 
the additive group of the real line, G^ is also isomorphic to the addi- 
tive group of the real line and the character function may be taken 
to be such that (x, y) 2exp (ty). If G is the additive group of the 
reals modulo 27, then G is isomorphic to the additive group of the 
integers and (x, y) 2 exp (tnx) where n is an integer. In general the 
character group of a compact group is discrete and that of a dis- 
crete group compact. 

Let us return to the formulae f(x) = ? c,y(x) and c, — ff(x)y(x)dx. 
Setting c, —f ^ (y) to emphasize the fact that the set of coefficients is a 
function on G^, we may rewrite these formulae in the form 


fa) = | OMe 34» and fy) = [ f Wax 


where the integrals are taken with respect to the Haar measures in 
G and G^. Indeed, since G^ is discrete, the Haar measure of a 
point may be taken to be one and summation over the group ele- 
ments is the same as integrating over the group. In this form, how- 
ever, the formulae are meaningful for arbitrary locally compact 
groups and A. Weil in [78] has established their validity for suitably 
restricted functions f. In particular the f^ for fE.C}(G)O.CX(G) are 
dense in (G^) and (for suitable choice of the Haar measure in G) 
S| f(x) | dx = f| £^ ()|*dy for all such f. Thus the map ff^ may be 
uniquely extended by continuity to give a natural norm preserv- 
ing linear map of all of L?(G) onto all of (G^). This *Plancherel 
theorem" for locally compact Abelian groups reduces to the classical 
Plancherel theorem for Fourier transforms when G is taken to be the 
additive group of the real line and to the Parseval relation for 
Fourier series plus the Riesz-Fisher theorem when G is taken to be the 
real line modulo 2x. For arbitrary locally compact Abelian groups 
the generalized Fourier transform f—f~ makes possible a quite satis- 
factory solution of the invariant subspaces problem for J/*(G). In 
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fact it is not hard to show that the Fourier transform of a transla- 
tion invariant closed subspace of (?(G) is the set of all members of 
L(G) which vanish (almost everywhere) outside of some measur- 
able subset of G~ and conversely. Thus there is a one-to-one inclusion 
preserving correspondence between the closed invariant subspaces of 
?(G) and the measurable subsets mod null sets of G^. 


7. Normed rings and L(G). The generalized Fourier transform 
also arises naturally when Gelfand’s theory of normed rings (Banach 
algebras) is applied to the algebra -4¢ obtained by adjoining a unit 
to the algebra .¢'(G). For an arbitrary Banach algebra ef the Gel- 
fand theory gives a canonical homomorphism ff? where fE and 
f°? P (M) is a member of the ring of continuous complex-valued func- 
tions defined on the compact space M of all maximal ideals in A4. 
When c4 =c4 gq, the maximal ideals other than £}(G) itself are in one- 
to-one correspondence with the characters of G in such a manner that 
for each fE.C1(G) and each Mat — {.C(G)}, PAD =Sf(x)yu(x)de 
where yy is the character corresponding to M. Thus functions on At 
may be identified with functions on G^ and the canonical mapping 
f->f* reduces to the Fourier transform. The fact that f? —0 implies 
that f°=0 is equivalent to the fact that e4¢ is semisimple. The 
Fourier transform from this point of view seems to have been intro- 
duced independently by Gelfand and Raikov [20] on the one hand 
and I. E. Segal [68] on the other without knowledge of Weil’s work. 
The application of the normed ring point of view to functions in 
L?(G) and the proof of the Plancherel theorem seems to have been 
first carried out by M. Krein [43]. 

The invariant subspaces problem for L!(G) is much more difficult 
than that for L?(G) and so far is only very incompletely solved even 
when G is the real line. It is natural in view of the L? theory to at- 
tempt to set up a correspondence between the closed ideals in 7}(G) 
and subsets of G^. Following Segal? who seems to have been the 
first to attack the problem for general groups [68; 69], let us define 
the hull of a closed ideal 3 in L(G) as the set 4(3) of all characters 
which define maximal ideals containing 3. Let us define the kernel 
of a subset A of G~ as the intersection k(A) of the maximal ideals 
defined by members of A. Then k(h (5)) the kernel of the hull of 3 
contains 3. If it were true that 3=(h(3)) for all 3, then there would 
be a one-to-one inclusion inverting correspondence between the 
closed invariant subspaces of L! (G) and the closed subsets of G and a 


10 Results similar to those of Segal have been obtained independently by Gode- 
ment [26]. 
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satisfactory solution of the invariant subspaces problem would be at 
hand. Unfortunately L. Schwartz [67] has recently shown that this 
equality need not hold; specifically whenever G is Euclidean n space 
with n23. I. E. Segal has shown on the other hand that it is always 
true that 3 is “approximately” equal to k(h(3)). More precisely if O 
is any open set containing h(3) ,then &(O) C3. It follows that when- 
ever h(3) is empty, then 3=k(A(5)). This result for the real line im- 
plies Wiener's general Tauberian theorem and his theorem about 
spans of functions in J/!(G). In fact the nontrivial half of one form 
of the general Tauberian theorem (Theorem 4 of [80]) may be 
stated as follows. Let f be a bounded measurable function on the line 
and let c be a complex number. Let 3 be the class of all functions K in 
Li(— c, œ) such that lims» /*. K(x—y)f(y)dy =cf2..K(x)dx. Then 
if 3 contains a function K, whose Fourier transform never vanishes, 3 
must coincide with (}(— ©, œ). Now it is routine to verify that 3 is 
a closed ideal. Moreover the fact that the Fourier transform of Kj 
never vanishes is equivalent to the fact that K; is not contained in 
the maximal ideal defined by any character exp (ixy). This implies 
that the hull of 3 is empty and hence that &(h(3)) =£1(— ©, œ). In 
Segal’s paper, which also contains the developments necessary to ob- 
tain the other form of Wiener’s theorem, this theorem is generalized 
in another direction: when G is the real line, then J=2(A(3)) whenever 
h(3) is the union of an open set and a closed set without limit points. 
I. Kaplansky [41] has recently extended this last result to a large 
class of locally compact Abelian groups and shown that for arbitrary 
locally compact Abelian groups 3=k(k(3)) whenever A(3) has only a 
finite number of elements. 


8. The Laplace transform and connections with the theory of func- 
tions of a complex variable. Further connections of the theory of 
locally compact Abelian groups with classical analysis appear when 
other invariant classes of functions on a group are considered. Spe- 
cifically it is possible in a great variety of ways to choose a measure 
p on G which is different from Haar measure but absolutely continu- 
ous with respect to it in such a manner that .1(u, G) is closed with 
respect to convolution.! The maximal ideals in the resulting Banach 
algebra are no longer in one-to-one correspondence with the char- 
acters of G but with what may be called generalized characters, 
that is, continuous homomorphisms of G into the multiplicative group 
of all nonzero complex numbers. Moreover, for particular such 
Banach algebras not all generalized characters need appear. Every 


4 Convolution being defined as usual using Haar measure and not p. 
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generalized character is uniquely a product of an ordinary character 
and a function of the form exp (J) where? is real-valued and has the 
property that (xy) — (x) --1(y) for all x and y in G, that is, is a linear 
functional. If we let G denote the vector space of all continuous linear 
functionals on G, the maximal ideals of C (u, G) will be in one-to-one 
correspondence with the members of a subset of G^XG. It can be 
shown that this subset is always of the form G^XK where K isa 
suitable convex subset of the vector space G. The canonical mapping 

, taking each f C. (u, G) into a function on the maximal ideals is then 
‘a mapping of functions on G into functions on G^ XK. If f? is the map 
of f and y and / are members of G and k respectively, then 


(9 POD = f Ia) ») exp GG). 


If G is the group of integers, then G^ is the group of complex 
numbers of unit modulus and G is a one-dimensional vector space. A 
convex subset of G is an interval so that the functions f° are defined 
on the direct product of a circle with an interval, that is, an annulus. 
Itis easy to see that the mapping from sequences to functions defined 
in an annulus thus obtained coincides with the corresponding map- 
ping defined by the Laurent series. If G is the real line, then G^ XK is 
à strip and f—f* is the two-sided Laplace transform. In the general 
case it is possible to introduce a notion of directional differentiation 
for functions defined on G^ XK and a relationship between directions 
of differentiation which leads to a notion of analyticity for functions 
on G^ XK. The generalized Laplace transforms, that is, the functions 
f° defined by (*), then turn out to be analytic functions on GO XK. 
In this way at least some of the main notions in the theory of func- 
tions of a complex variable arise as special cases of more general 
notions occurring naturally in the theory of locally compact Abelian 
groups. One is led to conjecture that there will be general theorems 
about such groups which will unify and illuminate appropriate por- 
tions of the classical theory of functions of one or more complex 
variables. These matters have been discussed in outline by the 
author in [46]. A preliminary example of what can be done is the 
following (unpublished) generalization of Hadamard's three circles 

, theorem. If f is analytic in G^ XK and is bounded in y for each fixed 
lin K, then log (sup,ce^ |f, D|) is a convex function of } on the 
convex subset K of the vector space G. This theorem includes 
Hadamard’s three circles theorem for several complex variables and 
hence Thorin's [75] generalization of the M. Riesz convexity theorem. 
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The ideal theory of the rings {'(u, G) seems not to have been 
investigated at all in the general case, although Gelfand in [11] has 
defined such rings for the real line and integer groups and these rings 
have been further discussed in [22]. The fact that the functions f? 
are analytic instead of merely continuous can naturally be expected 
to produce many divergences from the theory of L3 (G). In particular 

“the theorem of Kaplansky to the effect that an ideal whose hull is only a 
single point must be maximal certainly cannot be expected to carry 
over. In fact for each point y, } “interior” to G^ X K and each “direc- 
tion of differentiation" v the set of all fC.C1(G, u) for which f,(y, D 
=f(y, 1) 20 will be an ideal which will not be maximal but will be 
contained in only one maximal ideal. A number of questions suggest 
themselves. Is every ideal with a finite hull maximal provided that 
every point of the hull is an extreme point of the boundary of 
G^XK; that is, a point of the form y, / where / is an extreme point 
of K? Is every counter example to the proposed analogue of Kaplan- 
sky's theorem of the form just described (with higher order deriva- 
tives of course)? Do the extreme points of the boundary of G^XK 
constitute the boundary in the sense of Silov [22] of the set of maxi- 
mal ideals? These are questions which the author intends to investi- 
gate and discuss elsewhere. The last has been answered in the 
affirmative in special cases by Silov. 

The work of Laurent Schwartz [66] on mean periodic functions 
has close connections with the foregoing. Schwartz considers the set 
of all continuous functions on the real line topologized so that con- 
vergence is uniform convergence on compact sets. The dual of this 
topological vector space is the set of all complex-valued Borel meas- 
ures om the line which are concentrated in compact sets. These 
measures form a ring under convolution and there is a one-to-one 
inclusion inverting correspondence between the closed translation in- 
variant subspaces of continuous functions and the closed ideals in 
this ring. This ring is of the same general nature as those considered 
above and its closed maximal ideals are in one-to-one correspondence 
with the points of the complex plane. The canonical homomorphism 
carries this ring into a multiplicative ring of entire functions. 
Schwartz shows essentially that every closed primary ideal in the 
original ring is determined by a complex number a and a non-negative 
integer k and consists of all members such that the corresponding 
entire function and its first & derivatives vanish at the point a. He 
shows furthermore that every closed ideal is an intersection of 
primary ones, thus determining all possible closed ideals in a very 
explicit fashion. 
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/ 
IV. GENERAL LOCALLY Compact GROUPS 


9. Preliminaries. The theory of locally compact groups which are 
neither compact nor Abelian is much less well developed than the 
theories of either of these special classes. Even the L? theory, which 
is more or less complete for compact and Abelian groups, is in a 
rather unsatisfactory state for more general groups. A part of the 
trouble may be ascribed to the fact that when the group is neither 
compact nor Abelian one must deal with “continuous” decomposi- 
tions into “multi-dimensional parts.” Thus neither the discreteness 
of the compact case nor the one-dimensionality of the Abelian case is 
available and there is a compounding of difficulties. A perhaps more 
serious source of difficulty is the fact that it is no longer possible to 
confine attention to finite-dimensional representations. There are 
locally compact groups—the group of all two-by-two complex mat- 
rices with determinant one is an example—which admit no non- 
trivial finite-dimensional unitary representations at all. It is thus 
necessary to turn to representations by unitary operators in infinite- 
dimensional Hilbert spaces and to analyze the more complicated phe- 
nomena which almost always appear when one makes a transition 
from the finite to the infinite. 


10. Positive definite functions and the existence of sufficiently 
many irreducible representations. Let ¢*(G) denote the Hilbert space 
of all complex-valued functions on G which are square summable with 
respect to right invariant Haar measure in G; For each f /?(G) and 
each sCG let U,(f) be the function gC(?(G) such that g(x) —f(xs) 
for all x&G. Then f—U,(f) is a unitary operator. Moreover the map 
s—U, is a continuous representation of G in the sense" that it is a 
homomorphism of G into the group of all unitary operators in 3(G) 
such that (U,(f), g) iscontinuousin s for all f and g in (3(G). This rep- 
resentation is called the right regular representation of G. Its exist- 
ence makes it clear that every locally compact group has süfficiently 
many representations to distinguish between any two group elements 
if infinite-dimensional representations are allowed. It does not follow 
at once that there need exist sufficiently many (or even any) non- 
trivial irreducible representations. This much less trivial existence 
theorem was first proved by Gelfand and Raikov [21]. Here ir- 
reducibility must be taken to mean that no closed invariant sub- 


2 Actually (U,(f), g) is continuous for all f and g if and only if U,(f) is continuous for 
all f. In the sequel we shall use the terms representation and unitary representation 
interchangeably to denote a unitary representation which has one and hence both of 
these equivalent properties. 
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spaces exist. There are many examples showing that the theorem is 
false if irreducibility is taken to mean that no invariant subspaces at 
all exist. 

In order to prove this theorem Gelfand and Raikov exploit a close 
relationship which exists between representations and those con- 
tinuous functions on G which have the property of *positive definite- 
ness." Let U (x—U,) be any representation of G. Let $ be any ele- 
ment in the associated Hilbert space and let f be the continuous 
complex-valued function defined on G by the equation f(x) 
=(U.(¢), $). It is trivial to verify that f has the following property. 
If xi £3, © © +, x4 is any finite subset of G and q, C2, © * +, c, is a set 
of complex numbers, then 2 2,.:64,/ (xx; ) Z0. Any function with 
this property is said to be positive definite. It is not difficult to show 
that conversely every continuous positive definite function is obtain- 
able in this manner from a suitable representation of G. This repre- 
sentation may always be chosen so as to be cyclic in the sense that, 
for some $, the U,($) span a dense subspace of the associated Hilbert 
space. Moreover, if this is done, the correspondence is one-to-one in 
the following sense: (U,($), 6) and (UZ(9^), 9^) are the same for all x 
in G if and only if U and U’ are unitary equivalent via a unitary 
transformation which carries ¢ into ¢’. The representation associated 
with the continuous positive definite function f is irreducible if and 
only if f is “elementary” in the sense that it is not of the form fit/fe 
where fı and fs are linearly independent continuous positive definite 
functions. The existence of sufficiently many elementary positive 
definite functions on G and hence of sufficiently many irreducible 
representations is made to depend upon a theorem of Krein and Mil- 
man [44] asserting the existence of sufficiently many extreme points 
in certain convex sets. The convex set to which this theorem is ap- 
plied is the set of all continuous positive definite functions f for 
which f(e) =1. (Here e is the identity of G.) 

Functions on G of the form (U,(¢), Y), where U (x—U;) is a 
representation of G and ¢ and y are in the Hilbert space in which the 
U, act, are finite linear combinations with complex coefficients of 
functions of the form (U;(#), $). Thus if G is compact, the finite 
sums of elements from the ideals 5, are exactly the finite linear com- 
binations of elementary positive definite functions. R. Godement in 
[27 ] has generalized one form of the Peter-Weyl theorem to arbitrary 
locally compact groups by applying the theory of Gelfand and Raikov 
to show that every continuous function on such a group can be uni- 
formly approximated on every compact set by finite linear combina- 
tions of elementary positive definite functions. Actually Godement 
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developed much of the theory of positive definite functions inde- 
pendently of Gelfand and Raikov. His paper [27] is a complete ex- 
position of the work of Gelfand, Raikov, and himself, and contains 
many theorems about the behavior of positive definite functions on 
groups in addition to those described here. 


11. The reducibility of representations. Let U be a finite-dimen- 
sional representation of a group G and let H be the underlying 
(finite-dimensional) Hilbert space. It is well known and easily proved 
that H is a direct sum of orthogonal subspaces in each of which U 
induces an irreducible representation. This decomposition is unique 
in the sense that the irreducible summands in any two such are 
unitary equivalent in some order. Actually the only nonuniqueness 
lies in the decomposition of direct sums of mutually unitary equiva- 
lent irreducible representations. In general the direct sum of all sub- 
spaces of H in which the “same” irreducible representation is in- 
duced is independent of the original decomposition. For infinite- 
dimensional unitary representations a similar theorem holds provided 
that G is compact [6; 37]. When G is not necessarily compact it is 
not difficult to see that no such decomposition need exist. The regular 
representation of a noncompact locally compact Abelian group is an 
example. Any nonzero closed invariant subspace of J(1(G) is readily 
seen to have proper closed invariant subspaces. On the other hand, 
the Plancherel theorem shows that J/*(G) may be mapped unitarily 
onto £3(G~) in such a manner that translation by s goes over into 
multiplication by (s, y) where y is a generic element of G. Roughly 
speaking the regular representation of G appears to be a sort of “con- 
tinuous direct sum" of the one-dimensional (and hence irreducible) 
representations defined by the various characters. 

Clearly what is needed is a generalization of the notion of direct 
sum which will include as a special case a precise notion of “continu- 
ous direct sum" and which can be used to decompose arbitrary repre- 
sentations into irreducible parts. A theory of such a notion has been 
developed by J. von Neumann [58] in order to decompose rings of 
operators into *factors" and the von Neumann theory has been ap- 
plied to the theory of representations of separable locally compact 
groups of F. I. Mautner [48; 49]. Slightly reformulated,” the basic 
notion may be described as follows. Let S be a set and let 7 be a 
countably generated c field of subsets of S. Let u be a countably 
additive measure defined on 7. For each n=1, 2, - * +, ©, let #, be 
an n-dimensional separable Hilbert space. Let d be a measurable 


3 Cf. Godement [29] for an alternative approach. 


1950] FUNCTIONS ON LOCALLY COMPACT GROUPS 399 


function from S to the positive integers and œ. Let #(S, u, d) be the 
set of all functions from .S to JC, U JG FaU - - - such that: (a) 
f(x) E Ka for all x, (b) for each n=1, 2,» - , © and each vE, 
(f(x), v) is a measurable function of x for x in d-!(m), (c) 
SE, f(x))du(x) < e. (S, u, d) becomes a Hilbert space when the 
inner product of two members f and g is defined by the equation 
[f, e] 9 f/ (f(x), g(x))du(x). Now suppose that a' representation U“® 
(s—U9) of a group G in Ka is given for each xS. If U® depends 
measurably on x in the sense that, for each n, (Uf) (vi), vi) is measur- 
able as a numerical function on d^!(5) for each v, and v: in 3€,, then 
there is a unique representation U of G in 3€(S, u, d) such that for all f 
in 3C(S, n, d), the equation (Uf) (x) = Uf (f(x)) holds for each s and 
almost all x. U (or any representation unitary equivalent to U) is . 
said to be the generalized direct sum of the representations U® with 
respect to the measure y. It is clear that this notion reduces to that 
of ordinary direct sum whenever S is a discrete measure space. 

This notion is adequate for the purpose indicated above. One of 
the principal results of [48] asserts! that an arbitrary representation 
(in a separable Hilbert space) of a separable locally compact group G 
is a generalized direct sum of irreducible representations of G. Un- 
fortunately this result does not reduce the study of arbitrary repre- 
sentations to that of irreducible representations, for the decomposi- 
tion in question can be rather badly nonunique. On the other hand, 
there is a generally possible unique reduction into components 
which, while not irreducible, nevertheless give evidence of being the 
proper fundamental building blocks. The details are as follows. Let U 
be a generalized direct sum of representations U(? with the asso- 
ciated measure space S. For each measurable subset E of S, let Pg 
be the projection which takes f C 3e(S, p, d) into def where ¢z is the 
characteristic function of E. Then the set € of all Py is a o-Boolean 
algebra of projections in the sense that the identity I is in ©, that 
whenever Pi, Pa, * - - are in € then P,P,5 P;P,C € and I—- P.C €, 
and that if P,P,—0 then P,4-P44- - - - EE. Moreover € commutes 
with U in the sense that PU,— U,P for all PEE and all s€G. Con- 
versely, given any o-Boolean algebra E which commutes with a rep- 
resentation U, it is possible to decompose U as a generalized direct 
sum in such a manner that € is the o-Boolean algebra defined by the 
decomposition. Moreover, modulo null sets and replacement of u by 
an equivalent measure, the decomposition is uniquely determined. 
We may speak of the decomposition defined by €. This decomposi- 


M Note that this furnishes an alternative proof of the existence of sufficiently many 
irreducible representations when G is separable. 
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tion will have almost all of its parts irreducible if and only if € is 
maximal; that is, if and only if whenever €’D€-where £' is also a 
o-Boolean algebra commuting with U, then E=€’. In general 
there will be a number of distinct maximal E’s commuting with a 
given U. This is so even for finite-dimensional representations, and 
occurs there when and only when some irreducible components are 
repeated. Consider now the o-Boolean algebra £, defined as follows. 
EE €&€; if and only if E commutes with all U, and with all operators 
A which commute with all U,. €, is contained in every maximal € 
and is uniquely determined by U. The decomposition defined by Eo 
has the property that almost every component has as its £s the set - 
consisting of 0 and the identity. We shall call a representation V 
whose €, is trivial in this sense a factor" representation. Thus every 
representation has an essentially unique decomposition as a general- 
ized direct sum of factor representations. 

In the finite-dimensional case a representation is a factor repre- 
sentation if and only if it is a direct sum of replicas of the same ir- 
reducible representation. In the infinite-dimensional case things are 
considerably more complicated. Given a representation U, let ( U,}’ 
denote the set of all bounded operators A in the underlying Hilbert 
space such that 4 U, = U,A for all sCG and let { U,}” be similarly 
defined with (U,] replaced by {U,}’. Then {U.}” is an operator 
ring in the sense of Murray and von Neumann [52] and a necessary ` 
and sufficient condition that U be a factor representation is that 
(u.]" be a factor, that is, that it contain only multiples of the 
identity in its center. Now Murray and von Neumann have studied 
factors in great detail and have classified them according to the be- 
havior of a certain dimension function uniquely (up to a multiplica- 
tive constant) defined for the projections in any factor. The factor is 
said to be of type I,, Iz, Ili, Ile, or III, according as the (suitably 
normalized) dimension function takes on the values 1, 2, - - - , n; 
1,2,- --, œ, all real numbers between 0 and 1, all non-negative real 
numbers and o, or just 0 and œ. Factors of all types exist. It is 
shown in [49] that a factor representation is a generalized direct 
sum of replicas of the same irreducible representation if and only if 
the corresponding factor is of type I, or Is. Moreover, this irre- 
ducible representation is uniquely determined. For factor representa- 
tions not of type I, or Is, however, the behavior can be very differ- 
ent indeed. Mautner [50] has given an example of a group whose 
regular representation is a factor representation of type II; and has 


35 Because of the close connection with the Murray-von Neumann notion of factor 
for rings of operators. See below. Cf. Wigner [81]. 
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found a decomposition of it into irreducible components in which un- 
countably many inequivalent representations occur. The author has 
shown (unpublished) that this representation has another decom- 
position into irreducible parts such that (a) no two representations 
in the decomposition are unitary equivalent and (b) no representa- 
tion in the decomposition is unitary equivalent to any representa- 
tion in Mautner's decomposition. On the other hand, general factor 
representations do share the following property of factor representa- 
tions of types I, and I4. A decomposition as a direct sum of two other 
representations is always such that one component is unitary equiva- 
lent to a discrete part of the other. To summarize: Every unitary repre- 
sentation of a separable locally compact group is a unique general- 
ized direct sum of factor representations. Every factor representation 
of type I, or I, is a generalized direct sum (actually an ordinary dis- 
crete direct sum) of replicas of a uniquely determined irreducible 
representation. A factor representation not of type I, or I4 can be 
decomposed into irreducible parts, but the decomposition may be 
wildly nonunique. The structure of such representations is very little 
understood. 

"There remains the question of the extent to which a representation 
is determined by the factor representations into which it may be 
decomposed. The first remark to be made is that it is not sufficient 
simply to list the representations which occur in the breakdown— 
the measure y is itself of decisive importance. This is more or less clear 
from the fact that sets of representations of measure zero may be 
added and removed without altering the sum. A better appreciation 
of thesituation may beobtained by considering what happens when G is 
Abelian. Let G^ be the character group of G. Let u be any Borel meas- 
ure in G^. Let V? be the operator which takes fE.2(G~, u) into g 
where g(y) = (s, y)f(y) for all y G. Then V* (s—V?) is a unitary rep- 
resentation of G and as a matter of fact every representation of G 
in which there are “no multiplicities” is unitary equivalent to some 
V+, Two such representations V” and V* are unitary equivalent if and 
only if u and v have the same null sets. When multiplicities are al- 
lowed, things are only slightly more: complicated. Choose a Borel 
measure u in G^ and a Borel function d from G^ to the positive 
integers and o». Let u, (n—1,2, - - - , ©) be the unique Borel meas- 
ure which agrees with u on subsets of d-1(») and is zero for subsets of 
the complement of d^ (n). Let V^4 be the direct sum of countably 
many replicas of V*., one replica of V?!, two replicas of V”, and so 
on. Then every representation of G is unitary equivalent tó some 
Ved, and V^4 and VY are unitary equivalent if and only if u and v 
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have the same null sets and d and d’ are equal almost everywhere 
with respect to u and v. The regular representation of G has Haar 
measure for u and d(y)s1. These facts about Abelian groups fol- 
low from the theory of multiplicity of spectra for normal operators 
in Hilbert space and the following spectral resolution theorem. If 
s—U, is an arbitrary representation of the locally compact group G 
by operators in a Hilbert space 36, then there exists a mapping 
E-—Py of the Borel subsets E of G into projections in 5€ such that 
the countable Boolean operations are preserved and such that for 
all @ and y in 3e(U,(9), y) ^ f(s, y)d | P,(9), v] where integration is 
over G with respect to the completely additive set function E 
—(Px6, 4). This theorem was first proved by Stone [73] for the case 
in which G is the additive group of the real line. It was extended to 
arbitrary locally compact Abelian groups independently by Ambrose, 
Godement, and Neumark [1; 23; 59]. 

When G is not necessarily Abelian and U (s— UJ) is a representa- 
tion of G, we have seen that U is an essentially unique generalized 
direct sum of factor representations U™ with respect to a measure p. 
In view of the foregoing it is natural to conjecture that two repre- 
sentations U and V are unitary equivalent if and only if almost all 
the U™ can be mapped one-to-one onto almost all the V® in such a 
way that null sets and measurability are preserved and so that the 
image of each U™ is unitary equivalent to it. So far as the author 
knows no proof of this theorem is at present available. It seems 
likely, however, that the methods of von Neumann and Mautner 
will be adequate to produce one. It is to be observed that the *only if? 
part of this conjecture cannot be expected to be true unless the U% 
and V® are known to arise from a canonical decomposition into 
factor representations defined by an Es as described above. This 
follows from the fact noted above that a generalized direct sum of 
distinct irreducible representations can be a factor representation. 
The question: What measure spaces of factor representations “add 
up” to factor representations remains to be investigated. Until some- 
thing substantial about its answer is known the theory of general 
representations can hardly be regarded as reduced to that of factor 
representations even when the above conjecture has been proved. 

For a fully satisfactory theory of the decomposability of repre- 
sentations, even more than an answer to the questions of the last 
paragraph would be desirable. One would want a sort of "dual 
object”—a topological space G^, the points of which would be classes!* 


16 Given two factor representations U and V, it can be shown that either (a) no 
discrete direct summand of one is unitary equivalent to any discrete direct summand 
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of factor representations. One would then hope for a theorem setting ` 
up a one-to-one correspondence between unitary equivalence classes 
of representations of G on the one hand, and on the other systems 
consisting of a family of null sets in G^ and a function assigning one 
member of its class to each member of G~. The prognosis for such a 
theorem for general locally compact groups is not encouraging. The 
author has studied in some detail the representations of semi direct 
products of locally compact Abelian groups.” For a large subclass of ` 
these groups a complete analysis of the representations can be given, 
and there is little doubt that for members of this subclass suitable 
dual objects can be found. However, for semi direct products not in 
this subclass, irreducible representations and a fortiori factor repre- 
sentations exist in a bewildering profusion which so far has defied 
exhaustive analysis. Certainly it is difficult to imagine their being 
all included in any sort of well behaved dual object. On the other 
hand, there are a number of groups other than the compact and 
Abelian ones for which dual objects and corresponding decomposi- 
tion theorems are available. Gelfand and Neumark [15] have shown 
that this is the case for the group of all two-by-two complex matrices 
of determinant one. More generally, I. Kaplansky in an as yet un- 
published work has obtained such a theorem for any “completely 
continuously representable” or “CCR” group; that is, for any group 
G which has the following property: If f C. (G) and U is an irreduc- 
ible representation of G, then ff(x) U.dx is a completely continuous 
operator.!5 It can be shown that such groups admit only factor repre- 
sentations of type I, and I». It is not inconceivable that, conversely, 
every group all of whose factor representations are of type I is a 
CCR group. If so, Kaplansky's result may be regarded as solving the 
reducibility problem modulo the pathology of nontype I factors. 


12. .(*(G) and the Plancherel theorem for unimodular groups. In 
this section we shall deal throughout with locally compact groups 
which are not only separable but also are “unimodular” in the sense 


of the other or (b) given any discrete direct summand of U and any discrete direct 
summand of V one is unitary equivalent to a discrete direct summand of the other. 
When (b) holds we may say that U and V are quasi unitary equivalent. The relation 
of quasi unitary equivalence is an equivalence relation in the technical sense and 
divides factor representations into classes of mutually quasi unitary equivalent ele- 
ments, 

11 If G admits a closed normal subgroup Gi and a second closed subgroup Gi 
such that Gi 1G; e and G1Gs  G, then G is said to be a semi direct product of G1 and 
G3. 

18 Tt is irrelevant whether left or right invariant Haar measure is used here. 
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that left and right Haar measures coincide. For such groups there is a 
single £2(G) which is the underlying space for both the right and left 
regular representations. The family F of closed subspaces invariant 
under both right and left translation coincides with the family of 
closed subspaces which simultaneously reduce the right and left 
regular representations. A recent result!? of Segal [71] analyzes the 
internal structure of this family in quite a satisfactory manner. This 
result (proved earlier by Murray and von Neumann [53] for discrete 
groups) asserts that the weakly closed self-adjoint operator rings 
R, and R, generated by the unitary operators in the left and right 
regular representations respectively are commutators of one another; 
that is, ACR, if and only if it commutes with all members of R, 
and vice versa. It implies in particular that the projections on the 
members of F are precisely the projections in the common center of 
R, and R;. Thus the projections on the members of 7 not only com- 
mute with one another, but form a ¢-Boolean algebra of projections. 
More than this is true. The Segal result also implies that this Bool- 
ean algebra is identical with the one which defines the decompo- 
sition of the right (left) regular representation into factor com- 
ponents. Let S be a measure space of factor representations effecting 
this decomposition. It follows that the closed two-sided invariant 
subspaces of £3(G) are in one-to-one inclusion preserving correspond- 
ence with the measurable sets mod null sets of S. Thus a theorem on 
the structure of the family of two-sided invariant closed subspaces of 
£3(G) is available which is quite analogous to that which has already 
been discussed for compact and Abelian groups. 

A more difficult problem is that of discussing the decomposition of ^ 
individual functions in L(G); that is, proving a generalization of the 
Plancherel theorem. For compact groups, it will be recalled, the basic 
fact is that f|f(x)|*dx — 97. da Trace (U? (U?)*) where f .(3(G), da 
is the dimension of the irreducible representation indexed by a, and 
U; = f'U.-f(x)dx. In the general case it is natural to deal with factor 
representations and to replace the trace by the Murray-von Neumann 
relative trace.?? In short, one is led to make the following conjecture. 
Let S be a measure space effecting the decomposition of the right 
regular representation of G into factor components. Then it is pos- 
sible to choose a particular relative trace function Tr in the factor 
associated with each point y of S and a particular measure u among 


19 Godement implicitly announces this result in a footnote in [28]. 

2 For suitably restricted operators in any factor there is defined [57] a linear 
functional which has the formal properties of a trace. This function is unique up to 
multiplication by a positive real number. 
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those with the given null sets in S in such a way that for all fE.C? 
(G) VG) the formula 


f ien bas = f 0 chai) 


is valid. Such a formula has been established by F. I. Mautner [49] 
for discrete groups, by I. Kaplansky (unpublished) for CCR groups, 
by Gelfand and Neumark [15; 18] for the group of all nXn complex 
matrices of determinant one, and by R. Godement [24; 25] for cen- 
tral?! groups.* Very recently I. E. Segal [72] has been able to take 
care of the general case. 

For a really thorough going generalization of the Plancherel 
theorem one would demand a little more; namely (a) an “onto” 
theorem asserting that the mapping f— Uy; can be extended by con- 
tinuity so as to map /?(G) onto all functions y—4, from S to oper- 
ators in the relevant factors which are measurable in a suitable sense 
and such that f Tr [(4,(4,)*]d(y) < e, (b) an a priori dual object; 
that is, a topological space of factor representations given in advance 
and while not capable necessarily of decomposing arbitrary repre- 
sentations, at least adequate for decomposing the right regular rep- 
resentation, (c) some sort of a generalization of Haar measure for 
the measure p; that is, a theorem asserting that u can be chosen to 
have some invariance property with respect to Kronecker products 
of representations in the dual object and is uniquely defined by this 
property. The a priori dual object is at present available for central 
groups, CCR groups, and the group of all 2 <n complex matrices of 
determinant one. There is an onto theorem for the two-by-two case 
of the latter group. So far as the author is aware the invariant meas- 
ure question has not been discussed for any non Abelian groups. 

Just as for compact and Abelian groups, the Plancherel formula 
is connected with an expansion formula.” For suitably restricted f in 


L(G) 
f(a) = f Tr(U* U*)du(y) 


for all x in G. This formula expresses f as an integral with respect to 
y of a family of functions, the “yth” of which is a limit of finite linear 


2 Some of the statements in [24] are incorrect but have been corrected in a letter 
to I. Kaplansky. Presumably a corrected version of [24] will be published in due 
course, 

* A central group is one whose group of inner autmorphiams has a compact closure 


in the suitably topologized group of all automorphisms. This notion is due to Gode- 
ment. 


= Cf. Lewitan [40]. 
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combinations of “matrix elements” of the “yth” factor representation. 
For Abelian groups the expansion formula not only sets up a one-to- 
one correspondence between functions in L?(G) and functions in 
£2(G~), but also sets up such a correspondence between the positive 
definite functions on G and the finite Borel measures on G. Spe- 
cifically the formula f(x) = f(x, y)g(y)dy where gC.(X(G) and g(y) 20 
for all y may be generalized by substituting a finite Borel measure « 
for g and writing f(x) — f(x, y)da(y). The theorem that this formula 
sets up a one-to-one correspondence between measures and positive 
definite functions was proved by Herglotz when G is the group of 
integers, by Bochner [5] when G is the real line, and by Weil [78] 
and Raikov [64; 65] for locally compact Abelian groups in general. 
The reader will find the close connection between this theorem and the 
Plancherel theorem discussed from various points of view in these 
papers and in a recent work of Cartan and Godement [7]. The 
paper of Cartan and Godement presents an elegant and concise ex- 
position of a large part of the theory of locally compact Abelian 
groups starting with a simple derivation of the generalized Herglotz- 
Bochner theorem from the Krein-Milman theorem. 

Because of the connection between positive definite functions and 
representations one can expect a close connection between expansion 
theorems for positive definite functions and decomposition theorems 
for unitary representations. For locally compact Abelian groups, for 
example, it is easy to deduce the Ambrose-Godement-Neumark gen- 
eralization of Stone's theorem from the generalized Bochner-Herglotz 
theorem and vice versa. For non Abelian groups, on the other hand, 
the lack of a satisfactory dual object for decomposing general repre- 
sentations is reflected in the lack of a satisfactory generalization of 
the Bochner-Herglotz theorem. One can, however, guess at the form 
such a theorem would take; namely: If G is a group with a dual ob- 
ject S and f is a continuous positive definite function on G, then there 
exists a measure a on S and a function A(y—4,) from S to positive 
definite operators such that A, lies in a factor associated with y and 
f(x) =f Tr(UZA,)du(y) where Uv (x—UT) is the corresponding fac- 
tor representation. 


13. One-sided invariant subspaces. Very little has been done 
toward studying the one-sided invariant subspaces of /1(G). Possibly 
the generalized direct sum theory can be applied to prove that each 
right invariant closed subspace of ?(G) is defined by a suitably de- 
fined “measurable family” of right invariant closed subspaces—one 
at each point of the measure space effecting the decomposition of the 
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right regular representation into factor components. If so, one is re- 
duced to studying the right invariant subspaces in a Hilbert space 
under the action of a ring of operators which is a factor. The structure 
of such a family of subspaces is clear when the factor is of type I, or 
I». It is then order isomorphic to the family of all closed subspaces of 
a Hilbert space. For factors of other types it is not understood at all. 
W. Ambrose [2] has inaugurated a program which may throw some 
light on the situation. He proposes to regard £?(G) as an “algebra” 
witb a partially defined multiplication and to study its structure from 
the point of view of the Wedderburn theory. The left and right 
"ideals" in this algebra are the left and right closed invariant sub- 
spaces of .(?(G). 


14. ¢\(G) and other group algebras. There is also little that can be 
said about the ideal theory of .(1(G) when G is neither compact 
nor Abelian. Such results as are available are primarily of a negative 
character. The representations of £'(G) by bounded operators in 
Hilbert space, for example, are only loosely related to the ideal theory 
of L(G). Many non unitary equivalent such representations may 
have a common kernel ideal. Moreover it is possible for an irreducible 
representation to have a kernel ideal which is not maximal—there 
is an example in which such an ideal is the null ideal and at the same : 
time an intersection of maximal ideals with finite-dimensional quo- 
tients. Perhaps the most significant positive result is that of I. E. 
Segal [69] asserting that in general the zero ideal is an intersection 
of closed primitive ideals. 

There are other ways, however, of generalizing the classical notion 
of group algebra and some of these lead to objects with a somewhat 
more tractable structure theory. I. E. Segal [70], for example, starts 
with the ring of all bounded linear operators in (?(G) defined by con- 
volution on the left with members of L(G) and proceeds to its uni- 
form closure. A closely related algebra has been considered by Gelfand 
and Neumark [19]. Both of these algebras are isomorphic to uni- 
formly closed algebras of operators in Hilbert space and such alge- 
bras (called C* algebras) have given rise to a rapidly growing litera- 
ture. The connection between a group and its attached C* algebra is 
close enough so that many results about the one can be interpreted 
as results about the other, and vice versa, and in some cases the 
approach via the algebra has certain advantages. In particular the 
results of Kaplansky on CCR groups have been obtained in this way. 


15. The determination of representations. In understanding the 
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phenomena which arise in generalizing the Plancherel theorem, as 
well as for various other reasons, it is useful to have a more or less 
complete analysis of the irreducible and factor representations of 
particular groups which are neither compact nor Abelian. Such an 
analysis has been carried out by Bargmann [3] for the three- and 
four-dimensional Lorentz groups* and by Gelfand and Neumark 
[13; 14; 15; 16; 17] for the group of n X» complex matrices of de- 
terminant one% and the group of affine transformations of the line 
[12]. The author, as has already been indicated, has studied the 
representations of semi direct products of Abelian groups. The com- 
plete analysis which is possible in certain cases has led to a theorem 
[47] about “imprimitive” representations of arbitrary separable 
locally compact groups which promises to be useful in studying rep- 
resentations in general. In particular it turns out that every decom- 
position of the regular representation of a subgroup G of a separable 
locally compact group G as a generalized direct sum defines in a nat- 
ural way a similar decomposition of the regular representation of G. 
This phenomenon when G is Abelian has been discussed by Gode- 
ment [28]. 
APPENDIX 


(Added June 1950.) Since this article was written a number of 
further developments in the theory it describes have come to our 
attention. We sketch some of these below. 

(1) Godement [30; 31; 32; 33] has extended his theory of central 
groups to the more extensive family of groups of finite class. The 
definition of this notion is such that a group is of finite class if and 
only if every neighborhood of the identity admits a subneighborhood 
which is invariant under inner automorphisms. All discrete, compact, 
and locally compact Abelian groups are of finite class. Via a theory 
of “characters” for these groups Godement obtains a Plancherel 
theorem for them based on a topological a priori dual object. His 
work is closely related to and in part dependent on tbat of J. Dix- 
mier [8] on rings of finite class. 

(2) Ina continuation of [49] Mautner has obtained independently 
of Segal a proof of the ^weak" form of the general Plancherel theorem 
($12, paragraph 2 of this paper). Mautner's proof leans heavily on 
von Neumann's theory of weight functions for operator rings. Among 
other results in Mautner's paper is the theorem that if a factor repre- 


™ Cf. also Harish-Chandra [35]. 
% The quotient of the 2X2 group by its center is the four-dimensonal Lorentz 


group. 
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sentation is not of type I, then any decomposition into irreducible 
parts has noncountably many components no two of which are 
unitary equivalent. 

(3) Via a notion of dual semi-groups in a group G and its “real 
character group” G the author has found a natural way of extending 
portions of the classical theory of the one-sided Laplace transform 
and of power series in a manner paralleling the generalization of the 
“two-sided” theory described in §8. In particular one can prove a 
theorem about “completely monotonic” functions in semi-groups 
which generalizes the solution of the Hausdorff moment problem 
and the Hausdorff-Bernstein-Widder theorem on completely mono- 
tonic functions. The proof makes use of the Krein-Milman theorem 
in much the same way that Cartan and Godement used it to prove 
the Plancherel theorem. 
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SELF-DUAL CONFIGURATIONS AND REGULAR GRAPHS 
H. S. M. COXETER 


1. Introduction. A configuration (Me, na) is a set of m points and 
^n lines in a plane, with d of the points on each line and c of the lines 

through each point; thus cm=dn. Those permutations which pre- 
serve incidences form a group, “the group of the configuration.” If 
m n, and consequently c=d, the group may include not only sym- 
metries which permute the points among themselves but also rect- 
procities which interchange points and lines in accordance with the 
principle of duality. The configuration is then “self-dual,” and its 
symbol (na, na) is conveniently abbreviated to na. We shall use the 
same symbol for the analogous concept of a configuration in three 
dimensions, consisting of n points lying by d's in n planes, d through 
each point. 

With any configuration we can associate a diagram called the 
Menger graph (13, p. 28],! in which the points are represented by 
dots or “nodes,” two of which are joined by an arc or “branch” when- 
ever the corresponding two points are on a line of the configuration. 
Unfortunately, however, it often happens that two different con- 
figurations have the same Menger graph. The present address is 
concerned with another kind of diagram, which represents the con- 
figuration uniquely. In this Levi graph [32, p. 5], we represent the 
points and lines (or planes) of the configuration by dots of two 
colors, say “red nodes” and “blue nodes,” with the rule that two 
nodes differently colored are joined whenever the corresponding elements 
of the configuration are incident. (Two nodes of the same color are 
never joined.) Thus the Levi graph for (m,, na) has m red nodes and 
n blue nodes, with each red node joined to c blue nodes and each 
blue node joined to d red nodes, so that there are cm — dn branches 
altogether. 

As simple instances in two dimensions we have the triangle 3, 
whose Levi graph is a hexagon with red and blue vertices occurring 


An address delivered before the Ann Arbor meeting of the Society on April 16, 
1948, by invitation of the Committee to Select Hour Speakers for Western Sectional 
Meetings; received by the editors January 5, 1949 and, in revised form, November 13, 
1949. 

1 I take this opportunity to correct an error on the third line of page 31 of [13]: 
The words "the direct product... namely" should be deleted. This was kindly 
pointed out by Robert Frucht, whom I would also thank for his constructive criticism 
of the present address in manuscript. Numbers in brackets refer to the bibliography at 
the end of the paper. 
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alternately; and the complete quadrangle (4s 6:), whose Levi 
graph may be regarded as a tetrahedron with a red node at each ver- 
tex and a blue node at the midpoint of each edge. 





Fic. 1. The cube ys. Fi. 2. The regular map (6, 3 }s,o. 


As instances in three dimensions we have the tetrahedron 4, 
whose Levi graph (Fig. 1 or 3) consists of the vertices and edges of a 
cube (with the vertices colored alternately red and blue); and 
Móbius's configuration 84, whose Levi graph (Fig. 5) consists of the 
vertices and edges of a four-dimensional hypercube y4 [12, p. 123], 
as we shall see in $10. This 8, may be regarded as a pair of tetrahedra 
80 placed that each vertex of either lies in a face-plane of the other. 


13224 
Fic. 3. A distorted cube. Fic. 4. 4/2. 


The symbols at the vertices in Figs. 1 and 5 represent Cartesian 
coordinates in the following manner: 0 is the origin, and every other 
symbol indicates which of the three or four coordinates have the 
value 1, while the rest are zero. Thus two vertices are joined by an 
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edge whenever their symbols are derived from each other by inserting 
or removing a single digit. (Here 0 does not count as a digit, but 
rather as the absence of digits.) À vertex is red or blue according as 
its symbol contains an even or odd number of digits (thus 0 is red). 
The group of symmetries and reciprocities of Móbius's configuration 
is of order 41 24= 384; for it is isomorphic with the symmetry group 
of the hypercube, and this consists of the permutations of the digits 
1, 2, 3, 4, combined with reflections Ry, Re, Rs, Ry which act on the 
symbols as follows: R, adds a digit ? whenever that digit is not yet 
present, and removes 4 whenever it is present; for example, Rs trans- 
forms the square 0 1 13 3 into the same square with its vertices named 
in the reverse order. 





x 


1234 234 24 124 124 


Fic. 5. The hypercube y4. Fig. 6. The regular maps (4, 4].« 
and {4, Alas 





It is possible (in three ways) to select 16 of the 24 square faces of 
the hypercube so as to form the regular skew polyhedron {4, 4|4} 
[11, p. 43]. Topologically, this is a regular map on a torus, as in 
Fig. 6 (with peripheral elements identified as marked). Fig. 4 is 
named ‘y,/2 because it can be derived from the hypercube y4 by 
identifying opposite elements, as in the passage from spherical to 
elliptic space. When applied to Fig. 6, this identification yields a map 
of eight (instead of sixteen) squares on a torus, given by identifying 
opposite sides of the square drawn in broken lines. Comparing Fig. 4 
with Fig. 3, we see that this graph of 8 nodes and 16 branches may 
be regarded as a cube with opposite vertices joined, though its group 
(of order 2-41 — 1152) is much larger than that of the cube itself. 
It is the Levi graph for a rather trivial configuration consisting of 
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four points on a line and four planes through the same line. 

Fig. 2 shows that the Levi graph for the tetrahedron (Fig. 1) 
forms another regular map on a torus: it decomposes the surface into 
four hexagons [13, p. 25]. If we look for these hexagons (such as 
0 1 12 123 23 3) in the original cube, we find that they: are Petrie 
polygons: regular skew polygons whose various pairs of adjacent 
sides belong to different faces. Conversely, the map has its own Petrie 
polygons (such as 0 1 13 3), which are the faces of the cube. 

This investigation is justified by the general principle that inter- 
esting configurations are represented by interesting graphs. In prac- 
tice, either subject is liable to throw light on the other. A known 
property of Kummer's configuration 16, led to the discovery of a new 
regular skew polyhedron in six dimensions, as we shall see in $13. 
On the other hand, a certain graph, described long ago by an elec- 
trical engineer, was found to represent a highly symmetrical con- 
figuration 12; in the real projective plane ($8). 


2. Regular graphs. To be precise, a graph is a collection of No ob- 
jects called nodes, Ni pairs of which satisfy a certain symmetric rela- 
tion. Such a pair of nodes is called a branch (or rather, the two nodes 
are said to be joined by a branch). Since we shall never allow two 
branches to join the same two nodes, it is convenient to regard the 
No nodes as points and the N, branches as line-segments joining 
pairs of the points. If the number of branches at a node is the same 
for all nodes, say d, the graph is said to be of degree d, and we see that 


2Ni = dNo. 


An ordered sequence of s distinct branches, consecutively adjacent 
(forming a continuous path from one node to another in a defnite 
direction) is called an s-arc; for example, the 1-arcs are the 2N, di- 
rected branches. A graph is said to be connected if every two nodes 
are joined by some s-arc. We shall be concerned solely with connected 
graphs. A closed sequence of m distinct branches, consecutively ad- 
jacent (forming a continuous path from a node to itself in m steps, 
m> 2) is called an m-ctrcust. The smallest value of m for which an 
m-circuit occurs is called the girth of the graph; for example, the graph 
of vertices and edges of the cube has degree 3 and girth 4. It is often 
possible to find an No-circuit that includes all the nodes of the graph 
(and Np of the N; branches); this is called a Hamiltonian circuit [12, 
p. 8], and enables us to draw the graph as an No-gon with N;— Ne 
diagonals inserted. (See Figs. 3, 4, 9, 12, 15, 18, 22, 23.) 

A graph of degree d evidently has d—1 times as many s-arcs as 
(s— 1)-arcs, provided 1<s<m. Thus the number of s-arcs is 
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(d — 1)2N, = (d — 1)4N, (4 «s «€ m). 


Those permutations of the nodes which leave them joined as before 
form a group, "the group of the graph." A graph is said to be s-regu- 
lar if its s-arcs are all alike while its (s+-1)-arcs are not all alike, that 
is, if the group is transitive on the s-arcs but not on the (s+1)- 
arcs. Thus the cube is 2-regular (not 3-regular, since a 3-arc may be- 
long either to a face or to a Petrie polygon). For an s-regular graph 
of degree 3, the two ways in which a given s-arc may be extended to 
an (s+1)-arc are essentially different; so the subgroup leaving the 
s-arc invariant is of order 1, and the order of the whole group is 
equal to the number of s-arcs, namely 


2*N,. 


But when d 73, the final branch of an (s-++1)-arc may sometimes be 
chosen in several equivalent ways; so we can only say that the order 
is divisible by (d —1)72N,. 

The above definitions differ only very slightly from those proposed 
by Tutte [47], who proved that, for every s-regular graph of girth m, 


s E m/2 +1. 
He called the graph an m-cage in the case of maximum regularity 
s = [m/2 + 1]. 


Restricting consideration to the case when d —3, he found a cage for 
each value of m up to 8, except 7, and proved that there are no other 
cages (of degree 3). 

The 3-cage is the complete graph with four nodes, that is, the graph 
of vertices and edges of a tetrahedron. The 4-cage is the Thomsen 
graph, which has six nodes 1, 2, 3, 4, 5, 6, and nine branches £j, where 
iis even and j odd [22, p. 403; 5, p. 35]. The 5-cage is the Petersen 
graph, whose ten nodes may be denoted by the unordered pairs of 
digits 1, 2, 3, 4, 5, with the rule that two nodes are joined whenever 
their symbols have no common digit [28, p. 194]. The 6-cage and 
8-cage are more complicated graphs which we shall describe in 
$84 and 9. 

The Petersen graph may conveniently be drawn as a large penta- 
gon surrounding a small pentagram, with corresponding vertices 
joined [19, p. 222]. Accordingly, let us denote it by 


ts} + £3 
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and try to generalize this procedure. The symbol {n} + {n/d} will 
denote an n-gon AoA; >- - An and a star n-gon BoBaBuaBu >>>, 
with A,B; joined. The star polygon [n/d] exists whenever n/d is a 
fraction in its lowest terms with 2» 2d [12, p. 93]. Thus the number 
of different kinds of n-gon is ¢(m)/2, and the values of n for which 
there is just one star n-gon are given by 


(n) = 4, 


namely n=5, 8, 10, 12. On examining Figs. 11, 17, and 21, we find 
that {8}+{8/3} and [12]--[12/5] are 2-reguler, while {10} 
-- [10/3] is 3-regular. The last is the 3-regular graph described by 
Tutte [47, p. 460]. But all three of these graphs were described 
earlier by Foster [18, p. 315]. 

The regularity of such a graph is easily computed by writing the 
mark 0 at one node, 1 at each adjacent node, 2 at any further nodes 
adjacent to these, and so on. Then all the s-arcs emanating from the 
initial node are marked 012 - - - s. 

The complete graph with n+1 nodes is evidently 2-regular. This 
graph, whose group is symmetric, may be described as the graph of 
vertices and edges of an #-dimensional simplex. More generally, the 
graph of vertices and edges of an n-dimensional regular polytope 
(n> 2) is 2-regular whenever the vertex figure is a simplex [12, p. 128] 
but only 1-regular otherwise. However, the regularity is occasionally 
increased by identifying opposite vertices so as to obtain a regular 
“honeycomb” covering elliptic (#—1)-space. The case of the four- 
dimensional hypercube y4, has already been mentioned. The other 
instance is the dodecahedron, which reduces to the Petersen graph 
[30, p. 69; 12, p. 51, Fig. 3.6E with ij —j:]. 

We saw in $1 how every configuration can be represented in a 
unique manner by a *Levi graph." Clearly, the configuration and 
graph are isomorphic: the group of the configuration (including 
reciprocities as well as symmetries) is the same as the group of the 
graph. In particular, if a configuration ns has an s-regular Levi graph 
(s 1), the order of tts group ts 


2*N, = 2'3n. 


3. Regular maps. It was proved by Petersen [38, p. 420] that 
every graph can be embedded into a surface so as to cover the surface 
with a map of N: non-overlapping simply-connected regions (poly- 
gons) whose boundaries consist of the W, branches and No nodes of 
the graph. Since a polyhedron is such a map, it is natural to call 
the regions faces, the branches edges, and the nodes vertices. The em. 
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bedding is by no means unique, but there must be at least one for 
which the characteristic 


—N-N-N 


in minimum. When the minimum characteristic is —2, the graph is 
said to be planar, since it can be embedded into the ordinary plane 
or sphere. The simplest graphs of characteristic —1 are the Thomsen 
graph and the complete 5-point (or four-dimensional simplex). The 
corresponding maps are derived from the hexagonal prism and 
pentagonal antiprism by identifying antipodal elements. A famous 
theorem of Kuratowski, elegantly proved by Whitney [50], states 
that a necessary and sufficient condition for a graph to be planar is 
that it have no part homeomorphic to either of these two special 
graphs. (In the case of a graph of degree 3, only the Thomsen graph 
needs to be mentioned.) 

Those permutations of the elements of a map which preserve the 
incidences form a group g, “the group of the map.” It is interesting 
to compare this with ©, the group of the graph formed by the 
vertices and edges alone. Clearly, g is a subgroup of G, and any opera- 
tion of © not belonging to g yields another map of the same kind in 
which the same vertices and edges are differently distributed into 
faces. Hence the graph can be embedded into the same kind of sur- 
face in a number of ways equal to the index of g in ©. In particular, 
if g is the whole of ©, the embedding is unique. 

A map is said to be regular if its group includes the cyclic permuta- 
tion of the edges belonging to any one face and also the cyclic per- 
mutation of the edges that meet at any one vertex of this face [7]. 
Thus the group must be transitive on the vertices, and on the edges, 
and on the faces. Such a map is “of type (5, q]" if p edges belong 
to a face, and q to a vertex. The dual map, whose edges cross those 
of the original map, is then of type fq, b}. 

The above cyclic permutations or “rotations,” R and S, satisfy 
the relations 


R? = Se = (RS)? = 1, 


and generate a group of order 4N;/e, where e=2 or 1 according as 
the surface is orientable or unorientable (“two-sided” or “one-sided”) 
[8, p. 408]. When e=1 this is the whole group of the map, but when 
€—2 it may be either the whole group or a subgroup of index 2. The 
latter case arises when the map is symmetrical by reflection as well 
as by rotation, that is, when there is an operation that interchanges 
two adjacent faces without altering their common vertices. 
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The Peirie polygon of a regular map is an A-circuit of edges, such 
that every two consecutive edges, but no three, belong to a face 
[12, pp. 24, 61, 90, 108]. A particular specimen of this polygon is 
determined by any two adjacent sides of any face; therefore the vari- 
ous specimens are all alike, and we are justified in speaking of the Petrie 
polygon of the map. The number k is easily seen to be e times the 
period of the “translation” R'!S* [13, Fig. xi]. Since every edge belongs 
to two such circuits, the Petrie polygons themselves form a regular 
map of type fh, q} having the same N, edges, the same No vertices, 
and the same group, though covering a different surface. The rela- 
tion between the two maps is evidently symmetric: the faces of 
either are the Petrie polygons of the other. (See Figs. 1 and 2.) 

Every map of type { p. q} can be derived by making suitable 
identifications in a simple-connected “universal covering map” [46, 
p. 8] which we call simply “the map Íp, q}.” This is, in general, 
infinite, and we naturally think of it as covering the Euclidean or 
hyperbolic plane [43, p. 162]. In fact, since the Euler-Poincaré char- 
acteristic - 


2 2 
=-m+Mm-Mm=(1-4-Ż)m 
?$ 4g 


N 
= [6 —26-2-4— 
PY 


cannot be negative unless (p—2)(q—2) <4, the only finite universal 
regular maps (K = —2) are 


{22}, {2}, {33}, {43}, {3.4}, {5,3}, 155). 


The first of these is the partition of the sphere into two hemispheres 
by a p-gon along the equator; and the corresponding graph is merely 
the p-gon, { p } . The second, being the partition of the sphere into p 
lunes by meridians, is irrelevant to our discussion, as we are not 
interested in graphs having two nodes joined by more than one 
branch. (However, Tutte includes {2, 3} in his treatment [47], 
calling it the 2-cage.) 

The remaining spherical {p, q]'s are the five Platonic solids, for 
which 


Ni-2p|4— (—2(q—2], h= 4Ni+ 198-1 


[12, pp. 5, 13, 19]. Of these, all save the tetrahedron {3, 3} have 
pairs of antipodal elements [12, p. 91]. Identifying such pairs, we 
obtain the four regular maps in the elliptic plane (K = — 1): 
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{4,3}/2,  {3,4}/2,  {5,3}/2,  {3, 5}/2. 


When regarded as graphs, the first is the complete 4-point, like 
{3, 3 } ; the second is merely a triangle with repeated sides; the third 
is the Petersen graph, as we saw in §2; and the fourth is the complete 
6-point (or five-dimensional simplex). 

Regular maps on the torus (K=0) are more interesting [13]. 
There is a map {4, 4). for any non-negative integers b and c (with 
b2c to avoid repetition). This is derived from the ordinary plane 
tessellation (4, 4], whose vertices have integral Cartesian co- 
ordinates, by identifying all points of the lattice generated by the 
vectors (b, c) and (—c, b). Similarly, (3, 6], is derived from the 
infinite triangular tessellation (3, 6], whose vertices have integral 
coordinates referred to oblique axes inclined at 7/3, by identifying 
all points of the lattice generated by the vectors (b, c) and ( —c, b+c). 
Thus {4, 4), has b*--c? vertices, while (3, 6). has 5*4-bc-4- c. 
Finally {6, 3 } ə. 1s the dual of {3, 6} b,c, and has 2(b?-+-dc-+-c’) vertices. 
These maps are symmetrical by reflection whenever 5—c or bc =0 
(as in Figs. 2, 6, 14, 20), but only by rotation in other cases (for 
example, Fig. 8). 

It often happens that the map of minimum characteristic for a 
given graph is not regular, although a regular map is obtained by 
allowing a higher characteristic. For instance, the Thomsen graph 
and the complete 5-point, which form irregular maps on the elliptic 
plane, form regular maps on the torus, namely 


{6,3}11 and f4, 4]; 


[13, Figs. iv and ii]. 

Regarded as a graph, (4, 4},,, is 1-regular if b+c>4, since there 
are two obviously different types of 2-arc, one of which belongs to a 
4-circuit while the other does not. For the same reason, (4, Atao is 
1-regular. But the straight 2-arc does belong to a 4-circuit if b+c =4; 
so it is not surprising to find that (4, 4] 4; and {4,4 ] aa are 2-regular, 
while (4, 4]35 is 3-regular (Fig. 6). Also (4, Alan being the complete 
5-point, is 2-regular. The girth of {4, 4}. is 4 if b+c>3, but only 
3 if b+c=3. 

All the graphs {3, 6h. are 1-regular, of girth 3 and degree 6. But 
there are infinitely many 2-regular graphs of degree 3. In fact, l6, 3 } b,c 
is 2-regular whenever b+c>3; but {6, 3h is 4regular (Fig. 8), 
while i6, 3h and 16, 3] are 3-regular (Fig. 14). The girth of 
(6, 3). is 6 if b--c» 2, but only 4 if b+c=2 (as in Fig. 2 or the 
'Thomsen graph). 
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When b and c are coprime, we obtain a Hamiltonian circuit for 
(4, 4). by taking a *straight path" along the edges [13, p. 27]. 
When this circuit is drawn as a regular polygon (5*4-c!], the'remain- 
ing branches of the graph form a star polygon 


inel 

bb’ + cc 

having the same 6?+? vertices. Here b’ and c’ are given by the con- 
gruence 


bc — ch’ = + I (mod b? + c?) 


with whichever sign makes bb’+cc’<(b?+c)/2. In particular, 
{4, 4}, can be drawn as a {b?+1} with its inscribed ((b14-1)/0] 
(given by 5'—1, c' 20). 

Foster has drawn a pentagram {5} with its inscribed pentagram 
{5/2}, and a decagon {10} with its inscribed decagram { 10/3}, as 
instances of “symmetrical geometrical circuits” [18, p. 316, Fig. 10]. 
These 2-regular graphs are now seen to be {4, Atan and {4, 415. 

Similarly, the graph (3, 61. can be drawn, when 5 and c are co- 
prime, as a {b bcte} with two inscribed star polygons of different 
densities. 

The Petrie polygon of {4, Alae is an A-circuit, where À is twice 
the period of R?S* in the group 


R4 = Si = (RS)! = (RS)(R-1S)* = 1 


[13, p. 25]. Since (RS~)*(R“S)'=(RS-R-S)? = (R#S*)’, we have 
h = 2b if b=c; but whenever bc, 


h = 2(b? + c)/(b, c). 


(The denominator is the greatest common divisor.) Similarly, for 
{3, 6}s,. or (6, 3}4,., h is twice the period of R?S* in 


R? = St = (RS)? = (RS) (R-182» = 1, 


namely 


h = 2(6? + bc + c)/(b, e) 


for all values of b and c [8, p. 418]. In particular, when (b, c) =1, 
4, 4}4,.and (3, 6}», have the peculiarity that the number of sides 
of the Petrie polygon is twice the number of vertices of the whole 
map, which means that the Petrie polygon is stmgular (as Petrie 
himself noticed in 1931); for example, the Petrie polygon of {4, Ahan 
is a singular decagon such as 0213243041 [13, Fig. i]. 
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The Petrie polygon of (6, 3}s, has the same number of sides as 
that of the dual (3, 6}5,., but is never singular. In fact, since {6, 3]. 
has 2(b*--bc--c!?) vertices, its Petrie polygon is Hamiltonian when 
(b, c)=1. In this case the graph can be drawn as a regular 
2(b*-+-be+c*)-gon with certain pairs of vertices joined; for example, 
the Thomsen graph {6, 3 } 11 can be drawn asa hexagon with opposite 
vertices joined, and {6, 3}: can be drawn as in Fig. 9. 

On the other hand, {4, 4 lasc and f3, 6}a,o have Hamiltonian Petrie 
polygons when (b, c) =2, except in the single case of {4, 4] 5 (Fig. 6). 
The “red” vertices of Fig. 20 (that is, those marked with capital 
letters) form a (3,6 } 2,2 whose Petrie polygons are dodecagons such as 


AVBICAA BICI A BCA Bs. 


Thus the graph of vertices and edges of (3. 615 can be drawn as a 
dodecagon {12}, a dodecagram {12/5}, and a pair of hexagons, all 
having the same twelve vertices. (This is the Menger graph for Fig. 
19.) 

'The three maps (4, Ahas f6, 3 bao and {6, 3ha have h — f; so it is 
not surprising to find that in each case the derived map formed by 
the Petrie polygons is isomorphic to the original map. For instance, 
the Thomsen graph forms a map (6, 3]13 having faces 


123456, 143652, 163254 
and Petrie polygons 


123654, 143256, 163452, 
or vice versa. 
Two regular maps of positive characteristic will be considered in 
$85 and 7. 
t 


3 
Fic. 7. Fano's 7;. 


4. Fano’s 7;. The regular map (6, 3] first arose in the work of 
Heawood on generalizations of the four-color problem [21, p. 333]. 
Since it consists of seven hexagons, each contiguous to all the others, 


1 
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it demonstrates the fact that as many as seven colors may be needed 
for coloring a map on a torus. But Heawood proved also that seven 
colors will suffice for every map on a torus; so the “seven-color prob- 
lem? was completely solved. 





4 
Fig. 8. The regular map (6, 3}2:. Fic. 9. Another view of the 6-cage. 


Let alternate vertices of {6, 3] be numbered 1, 2, 3, 4, 5, 6, 7, 
as in Fig. 8. Each of the remaining seven vertices is then determined 
by the three to which it is joined; so we have a system of seven 
triples 


124, 235, 346, 457, 561, 672, 713, 


derived from one another by cyclic permutation of the digits. If the 
two types of vertices are the red and blue nodes of a Levi graph, 
representing the points and lines of a configuration 7, the seven 
triples show which sets of points are collinear. Every three collinear 
points are the diagonal points of the complete quadrangle formed by 
the remaining four points. This state of affairs is indicated in Fig. 7, 
where the circle is to be regarded as a seventh line. Its impossibility 
in the usual systems of geometry is often taken as an axiom [17, p. 
115; 49, p. 45]. 

But such a configuration occurs in many finite geometries; for 
example, in PG(2, 2) where it is the whole plane [17, p. 114; 49, p. 
202]. This means that each point has three coordinates (not all zero) 
belonging to the field of residue-classes modulo 2, namely 0 and 1 
with the rule 

1+1=0, 


and three points are collinear whenever their coordinates in each 
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position have sum zero. Such a coordinate symbol may be regarded 
as a mark in the Galois field GF[2*], and the simple rule is that 
three points are collinear whenever their marks have sum zero. Let 
the modulus of the Galois field be the irreducible cubic 


M+A+ 1 
or 1011. Then the successive powers of the primitive root A or 10 are 
À = 010, X? = 100, 3? = 011, M = 110, A5 = 111, AS = 101, A? = 001. 


These are the proper coordinate symbols for the points previously 
named 1, 2, 3, 4, 5, 6, 7; and the rule for collinearity is a consequence 
of the identity Ar(1-4-A 4-3) =0. 

The Levi graph for PG(2, 2) may be drawn as in Fig. 9 by placing 
the numbers 1, 2, - -+ , 7 at alternate vertices of a regular 14-gon, 
joining the vertex between 1 and 2 to 4, that between 2 and 3 to 5, 
and so on. The peripheral 14-gon appears in {6, 3] as a Petrie 
polygon, which is Hamiltonian since 2 and 1 are coprime. 

The blue node 124 belongs to six 2-arcs (as defined in $2): two 
through each of the red nodes 1, 2, 4. The only nodes not used up in 
this manner are the four red nodes 3, 5,6, 7. This remark suggests a 
third construction for the graph. Regard these four red nodes as 
forming a tetrahedron. Take a blue node on each of the six edges; 
for example, a blue node £37 on the edge 37. Join the two blue nodes 
on each pair of opposite edges, and take a red node on each join; for 
example, a red node 1 on the join of 137 and 156. Finally, join these 
three red nodes 1, 2, 4 to a seventh blue node 124. 

The relation between the finite projective geometry and its Levi 
graph shows at once that the graph is a 6-cage (that is, 4-regular, of 
girth 6). For, each 6-circuit of the graph represents a triangle of the 
geometry, and each 4-arc represents a sequence 


point-line-point-line-point or Jine-point-line-point-line, 


consecutively incident. Since every such sequence is part of a tri- 
angle, all the 4-arcs are alike, and the graph is 4-regular. The group 
of the graph, being the group of collineations and correlations of 
PG(2, 2), is of order 336 with a simple subgroup of index 2. The 
order may also be computed by setting s=4 and 5 —7 in the expres- 
sion 2*3n at the end of $2. 

Most of these ideas can be generalized at once to PG(2, p*) for 
any prime-power f^. Singer [42, p. 378] observed that the 


Gap ptg 
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points in this finite plane may be so ordered that the sth point is 
represented by the mark A‘, where À is a primitive root of GF[p**] 
while A! is a primitive root of the subfield GF[p^] to which the co- 
ordinates of the points belong. The condition for three points 
Ae, A, X? to be collinear is 


aM + Br? -+ ya? = 0, 


where a, B, y belong to the GF[p"]; therefore multiplication by À 
represents a collineation. 

For the same reason as before, the Levi graph for this configura-. 
tion g,*,; is 4-regular, of grith 6; so we may call it a 6-cage of degree 
p"+1. Singer's cyclic rule provides a Hamiltonian circuit, enabling 
us to draw the graph asa { 2q} with certain diagonals inserted. 

Since there are o—2q nodes, the number of 4-arcs is 


(d — 1)*dN, = 2p**(p* + 1)q, 


whereas the order of the group of collineations and correlations of 
PG(2, p^) is known to be 


Impp — 1) (p* — 1) = In(pr — 1PM" + Da 


[48, p. 368]. Since a 4-arc represents the three sides and two vertices 
(or vice versa) of a triangle, it follows that the collineations leaving 
a triangle entirely invariant form a subgroup of order n{p*— 1)*. The 
factor 


(pr ~ 1) = g= 39" 


is simply the number of points not lying on any side of a given tri- 
angle, that is, the number of ways in which the triangle can be com- 
pleted into a quadrangle. This leaves just n for the order of the sub- 
group leaving a quadrangle entirely invariant, namely, the group of 
automorphisms of the Galois field, which is the cyclic group of order 
n generated by the transformation 


zx, 
Generalizing 7; in another direction, we construct a graph of # red 


and n blue nodes, such that the red nodes are numbered 0, 1, * - - , 
n—1 while the blue nodes are joined to the triples 


017r, 12r-4-1, --: (mod n) 


` with 2<r<n/2. This inequality ensures that no two triples shall 
contain more than one common member. The case 5 —8 (r=3) will 
be considered in $5. 
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When 5 —9 or 10, it is immaterial whether we take r=3 or 4; for . 
the transformation x—5x+4 changes the triple 013 (mod 9) into 401, 
while x—3x--1 changes 013 (mod 10) into 140. These systems form 
configurations 9; and 10, in the real projective plane: in the notation 
of Kantor [26; 27] they are the 9, of type (C) and the 10, of type (A). 
The Levi graphs can be drawn in a manner analogous to Figs. 9 and 
12. But these cases, where the graphs are not even 1-regular, seem less 
interesting than the configurations of Pappus and Desargues (Kan- 
tor's 93 of type (A) and 10, of type (B)) which we shall discuss in 
$86 and 7. 

: On the other hand, an infinite family of 2-regular graphs of this 

cyclic nature can be obtained by considering the maps {6, 3h 
where b and c are coprime. When the vertices of any map {6, 3}... 
are colored alternately red and blue, those of either color evidently 
form a map (3, 6} a,c (When the {6, 3h arises as the Levi graph 
for a configuration, the (3, 6 ] 5, is the corresponding Menger graph.) 
The two colors occur alternately along any Petrie polygon of the 
(6, 3 } b,c, and the red vertices of the Petrie polygon form a “straight 
path” in the red {3, 6} a,c. When 5 and c are coprime, the Petrie 
polygon of {6, 3). is Hamiltonian; so also is the straight path in 
(3, 6], as we remarked in $3. Assigning consecutive numbers to 
the vertices of this straight path, we obtain a triple system of the 
above kind with 


n=8?+be+ è 
[13, p. 27]. In terms of b’ and c’, given by the congruence 
bc’ — cb! = 1 (mod n), 


we find r — bb!--bc' 4- cc! or n+1— (bb! 4-bc' - cc), whichever is smaller. 
Thus, in the case of (6, 3] 4 we have simply 


a=8+6+1, 0 =b—-1,¢0=1,r=n+1- (04+1 =541; 
so the triples are 
0 1 5b-- 1, 125-42, +++ (mod b +b +1). 
5. The Mébius-Kantor 8;. The triple system 
0 13, 124, 235, ++: (mod 29) 


provides a combinatorial solution for Móbius's problem of finding a 
pair of simple p-gons, each inscribed in the other [36, p. 446]. In 
fact, the vertices of the p-gon 0 2 4 - - - would lie on the respective 
sides 13, 35, - - - of the p-gon 135 - - - , and the vertices of the latter 
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would lie on the sides 24, 46, - - - of the former. For a realization of 
this combinatorial scheme in the projective plane, Kantor considered 
an arbitrary p-gon 02 4 - - - and a tentative position for the point 
1 on the side 24. This determines further points on the remaining 
sides, connected by a chain of perspectivities 


18335. 


which leads eventually to a point 1’ on the original side 24. The 
problem is solved if this 1’ coincides with 1; so the given f-gon 
024--- provides two solutions whenever the projectivity 141’ is 
hyperbolic [26, pp. 916-917; 27, pp. 1291-1291]. Thus a solution is 
always possible in the complex plane, though not necessarily in the 
real plane. 

In the case of quadrangles (p —4), writing 8 instead of 0, we have 
the triple system 


124, 235, 346, 457, 568, 671, 782, 813 
and the perspectivities 

15333537510. 
Möbius proved that in this simplest case the projectivity 1 A1 is 
necessarily elliptic; hence the configuration 8; cannot be constructed 


in the real plane. However, in the complex plane, in terms of the cube 
roots of unity 


w = (—1--3U24)/2 and wt= (—1 — 31/%4)/2, 
the eight points may be taken to be 


1 (1, 0, 0), 2(00,1, 3(,~1,1), 4(—1,0, 1), 
5(—-1,0%,1), 6(1,0,0),  7(0, 1,0), 8 (0, —1, 1), 
so that the eight lines are their polars with respect to the conic 
a + yt = 33, 
namely 
782 [1, 0, 0], 671 [0,0,1], — 568[—«, 1, 1], 457 [1, 0, 1], 
346 [1, —w?, 1], 235 [1,,0], — 124 [0, 1,0], 813 [0, 1, 1]. 


The configuration 8; cannot constitute the whole of a finite geom- 
etry as 7, does; for the eight points occur in pairs of opposties (such 
as 1 and 5) which do not belong to lines, and the eight lines occur in 
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pairs of opposites (such as 124 and 568) which have no common 
point. Nevertheless, eight points and eight lines having the desired 
incidences can be found in some finite geometries such as PG(2, 3) 
or, more conveniently, EG(2, 3). This is the affine geometry in which 
the two coordinates of a point belong to the field of residue-classes 
modulo 3, namely 0, 1, 2 with the rules 


14+2=0, 2+2=1, 2X2=1, 


and three points are collinear whenever their coordinates in both 
positions have sum zero. Such a coordinate symbol may be regarded 


X Ly LU 
A 

i5 
X M A 


Fic. 10. The M&bius-Kantor 83. 


as a mark in the Galois field GF[3*], and the simple rule is that three 
points are collinear whenever their marks have sum zero.? Let the 
modulus of the Galois field be the irreducible quadratic 


MW+A4+2 
or 112. Then the successive powers of the primitive root ^ or 10 are 
À = 10, X = 21, M = 22, M = 02, AS = 20, AS = 12, N = 11, X} = 01. 


These are the proper coordinate symbols for the points previously 
named 1, 2, 3, 4, 5, 6, 7, 8; and the rule for collinearity is a conse- 
quence of the identity A'(1+A+A*) =0, which holds since 


MEAL = AADA HAH 2). 


The only point of the geometry not present in the configuration is the 
origin 00. (See Fig. 10, where the points are represented in the 
Euclidean plane as if the coordinate residue 2 were the ordinary 
number —1. This representation naturally obscures the collinearity 
of such points as M, AS, A7.) 

The corresponding Levi graph, of 16 nodes and 24 branches, has 
a Hamiltonian circuit whose alternate vertices are 1 2 3 4 5 6 7 8, 
enabling us to draw it as in Fig. 12 and to see at a glance that it is 
2-regular. 


2 The generalization to EG(2, p*) has been worked out by Bose [6, pp. 3-5]. 


430 H. S. M. COXETER . [September 


Each node of either color is joined by 2-arcs to six of the remaining 
seven nodes of that color; for example, the red node 1 is joined to 
2, 4, 6, 7, 8, 3, but not to 5. Thus the nodes (and consequently also 
the branches) occur in pairs of opposites, such as 1 and 5. The opera- 
tion of interchanging opposites is indicated in the notation by adding 
or subtracting 4, or multiplying by M-2, or making a half-turn 
about the origin of the finite affine geometry. In the complex projec- 
tive plane, with the above choice of coordinates, it is the harmonic 
homology with center (w, o, 1) and axis [w, œ, —1]. 


1 





Fic. 11. The 2-regular graph Fic. 12. Another view of {8} 4-(8/3]. 
[8] - [8/3]. 


The same graph has already been mentioned in $2 qua (8] 
+ [8/3]. In Fig. 11, the central {8/3} has been twisted to exhibit 
the fact that the branches of such a graph can be found among the 
edges of the four-dimensional hypercube (Fig. 5). This (8/3] and 
the peripheral [8] are projections of two Petrie polygons of the 
hypercube [12, p. 223], and it is easy to pick out four further Petrie 
polygons, one of which has been drawn in heavy lines. Naming their 
alternate vertices, we thus find six 8-circuits: 


1357, 12596, 1458, 
2468, 347 8, 2367. 


They correspond to the three ways in which the 8; can be regarded as 
a pair of simple quadrangles, each inscribed in the other. They form 
a regular map of six octagons, each sharing two opposite sides with 
another. The characteristic is 

—N-N-—N- —16--24— 6 — 2. 


Referring to Threlfall’s catalogue of such maps [46, p. 44] we find 
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this listed as “Nr. 2.” Since it is symmetrical by reflection, its group 
is of order 2-6-8=96. But the group of the graph (which is also the 
group of symmetries and reciprocities of the configuration) has 
order 2*3n —96. So in this case the configuration and the map are 
isomorphic: no symmetry is lost by embedding the graph into a sur- 
face. In other words, the embedding is unique, unlike the embedding 
of the 6-cage into the torus (which can be done in eight different 
ways). 

Returning to the complex projective plane, we see that the conic 

at + y2 = gt 

determines a polarity which appears in the map as a half-turn about 
the mid-point of either of the two opposite edges 4 457, 8 813. (The 
conic touches line 457 at point 4, and line 813 at point 8.) Since 
there are altogether twelve pairs of opposite edges, we can immedi- 
ately infer the existence of twelve such conics, each touching two 


opposite lines of the configuration at two opposite points, while the 
remaining six points and six lines form two self-polar triangles. 


A, C B 


B Ay 


A, Cy B 
Fic. 13. Pappus's 9s. 


6. Pappus’s 9,. In the analytic foundations of general projective 
geometry of two dimensions we define a point as a triple of numbers 
(x, y, 8), not all zero, with the understanding that (xÀ, y^, zÀ) is the 
same point for any A0 [24, p. 176]. Similarly we define a line 
Ix Yee ] which is the same as Ax, AY, AZ]; and we say that the 
point (x, y, 8) and line [X, Y, Z] are incident if 


Xx+ Yy-4-Zz = 0. 


These “numbers” may be elements of any division ring. It follows 


432 H. S. M. COXETER [September 


4 


from the above definition that the general point collinear with (x, y, s) 
and (x', y', 2’) may be expressed as (xA--x', yA-+y’, sh+2’). One of 
the most striking passages in the development is Hilbert's observa- 
tion that the commutativity of multiplication is equivalent to 
Pappus's Theorem, which may be stated as follows: 

If two triangles are doubly perspective they are triply perspective. 

We say that two triangles 41414; and BBB: are perspective if the 
lines A1Bi, AsBs, AB: all pass through one point, say Ci. We say 
that they are doubly perspective if the same kind of relation holds 
after the vertices of one triangle have been cyclically permuted, 
namely if either 


A, By, A2Bs, A+B: all pass through one point Cs 


or 
ABa, A;Bi, ÁB: all pass through one point C; 
[49, p. 100]. Finally, they are triply perspective if all three of these 


relations hold, as in Fig. 13. 
Clearly, we can choose a coordinate system so that the points 


Ay, As, Aa, Ci, By, Bs, Ba 


are 
(1,0, 0), (0,1,0), (0,0, 5, (1,1, D, (51, D, (y, D, (1,1, 2). 
Then the lines AiB3, AsBs, A41B1, A1Bx, A2Bi, AB; are 
[0, ^1, 5], [5 0, —1], [71, æ, 0], [0, s, —1], [—1, 0, «], [y, —1, 0]. 
Thus 
AsBi passes through the point Cà —41B,-AgBs— (1, ys, 2) ii  xys-1, 
and l : 
A3By passes through the point C4—4,B3:43Bi-— (xz, 1,3) if yas=1. 
This shows that Pappus's Theorem holds if and only if 

zy = yz. 


The two triply perspective triangles and their centers of perspec- 
tive form the Pappus configuration 93, whose incidences are sum- 
marized in the statement that the points A,, Bj, C, are collinear 
whenever ; 


i+j+ kc 0 (mod 3) 
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[31, p. 106; 29, p. 17]. 
In its more orthodox form, Pappus's Theorem asserts the col- 
linearity of the cross joins 


Ay= ByCz BC, B; = Cid: CoA, Cs = A1Bg: 4AB: 


of three points Ai, Bı, C, on one line with three points As, Bs, C1 on 
another. In Móbius's configuration 8, which we discussed in $5, we 
find three points 2, 8, 7 on one line, and three points 3, 4, 6 on 
another, while two of the intersections of cross joins are 1 and 5. 
According to Pappus's Theorem, the three lines 15, 26, 37 must be 
cóncurrent. Since the two triads may be rearranged as 8, 7, 2 and 
6, 3, 4, the three lines 15, 26, 48 are likewise concurrent. Hence: 

In any geometry satisfying Pappus's Theorem, the four pairs of op- 
posite points of 8, are joined by four concurrent lines. 

'The result is à special Pappus configuration in which the two 
*triply perspective triangles" have collapsed to form sets of collinear 
points: 235 and 671. The centers of perspective form a third de- 
generate triangle: 480, So altogether we have a configuration 


(9%, 12s) 


of nine points lying by threes on twelve lines, four through each 
point. Collinear points are indicated by the rows, columns, diagonals, 
and “broken diagonals” of the square matrix 


2 8 7 
' 5 0 1 
3 4 6 


[35, p. 335]. 

Returning to the general case, we find that the Pappus configura- 
tion 9 may be regarded in six ways as a cycle of three “Hessenberg” 
triangles, each inscribed in the next. Three of the ways are 


ABC AıB:Cı ABC; 
Ai BCs | A3B:C3 | 42B 
AsB3Cs | ABCs | ABC: 


and the other three can be derived from these by the consistent inter- 
change of two of the suffix numbers, say 1 and 2. The corresponding 
Levi graph, of 18 nodes and 27 branches, turns out to be 3-regular. 
Each of the eighteen Hessenberg triangles appears as a 6-circuit, 
and the nine of them displayed above form a map of nine hexagons 
on a torus, as in Fig. 14, which we recognize as {6, 3 ho. Thus the 
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graph can be embedded into the torus in two distinct ways, in agree- 
ment with the fact that the group of the graph has order 23 3:9 — 216, 
while that of the map has order 2-6-9= 108. 





C 
B, 
Bi 
C: 
A; 
A; 
B, 
e 
é A; 
Fic. 14. The regular map (6, 3 }a.o. Fic. 15. Another view of the 
Pappus graph. 


Kommerell [29, p. 19] observed that each Hessenberg triangle 
determines an involutory reciprocity for which that triangle is “self- 
polar" while the other two triangles in the same cycle are inter- 
changed. The reciprocity is not, in general, a polarity; but it will be 
if these other two triangles are in perspective [14, p. 66]. In one of 
the two maps (6, 3 }s,o, the Hessenberg triangle appears as a hexagon 
and the reciprocity appears as a half-turn about the center of that 
hexagon; in the other map the same triangle appears as a Petrie 
polygon (zig-zag) and the reciprocity appears as a reflection. 

After locating the Hamiltonian circuit 


As B; A1 Ci Ag Cs Bı C3 Bs, 
we can draw the graph as in Fig. 15. 


7. Desargues’ 10;. As long ago as 1846, Cayley remarked that the 
ten lines and ten planes determined by five points of general position 
in projective 3-space meet an arbitrary plane in a Desargwes con- 
figuration (Fig. 16) consisting of ten points 


12 23 34 45 15 13 24 35 14 25 
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and ten lines 
345 145 125 123 234 245 135 124 235 134 
with the rule that the point 4j is incident with the line ijk [9, p. 318]. 





25 23 35 
Fic. 16. Desargues’ 105. 


This configuration can be regarded in ten ways as a pair of triangles 
in perspective; for example, the triangles 


14 24 34 and 15 25 35 





34 345 
Fic. 17. The 3-regular graph Fic. 18. Another view of the i 
{10} 4- (10/3]. Desargues graph. 


are in perspective from the point 45 and from the line 123, and are 
interchanged by a homology which appears in this notation as the 
transposition (4 5). Since the symmetric group of order 120 is gen- 
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erated by four transpositions, the collineation group of the configura- 
tion is generated by four such homolgies. G. K. C. von Staudt [44, 
p. 134] proved that the ten points and ten lines are interchanged by a 
certain polarity. Adjoining this to the collineation group of order 120, 
we obtain a group of collineations and correlations of order 240, which 
is abstractly the direct product of the symmetric group with the 
group of order 2. 

We see in Fig. 17 that the Levi graph, of twenty nodes and thirty 


lines, is 
10 
{10} + IE 
in the notation of $2. Since this is 3-regular, its group has order 


2* 30 — 240. 


The 10; can be regarded in six ways as consisting of a pair of simple 
pentagons, consecutive vertices of either lying on alternate sides of 
the other; for example 


12 23 34 45 51 

14 42 25 53 31 
[49, p. 51]. This instance may be associated with the cycles (12345), 
(14253), and we can use in a similar fashion five other pairs of cycles. 


Corresponding to these twelve pentagons, the graph contains twelve 
10-circuits; for example, the cycle (12345) provides the 10-circuit 


12 123 23 234 34 . 345 45 451 51 512. 


From the cycle (12345) we derive five others by shifting each digit 
in turn two places on (or back). This systematic rule gives us one 
cycle from each of the six pairs, namely 


(12345), (23145), (13425), (12453), (14235), (12534). 


The six corresponding 10-circuits form a regular map of six decagons, 
each sharing two opposite sides with another; for example, the 10- 
circuits arising from (12345) and (23145) share the sides 


123 23 and 145 45. 


This map has characteristic —20+30—6=4; but the surface is un- 
orientable. The remaining six 10-circuits form another such map, 
and the faces of either map are the Petrie polygons of the other. 

In either map, the cyclic permutations of three digits, which gen- 
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erate the icosahedral (alternating) group, appear as trigonal rotations 
about vertices, while von Staudt's polarity appears as a half-turn 
about the center of any face (or rather, about the centers of all faces 
simultaneously). 

It is interesting to compare this with another regular map of six 
decagons on the same surface, namely the map formed by the six 
Petrie polygons of the regular dodecahedron (5, 3]. Again each 
decagon shares two opposite sides with another, and again the group 
is the direct product of the icosahedral group with the group of order 
2. We have here a remarkably perfect instance of maps that are not 
isomorphic but “allomorphic” [43, p. 101]. The difference is seen by 
considering the girth of the graph of vertices and edges. In the last 
case, where the vertices and edges are simply those of the dodeca- 
hedron itself, the girth is 5; but the girth of {10} + {10/3} is 6. 








Fic. 19. A regular 12;. Fic. 20. The regular map (6, 3]... 


8. A regular 121. After proving the impossibility of a pair of real 
quadrangles, each inscribed in the other, Móbius remarked: “Auf 
Vielecke von mehreren Seiten habe ich die Untersuchung nicht 
ausgedehnt” [36, p. 446]. As we observed in §5, the problem of find- 
ing a pair of mutually inscribed p-gons was solved for the complex 
projective plane by Kantor in 1881, using the invariant points of a 
certain projectivity 1A 1’ on the side 24 of a given p-gon 024. ... 
Móbius had shown, in 1828, that this projectivity has no real in- 
variant points when p=4. Since all quadrangles are projectively 
equivalent, we cannot remedy this state of affairs by modifying the 
initial quadrangle. But two p-gons with p>4 are not, in general, pro- 
jectively equivalent; so it is natural to expect a suitable choice of the 
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initial p-gon to render the above projectivity hyperbolic. When p=5 
this expectation is realized by the *non-Desarguesian" 103: the (A) 
of Kantor [27, pp. 1292, 1314] which is the VII of Martinetti [33a, 
p. 17]. It can hardly be doubted that greater values of p will serve 
just as well. However, the corresponding Levi graphs are only 
O-regular. The higher regularity of the graph for 8; is a consequence 
of the fact that this special configuration can be regarded in three 
different ways as a pair of mutually inscribed quadrangles. To achieve 
this refinement when p>4 we must abandon the cyclic scheme. 

Fig. 19 shows a 12; which can be regarded in three ways as a pair 
of hexagons, each inscribed in the other: 


Ay Bs Ci Ag By, Ce and Ay B, Cs Ag Bs Cy 
Ai Bs Cy As Bi Cs and Ag B, Cs Ag Bà Cy 
Ay Bı Cy Aa Bi C4 and Ay Bi Cs As By Cs. 


The configuration is self-dual; for, if the twelve lines are denoted 
by 


a, = A,B, bi = AsBCy, € = ABCs, 
Gy = AsBiCy, b; = Ai BCs, € = ABC, 
83 = ABC, by = ABCs, c3 = Ai By, 
a4 = A,B, bg = ABG, & = ABCs, 


then the twelve points are 


A1 = 04: Ds: Cs, 
Ag = aibi Ca 
Ay = arbe 


Ag = a1: bg: Cs, 


By = az-bs' c4, 
B: = 81:047 Ca, 
Bg = 64-01-02, 


Bs = 8g bs ci 


Cy = Gy D4- es, 
Cs = Gubici 
Cs = dibr Ca 


C4 = G4: Oy Cs. 


The triads of collinear points comprise twelve of the twenty-four 
possible arrangements 4;B,C; with 4, j, k all different. The remaining 
twelve triads form triangles; for instance A2B,C; is a triangle with 
sides bs, c4, as. Hence the Levi graph (consisting of twelve red nodes 


4Ai,:::,twelve blue nodes aj---,and thirty-six branches 
Abs, - + + ) contains twelve 6-circuits such as 
Asa BabsC sca, 


and can be embedded into the torus to make a map of twelve hexagons 
which we recognize as (6, 3h (Fig. 20). 
The symmetries and reciprocities of the configuration form a group 
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of order 144. We can obtain this number by considering either the 

graph or the map. Since the graph is 2-regular, its group has order 
2336 = 144; 


and since the map is symmetrical by reflection, its group has order 
four times the number of edges. 
The Petrie polygons of {6, 3] are dodecagons such as 


AbC sc4B10243b4C1c2Ba04 and G1 BacsCybA 383 BaciCqb4 A 4, 
which can be put together to form {12} +(12/5}, as in Fig. 21. 





Fic. 21. The 2-regular graph (12] -- [12/5]. 


When Tutte was told about this graph, he discovered a Hamil- 
tonian circuit, enabling us to draw it as a regular 24-gon with ap- 
propriate diagonale inserted (Fig. 22). 

The configuration 12; may be regarded as a set of three triangles 
k AiAsAs, BBB, CCCa 


in perspective by pairs from centers 44, Ba, Ca while the vertices lie 
on three lines 


AiBLs, ABC, AgB,Cy. 


A special case was described by Hesse, Salmon, and Zacharias [51, p. 
149], namely the case when the vertices also lie on the three lines 


ABC, AsBL2, ABCs, 
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while the centers of perspective lie on a line A4B4C4,. We now have 
a configuration (124, 163) of twelve points lying by threes on sixteen 
lines, four through each point. Calling the four new lines 


di, ds, ds, ds, 
we see that the twelve points are expressible in the form 
847b, cy: di, 


where the suffixes 4jkl run over the twelve odd permutations of 1234. 





Fic, 22. Another view of (12] -- {12/5}. 


For comparison with Zacharias's notation, we observe that he num- 
bered the lines from 1 to 16 in the order 


di bs Cy Ge Ca Gs ds bi Gg Cr b4 dg bày d4 ai Go. 


Hesse constructed this (124, 163) by taking the points of contact 
of the twelve tangents to an elliptic cubic curve that can be drawn 
from three collinear points of the curve. To make it real we must use 
a bipartite cubic with the three collinear points all on the odd branch. 
'This is most easily seen by regarding the cubic as the locus of the 
point ` 

(ew, p'u, 1) 


where the elliptic function has the real period 2w and the imaginary 
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period 2w’, so that points on the odd branch are given by real values 
of the parameter u while points on the oval are given by real values 
plus the imaginary half-period w’. Three collinear points on the odd 
branch may be taken to have real parameters —2a, —2f, —2y, 
where 


& + B 4- y= 0 (mod 2o), 


and then the parameters of the twelve points of contact are as fol- 
lows: 


A; a| 43 ata As ata Ay atot 
By BBa B+o’ B; Btwto’| By B+o 
Cvwvwvl Cs ytoto’!|C; vcro C, vow 


The sets of collinear points are now evident. (In one way of drawing 
the figure, we find the points 4,B,C,A:B,C; in that order on the odd 
branch, and A4B3C:A,B:C, on the oval) Feld [17a, p. 553] con- 
sidered the case when a, B, y are 0 and +2w/3, so that A1, B1, Ci are 
the three real inflexions while the rest are the nine real sextactic 
points. 

Zacharias discovered that a Euclidean specialization of this (124, 
163) is provided by Morley’s celebrated figure of a triangle 4:14:45 
with its angle trisectors and their intersections. Morley's theorem 
states that the trisectors 


AiBiCi, ABCs, A2B:C3, A3B3C 3, ABCs, AiBL, 


form an equilateral triangle B;B,B, by their first intersections and 
another equilateral triangle C;C1C by their second intersections. 
Zacharias observed that these two equilateral triangles are in per- 
spective with 41454, and with each other, from collinear centers 
Ci, Ba, As 


9. The Cremona-Richmond 153. Six points of general position in 
real projective 4-space—say 1, 2, 3, 4, 5, 6—determine fifteen 
further points such as Pi:: the intersection of the line 12 with the 
hyperplane 3456. These lie by threes on fifteen lines such as Pi;PPy: 
the common line of the three hyperplanes 


3456, 1256, 1234 


[39, p. 131]. This configuration 15; in four dimensions was chosen by 
Baker as a frontispiece for both volumes II and IV of his Principles 
of geomeiry. A 153 in two or three dimensions can be derived by pro- 
jection. Dualizing the three-dimensional version, we obtain a set of 
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15 lines and 15 planes which can be identified with the configura- 
tion formed by the tritangent planes of a nodal cubic surface [15]. 

The 15; in two dimensions is self-dual. For, instead of associating 
the points with the fifteen pairs of six symbols 1, 2, 3, 4, 5, 6 and the 
lines with the fifteen synthemes such as (12, 34, 56) we can just as 
well associate the lines with the fifteen pairs of six other symbols 


d 





Fic. 23. Tutte's 8-cage (the most regular of all graphs). 


a,b, c, d, e, f and the points with fifteen synthemes such as (ab, cd, ef). 
Richmond's way of doing this is indicated on the Levi graph in Fig. 
23. Thus the group of the configuration is the group of automorphisms 
of the symmetric group of degree six [8, p. 210] and its order is 


2-6! = 1440. 


Martinetti cited this 15; as the simplest instance of a configuration 
containing no triangles [33, p. 174; cf. 41, p. 44]. The corresponding 
property of the Levi graph is that its girth is not 6 but 8. Since the 
order of the group is 


1440 = 2* 3-15, 
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the regularity is s=5. Hence this graph is Tutte’s 8-cage, the most 
regular of all graphs [47, p. 460]. Tutte’s own description of it can be 
reconciled with ours as follows. Regard the eight red nodes 


15 36 25 46 
26 45 16 35 


as forming a cube (or two interpenetrating tetrahedra: 15 25 35 45 
and 16 26 36 46). Take a blue node on each of the twelve edges; for 
instance, a blue node cf on the edge 15 26, and a blue node de on 
the opposite edge 25 16. Join the blue nodes on each pair of opposite 
edges, and take a red node on each join; for instance, a red node 34 
on the join of cf and de, and a red node 12 on the join of cd and ef. 
Join the two red nodes thus associated with each set of four parallel 
edges, and take a blue node on each join; for instance, a blue node 
ab on the join of 12 and 34. Finally, join the three blue nodes thus 
associated with the three dimensions, namely ab, ce, df, to a fifteenth 
red node 56. 

There is apparently no regular embedding for this graph. We must 
be content with a map of one decagon and ten octagons. Naming 
alternate vertices, we find a decagon 


13 24 35 14 25 


surrounded by octagons 16 24 36 45, 12 35 16 34, and others de- 
rived from these two by cyclic permutation of the digits 1, 2, 3, 4, 5 
(leaving 6 unchanged). The surface is easily seen to be unorientable, 
of characteristic 


— 30 + 45 — (1+ 10) = 4. 


The decagon represents, in the configuration, a pentagon that is 
self-polar for the reciprocity (1 d)(2 6)(3 a)(4 f)(5 c)(6 e). Thus 
Richmond’s notation could be improved by writing 


a, b,c, d, e, f inplaceofhis d, D, a, f, c, e. 


On the other hand, the configuration contains another pentagon that 
is self-polar for the *natural" reciprocity 


(1 a)(2 DG o)(4 AGS 9(6 f) 


without any change of notation. 

The 8-cage is not only the Levi graph for the 153, but also repre- 
sents, in a different way, the 6015 known as Klein's configuration [45, 
p. 447; 25, p. 42]. Klein's sixty points and sixty planes are the 
vertices and faces of fifteen tetrahedra whose pairs of opposite edges 
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are the directrices of the fifteen linear congruences determined by 
pairs of six mutually apolar linear complexes (or six mutually com- 
mutative null polarities) in complex projective 3-space. The fifteen 
red nodes of the 8-cage represent the pairs of directrices (or the fifteen 
congruences) while the fifteen blue nodes represent the tetrahedra. 


10. Móbius's 8,. Before resuming the discussion of Móbius's mu- 
tually inscribed tetrahedra (81), let us mention a few other self-dual 
configurations of points and planes in real projective 3-space. The 
simplest kind is the z, consisting of s points on a line and s planes 
through the same line. Since each point is incident with every plane, 
the Levi graph consists of » red nodes all joined to each of n blue 
nodes. Since this is 3-regular, of girth 4, we call it a 4-cage of degree 
n. When »=2 it is the square {4}. When n=3 it is the Thomsen 
graph (6, 3}.1. When n4 it is y4/2 (Fig. 4) or (4, 4}2.2 (Fig. 6). 





Fic. 24. Gallucci's version of Móbius's &. 


Let 1, 2, 3 denote three planes forming a trihedron with vertex 0, 
and let 23, 31, 12 be arbitrary points on the three edges, forming a 
fourth plane 123. We now have a tetrahedron 4, whose Levi graph 
is the cube y; (Fig. 1). Continuing in the same manner, let 4 denote a 
fourth plane through 0, meeting planes 1, 2, 3 in three lines on which 
we take further arbitrary points 14, 24, 34. In this way we obtain 
three new planes 234, 341, 412, which intersect in an eighth point 
1234. By a theorem of Möbius [36, p. 443], this point 1234 lies on the 
plane 123, so that we have altogether a configuration 84, whose Levi 
graph is the four-dimensional hypercube y4 (Fig. 5). 

Möbius deduced his theorem from the observation that the quad- 
rangular relation Q(A'B'C', F'G'H") for six collinear points implies 
Q(F'G'H', A'B'C'). This is a corollary of Pappus's Theorem, which 
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Baker showed to be equivalent to the theorem that if three skew 
lines all intersect three other skew lines, any transversal to the first 
set of three intersects any transversal to the second set [1, pp. 47- 
51]. The following argument relates Móbius's theorem to the trans- 
versal theorem directly [cf. 20, p. 76; 4, p. 144]. 

The line joining points 13 and 14 is the line of intersection of 
planes 1 and 134; likewise the join of 23 and 24 is the intersection 
of 2 and 234 (see Fig. 24). Hence the transversal from 0 to these two 
lines is the intersection of planes 1 and 2, and the transversal from 
34 is the intersection of 134 and 234. Similarly, the transversal from 
0 to the two lines 13 23 and 14 24 is 3-4, and the transversal from 12 
is 123-124. The "transversal theorem" asserts that the two lines 
134-234 and 123-124 intersect, while Móbius's theorem asserts that 
the four planes 234, 134, 124, 123 are concurrent; these two state- 
ments are clearly equivalent. 

The following analytic proof of Móbius's theorem indicates its 
dependence on the commutative law. Choose the tetrahedron of 
reference so that the four points and four planes 


23, 31, 12, 0, 
1, 2, 3, 123, 
are 
(1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0), (0, 0, 0, 1), 
[1,0,0,0], [05100] [5010] 100,0, 1]. 
Take the unit plane [1, 1, 1, 1] to pass through the line 123-4, so 


that the plane 4 is [1, 1, 1, 0]. Then the points 14, 24, 34 are of the 
form 


(0, 1, —1, 8), (—1, 0, 1, b), (1, —1, 0, c), 
and the planes 234, 314, 124 are 
[0c —51],  [-c,0,¢,1],  [b, —a, 0, 1]. 


These and 123 all pass through the point (a, b, c, 0), which is the 
desired point of concurrence 1234. (The incidence of 124 and 1234 
requires ba = ab.) 

Benneton [3, p. 30] makes a different choice of unit plane so as to 
exhibit the four planes and four points 


234, 314, 124, 4, 
14, 24, 34, 1234 
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in the form 


[0, c —b, a], [76 0, a, b], [b, —a, 0, c], [a, b, c, 0], 
(0, c, —5, a), (— «c, 0, a, b), (b, —a, O, c), (a, b, c, 0). 


Representing both the point (x, y, z, #) and the plane [x, y, z, t] by 
the quaternion £--x£-- yj-4-skb, he neatly expresses all the points and 
planes of the configuration in the form 


1, i, j b V, iV, jV, BY, 


where V denotes the pure quaternion at+bj+ ck. 

In $1 we described the reflections Ry, Ra, Rs, Ry of the hypercube, 
which add a digit to every symbol lacking it, and remove the same 
digit from every symbol containing it. We now see that the cor- 
responding reciprocities of Móbius's 84 may be described as follows: 
Ry, Ra, R; have the effect of multiplying every quaternion on the left 
by 1, j, k, respectively, while R4 has the effect of multiplying on the 
right by V. It follows that these four mutually commutative reci- 
am can be extended to the whole space as null polarities |25, 
p. 38|. 

When the 8, is represented by its Levi graph, Y4, the two mutually 
inscribed tetrahedra appear as two opposite cells ys, transformed into 
each other by the reflection R4. Since y, has four pairs of opposite 
cells, we see clearly that the 8, can be regarded tm four different ways 
as a pair of mutually inscribed tetrahedra, transformed into each 
other by a null polarity. 


11. Cox's (2? 9), After constructing Mébius’s 8, as above, let 5 
be a fifth plane through 0, meeting planes 1, 2, 3, 4 in four lines on 
which we take further arbitrary points 15, 25, 35, 45. Leaving out 
the five planes, one by one, we obtain five points 


2345, 3451, 4512, 5123, 1234. 


By a theorem of Homersham Cox [10, p. 67], these five points lie 
in one plane 12345, so that we have altogether a configuration 16;, 
whose Levi graph is the five-dimensional hypercube ys [12, p. 244]. 
By symmetry, we merely have to prove that the first four of the five 
points are coplanar; and this follows from the dual of Móbius's 
theorem as applied to the four points 15, 25, 35, 45 in the plane 5. 
(We simply add the digit 5 to all the symbols occurring in Móbius's 
theorem; that is, we apply the reciprocity Ry. Cf. Richmond [39a].) 

Continuing in this manner we obtain Cox's general theorem, to 
the effect that d concurrent planes 1, 2, - - - , d, with arbitrary points 
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on their lines of intersection, determine a configuration of 247 
points and 2%?! planes, with d points on each plane and d planes 
through each point, so that the Levi graph is the d-dimensional hyper- 
cube ya. Thus the group of symmetries and reciprocities is of order 


2? di, 


Instead of arbitrary points (12, 13, and so on) on the lines of inter- 
section of pairs of the d given planes, we may take the points de- 
termined on these lines by an arbitrary sphere through the point of 
concurrence 0. The 24-! planes intersect the sphere in 2%! circles 
[37, p. 271]. By stereographic projection we obtain Clifford's con- 
figuration of 2471 points and 2%! circles, with d points on each circle 
and d circles through each point. These again are represented by the 
24 vertices of ya. 


12. Kummer's 16,. Let the five initial planes of Cox’s 16, be repre- 
sented by the quaternions 


i, j, k, Veat+hj+ck, V = dit bjt ck. 
If the reciprocity Ri were a null polarity, it would transform the plane 
V’ into iV’ or (0, c', —5', a^), which is a definite point on the line of - 
intersection of planes 1 and 5, whereas Cox would take his point 15 
to be arbitrary on that line, say (0, c', —5', o). Hence, for the general 


16; the reciprocities Ri, * - - , Rs are not null polarities; and the same 
remark holds for any greater value of d. 
On the other hand, the special case when Ri, - - - , Ry are null 


polarities is interesting in a different way. Ri, Rs, R; are the opera- 
tions of multiplying on the left by 4, j, k, while Ry and Rs are the 
operations of multiplying on the right by two anticommutative pure 
quaternions (or orthogonal vectors) V and V’. Writing 


V = gig, y = qjq ^, 


we can use a coordinate transformation to change the symbols of 
the planes 


1, 9; 3, 4, 5 
from 
i, j, k, gig’, — iq? 
to 
iq, I kq, qi, gj. 


Then the initial point 0 is not 1 but q, and the reciprocities Ri, Rs, Rs 
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have the same effect as before, while R; and Rg are the operations of 
multiplying on the right by t and j. Applying the product RR; Ra R4R;, 
we find that the plane 12345 is kjiqt] — qb, which passes through the 
initial point q. (This is in marked contrast with the general 16;, 
where the point 0 and plane 12345 are not incident.) 

Applying the null polarities Ri, - - - , Rs in turn, we find that the 
incidence of 0 and 12345 implies the incidence of 1 and 2345, of 12 
and 345, and so on. Thus the special configuration is really not a 16; 
but a 164; and it is natural to use the symbol 6 for 12345, 16 for 2345, 
126 as an alternative for 345, and so on, in agreement with the classi- 
cal notation for the sixteen nodes and sixteen tropes of Kummer's 
quartic surface [25, p. 16]. We now have six mutually commutative 
null polarities Ri, -+ - , Re: the first three are left-multiplications 
by 4, j, k, and the last three are right-multiplications by i, j, k [see 
la, p. 138; 3, p. 38]. The essential difference between this 16« and 
Cox's 32, is that now RiRsRsRuRsRe is the identity. 

We have seen that the Levi graph for Cox's 16s is the five-dimen- 
sional hypercube ys. The effect of the new incidences is to insert new 
branches joining the pairs of opposite vertices (as in the derivation 
of Fig. 4 from Fig. 3). More symmetrically, we can take the six-di- 
mensional hypercube ys (which represents 32.) and identify pairs of 
opposite elements. Thus 

The Levi graph for Kummer’s 16¢ is Ye/2. 

In other words, after coloring the sixty-four vertices of yẹ al- 
ternately red and blue, we can say that the sixteen pairs of opposite 
red vertices represent the sixteen nodes of Kummer’s surface, while 
the sixteen pairs of opposite blue vertices represent the sixteen tropes. 
The thirty-two red vertices by themselves belong to the semi-regu- 
lar polytope hys [12, p. 158] ,whose connection with Kummer’s 16, 
has already been pointed out by Du Val [16, p. 65]. 

The most convenient coordinates for the vertices of ys (of edge 2) 
are 


(+1, t1, t1, t1, t1, t1, 


with an even number of minus signs for a red vertex and an odd 
number of minus signs for a blue vertex. The 240 squares such as 


(+1, £1, 1, 1, 1, 1) 

represent the 120 Kummer lines |25, p. 77]; the 160 cubes such as 
(+1, £1, E1,1, 1, D 

represent the 80 Rosenhain tetrads [25, p. 78]; the sixty 4’s such as 
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(41, +1, +1, +1,1, 1) 


represent thirty? Möbius configurations 84; and the twelve cells ys 
represent the six null polarities. 

Each of the 160 cubes is obtained by fixing the signs of three of 
the six coordinates and leaving the remaining three ambiguous. Since 
the fixing of signs can be done in 8 ways (for the same choice of three 
coordinates), we thus obtain 8 cubes which together exhaust the 64 
vertices of ys, and which occur in four pairs of opposites. Any two 
of these four pairs of opposite 3's belong to a pair of opposite *y,'s. 
Finally, the three coordinates whose signs were fixed can be chosen in 


(ns 


ways. We thus verify the well known fact that there are twenty 
ways of regarding the 16, as a set of four Rosenhain tetrahedra any 
two of which form a Móbius configuration 8, [see 34 or 2]. 
Besides these peripheral elements of ‘ys, there are also 120 large 
inscribed cubes (of edge 2*? instead of 2) such as 
(1, 1, 1, 1, 1, Da, 1, 1, 1, —1, —1) 
(=i, —1, 1, 1, 1, 1)(-1, —1, 1, 1, —1, Ex 
(1, 1, —1, —1, 1, 1)(1, 1, =1; —1, —i, —1) 
(—1, —1, —1, =i, 1, DC-1, —1, —1, —1, —1, ~1), 
which represent the 60 Gópel tetrads of points and the 60 Göpel 
tetrads of planes [25, p. 79]. 


13. The skew icosahedron. In the above list of significant subsets 
of Kummer's 165, we have not mentioned the Weber hexads [25, p. 80] 
such as 0, 12, 23, 34, 45, 51. The corresponding vertices of ys are 


0, 
12, 23, 34, 45, 51, 
1236, 2346, 3456, 4516, 5126, 
123456; 
or, in terms of coordinates, 
? Blaschke [4, p. 151] found only fifteen Möbius configurations; but that was 


surely a mistake. After the removal of any one &, the remaining points and planes of 
the 16, form another &. 
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(1, 1, 1, 1, 1, 1), 
(—1, —1, 1, 1, 1, D, (1, —1, —1, 1, 1, 1), --- , (—1, 1, 1, 1, —1, 1), 
(—1, —1, —1, 1, 1, —1), (1, —1, —1, —1, 1, —1),---, 
(—1, —1, 1, 1, —1, —1), 
(—1, —1, —1, —1, —1, —1). 


These twelve points in Euclidean 6-space form twenty equilateral 
triangles of side 2¥/?, such as . 


0 12 23, 12 23 1236, 23 1236 2346, and 1236 2346 123456, 
which are the faces of a regular skew tcosahedron (Fig. 25). This re- 
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Fic. 25. ys and the skew icosahedron. 


markable surface is just as symmetrical as the Platonic icosahedron 
[12, p. 52], but its angles are different. In fact, the “vertex figure” 


12 23 34 45 51, 


1950] SELF-DUAL CONFIGURATIONS AND REGULAR GRAPHS 451 


instead of being a regular plane pentagon of angle 108°, is a regular 
skew pentagon of angle 90° (since 12 23 34 41 is a square). Similarly, 
the dihedral angle is reduced from about 138° 12’ to 109° 28’, since 
the two adjacent faces 


0 12 23 and 0 23 34 


belong to the octahedron 0 12 23 34 41 1234. 

From the fifteen points 12, 13, - - - , 56 we can pick out a rectangu- 
lar skew pentagon such as 12 23 34 45 51 in seventy-two ways; hence 
there are seventy-two skew icosahedra for each vertex of ys, and 


72-64/12 = 384 


of them altogether, representing the 192 Weber hexads of nodes and 
the 192 Weber hexads of tropes. 


14. Self-reciprocal polytopes in the Euclidean 4-space. Although 
the Levi graph has been defined only for configurations of points and 
lines, or of points and planes, the idea can evidently be extended, 
for example, to configurations of points and hyperplanes in more 
than three dimensions. We shall be content to describe two instances: 
the configurations 5, and 24, formed by the vertices and cells of the 
four-dimensional polytopes { 3, 3, 3} and {3, 4, 3} [12, pp. 120, 148]. 

The former is the four-dimensional simplex o4. In the Levi graph 
its five vertices are represented by five red nodes A, B, C, D, E, and 
the respectively opposite cells by five blue nodes a, b, c, d, e. Red and 
blue nodes are joined whenever their letters disagree. Thus the 
group is of order 240: the direct product of the symmetric group of 
degree 5 and the group of order 2. 

The five letters can be arranged as a cycle in twelve ways, cor- 
responding to the twelve Petrie polygons of the simplex [12, p. 225]. 
Every four consecutive vertices of the Petrie polygon belong to a 
cell; and by placing the symbol for the cell between the middle two 
of the four vertices, we obtain a symmetrical Hamiltonian circuit of 
the graph. In this manner the Petrie polygon ABCDE yields the 
circuit 

AdBeCaDbEc, 
which we may rewrite as 
0123456789, 


so that the even and odd digits represent the red and blue nodes, or 
the vertices and cells of the simplex, and the symbols for a vertex 
and its opposite cell differ by 5. Thus the graph can be drawn as a 
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regular decagon 0123456789 with its inscribed decagram 0369258147 
[see 18, p. 315, Fig. 10, IV-11-A]. This 2-regular graph of degree 4 
and girth 4 can be embedded into the torus to form the map (4, Ahaa 
(see §3), which has ten square faces 


0143, 1254, 2365, --- , 9032. 


The embedding can be done in 6 ways, since the group of the map is 
of order 40. This order arises as 


10-2-2, 


since the ten symbols can be cyclically permuted or reversed, or multi- 
plied by 3 (mod 10) so as to interchange the decagon and decagram. 

A more symmetrical way of drawing the graph is in Euclidean 
4-space, where we may take two equal regular simplexes in reciprocal 
positions and join each vertex of either to the four nearest vertices 
of the other. (This is analogous to the two tetrahedra of Kepler’s 
stella octangula which can be joined by the edges of a cube.) Since 
the regular four-dimensional simplex has the Schläfli symbol {3, 3,3 } ; 
an appropriate notation for this aspect of the graph is 


2{3, 3, 3]. 


Similarly, 2{3, 4, 3} denotes the 1-regular graph of degree 6 and 
girth 4 whose 48 nodes are the vertices of two reciprocal 24-cells 
{3, 4,3 a each vertex of either being joined to the six vertices of an 
octahedral cell of the other. This is the Levi graph for the polytope 
(3, 4, 3} qua configuration 24. Robinson [40, p. 44] called it 
6,+6,, and remarked that its 144 branches are the sides of 18 con- 
centric octagons in different planes. By identifying opposite elements 
we derive 


2{3, 4, 3] /2: 


the Levi graph for Stephanos’s configuration 124 consisting of three 
“desmic” tetrahedra in real projective 3-space [45; 25]. In fact, the 
Cartesian coordinates for the 24 vertices of (3, 4, 3 } , being the con- 
stituents of Hurwitz’s 24 quaternion units 


i4 tj, +k and (tititjtkb/2, 


_are the same as the homogeneous coordinates for the 12 points of the 
12. [see 23, p. 170; 3, p. 35]. 

By Pappus's Theorem as stated in $6, if a triangle 41454; is in 
perspective with B,B,B; and with B;B,B,, it is also in perspective 
with B,B,B;. Stephanos's desmic tetrahedra come from the analo- 
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gous theorem that if a tetrahedron 4143454, is in perspective with 
ByB,B.B; and B,B,B,Bà and B4,B,BiB,, it is also in perspective 
with B,B4B,B,. However, the resemblance is superficial, as the per- 
mutations of the B's are no longer cyclic. In one respect this three- 
dimensional theorem is simpler: instead of depending on Pappus's 
Theorem, it can be deduced from the “propositions of incidence" 
alone. In fact, the given perspectivities imply that the line A,B; 
intersects A,B,, whence A,B, intersects A,B;. Thus the four lines 
A,B, all intersect one another, and since they are not all coplanar 
they must be concurrent. 

By a simple change of notation, from BBB, to B4B4Bi, we obtain 
a rule for-sets of collinear points that is identical with the rule for 
Hesse's (124, 163) which we considered in $8. Hence, as Zacharias 
observed [51, p. 152], this plane configuration can be derived from 
Stephanos's 12. by projection from an arbitrary point in the 3-space. 


SUMMARY 
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THE JUNE MEETING IN SEATTLE 


The four hundred sixtieth meeting of the American Mathematical 
Society was held at the University of Washington, Seattle, Washing- 
ton, on Friday and Saturday, June 16-17, 1950, in conjunction with 
the Pacific Northwest Section of the Mathematical Association of 
America. Some 80 persons were in attendance, including the follow- 
ing 55 members of the Society: 
T. M. Apostol, B. H. Arnold, S. P. Avann, R. W. Ball, Constance Ballantine, 
J. P. Ballantine, R. A. Beaumont, Z. W. Birnbaum, J. L. Brenner, D. G. Chapman, 
Harold Chatland, Paul Civin, C. M. Cramlet, D. B. Dekker, Worthie Doyle, F. E. 
Ehlers, Howard Eves, K. S. Ghent, F. L. Griffin, S. G. Hacker, Mary Haller, Edwin 
Hewitt, J. L. Hildebrand, J. W. Hurst, R. D. James, S. A. Jennings, L. G. Jones, 
J. M. Kingston, M. S. Knebelman, M. Z. Krzywoblocki, H. B. Mann, Rhoda Man- 
ning, L. H. McFarlan, A. S. Merrill, M. R. Moore, A. F. Moursund, D. C. Murdoch, 
Ivan Niven, Gloria Olive, D. B. Owen, T. S. Peterson, A. R. Poole, John Raymond, 
Louise Rosenbaum, R. A. Rosenbaum, E. C. Schlesinger, W. M. Stone, N. Y. Tang, 
F. H. Tingey, G. E. Uhrich, D. V. V. Wend, L. B. Williams, R. M. Winger, Fumio 
Yagi, H. S. Zuckerman. 


On Friday evening there was a joint dinner with the Association 
at the banquet room of the University Commons. Following the 
dinner the visitors were guests of the Department of Mathematics 
at an informal evening at the Faculty Club. 

On Saturday morning there was a general session for the invited 
address by Professor Edwin Hewitt of the University of Washington, 
entitled Ideal theory in algebras of linear functionals. This was fol- 
lowed by a session on Algebra for contributed papers. Professor M. S. 
Knebelman presided at both sessions. In the afternoon there was a 
session on analysis and geometry, Professor R. D. James presiding. 

During the morning session, the members present voted unani- 
mously to request the Council of the Society to schedule a meeting 
for Saturday, June 16, 1951, to be held in conjunction with a meeting 
of the Pacific Northwest Section of the Mathematical Association of 
America at the State College of Washington, Pullman, Washington, 
and expressed the hope that these joint meetings might become an- 
nual events. At the afternoon meeting the members voted a resolu- 
tion of appreciation to the University of Washington, the Depart- 
ment of Mathematics, and the committees on arrangements and 
entertainment. 

In the absence of the Associate Secretary, Professor R. M. Winger 
acted as secretary to the meeting. 
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Abstracts of papers presented at the meeting follow. Those ab- 
stracts whose numbers are followed by the letter ^t? were presented 
by title. Paper number 419 was read by Professor Beaumont. 


ALGEBRA AND THEORY OF NUMBERS 


408. B. H. Arnold: Birkhoff's Problem 20. 


Birkhoff (Lattice theory, 1948, p. 57, Problem 20) gives a relation which he sug- 
gests may generate a polarity between the classes of closed sets and the classes of valid 
statements of convergence in various topologizations of a set. In the present paper, 
an example is given to show that Birkhoff's relation does not give the desired polarity. 
Using a slightly different relation, the polarity is obtained. Abstract conditions are 
given which are necessary and sufficient for (Birkhoff’s notation) A=(A*)t and 
T (T*)*. (Received March 31, 1950.) 


409. J. L. Brenner: Polynomial parameirisations. 


Let x, y, t be indeterminates, R a domain of integrity; f=f(x, y) a homogeneous 
polynomial, fC-R[x, y]. If nonconstant polynomials P,= > a.f/ (i1, 2) exist, 
Gn ER, such that G(t) =f(Pi, P1) is a nonzero constant K, then f(x, y) 2c(asxx — Yt)” 
for some c, n; CCR. Thus if R is also a unique factorization domain, then all poly- 
nomial parameterizations, if there are any, of f =K, K <0, are given by x «ai.S(f) +d, 
ya S(I), d0. As an application, the 2X2 unitary matrixes over R[#] are found. 
(Received April 7, 1950.) 


4104. J. L. Brenner: Matrices of quaterntons. Preliminary report. 


Let A be an nX matrix with quaternion elements. A nonsingular matrix T exists 
such that TAT! = (b), where 5,20 whenever $ »j--1. The elements of T are ra- 
tional functions of the elements of 4. Using this last semi-canonical form, it is proved 
that every matrix of quaterntons has a characteristic root X, such that Áx-xA for some 
vector x. The methods used appeared in Ann. of Math. vol. 39 (1938) p. 476; also 
used is the result that every polynomial of degree »# and type 1 has a root (Eilenberg- 
Niven, Bull. Amer. Math. Soc. vol.-50 (1944) pp. 246—248). (Received May 31, 1950.) 


4114. Frank Harary: A generalisation of ring duality. 


Several results of A. L. Foster's papers The idempotent elements of a commutative 
ring form a Boolean algebra; ring duality and transformation theory and Maximal idem- 
potent sets in a ring with unit are generalized to the class of all rings having a nonzero 
idempotent element. In particular, (i) an analogous duality theory is found, and (ii) if 
an idem-set is a subset of a ring in which each element is idempotent and any two ele- 
ments commute, then any maximal idem-set is a generalized Boolean algebra. (Re- 
~ ceived April 6, 1950.) 


412t. G. P. Hochschild: Automorphisms of simple algebras. 


A theory of automorphisms of a simple algebra, 4, is established by combining 
the Galois theory for fields with the theory of commutators in simple algebras. The 
results concern the usual relationships between groups of automorphisms, subjected 
to appropriate regularity and completeness conditions, and simple subrings B of A, 
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such that the center of A is finite over its intersection with B, and B generates a simple 
algebra over the center of A. (Received May 3, 1950.) 


413. D. C. Murdoch: Isolated component ideals in a noncommutative 
ring. 


Let R be a noncommutative ring. N. H. McCoy (Amer. J. Math. vol. 71 (1949) 
pp. 823-833) has defined an m-system asa set M of elements such that if aC M and 
bC- M then axbC- M for some x in R. The complement in R of a prime ideal is an m- 
system. Corresponding to a fixed m-system M, a right M-n-system N is defined asa 
set of elements containing M such that mC M and xCN imply nxmC- N for some x in 
R. If a is an ideal and M an m-system, the right upper M-componént of a is an ideal 
u(a, M) consisting of all elements x such that every right M-n-system containing x 
meets a. The right lower M-component I(a, M) is the ideal consisting of all x such that 
xRmC-a for some m in M. Both u(a, M) and I(a, M) are generalizations of the iso- 
Jated component ideals defined by Krull in the commutative case. Properties of 
x(a, M) and I(a, M) and relations between them are investigated. In certain cases prin- 
cipal components of a, in the sense of Krull, can be defined and a is then the crosscut 
of its right lower principal components. (Received April 3, 1950.) 


414t. D. C. Murdoch: Isolated primary components of an ideal in a 
noncommutative ring. 


An ideal q in a noncommutative ring R is defined to be right primary if, when a 
is not in q, aRb€q implies KE r(q) where r(q) is the radical of q in the sense of McCoy 
(Amer. J. Math. vol. 71 (1949) pp. 823-833). If either the ascending or descending 
chain condition holds in all quotient rings R/a, with a not prime, then the radical 
of a right primary ideal is prime. In rings with ascending chain condition not every 
ideal is representable as the crosscut of a finite number of right primary ideals. How- 
ever if an ideal is so representable, then each upper M-component u(a, M) (see pre- 
ceding abstract), where M is the complement of a minimal prime divisor of a, is right 
primary. These are called the isolated primary components of a and they must all 
occur among the right primary components in any minimal representation of a as a 
finite crosscut of right primary ideals. (Received March 6, 1950.) 


415. Ivan Niven: A binary operation on sets of positive integers. 


Let A and B denote the sets of increasing positive integers (a,] and {b,}. Define 
the “product” AB to be the set fba} . Under this operation, sets of positive integers 
form an associative, non-commutative groupoid. Basic properties are determined, in- 
cluding the relations of the densities of A, B, and AB, for both limit and number 
theoretic densities. (Received May 5, 1950.) 


416t. R. M. Robinson: Artthmetical definability of field elements. 
It is shown that an element of an algebraic field is arithmetically definable if and 
only if it is fixed for all automorphisms of the field. (Received April 27, 1950.) 


4171. A. R. Schweitzer: Grassmann’s extensive algebra and modern 
number theory. 1I. 


The author considers Grassmann’s algebra in relation to investigations of Cauchy 
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and Kronecker. In C. R. Acad. Sci. Paris (1847) p. 1120 Cauchy obtained a “real” 
interpretation of the complex number a--b$ (= —1) by specializing a polynomial 
generalization of Gauss's relation of congruence. Subsequently (C. R. Acad. Sci. 
Paris (1853) p. 75) Cauchy construed the units of the complex number a+bś (and also 
the units of Hamilton's quaternion) as instances of his "algebraic keys" (clefs algé- 
briques) and showed that his theory of the latter is applicable to his method of con- 
gruence (C. R, Acad. Sci. Paris (1853) p. 168). Grassmann noted (C. R. Acad. Sci. 
Paris (1854)) that Cauchy's algebraic keys correspond to his "extensive magnitudes." 
The two standpoints are essentially distinct, as Grassmann has suggested (Gesammelte 
Werke, vol. 1, part 2, pp. 9, 10, 399). Kronecker extended, in effect, Cauchy’s method 
of congruence to representations of negative numbers and rationals (J. Reine Angew. 
Math. vol. 101 (1887) pp. 345, 346) as a contribution to a plan of “arithmetization” 
of mathematical disciplines (ibid. pp. 338, 339, 355) which included replacement of 
algebraic numbers (ibid. p. 347) with the aid of modular systems (J. Reine Angew. 
Math. vol. 92 (1882) pp. 1-122). (Received May 3, 1950.) 


4181. A. R. Schweitzer: On the place of the algebraic equation in 
Grassman's extensive algebra. 


The author discusses the following problem: Given the points xi, xs, * * * , Xati 
Yo 9577, Ym b, 4 +++, f. in Grassmann space, to find the point Yapı such that 
faa, Hacc, uny) f (1, vn cct, Tap) where u, =f (ti, h, h, ONIS ry 4), vem f(r, h, 
hri be) (01,2, n 1); f(a, x2, +++, xx) is a linear function of the x's 
with numerical coefficients a, different from zero and belonging to a field F; f(t, 
Wa, t, Hi) "Sf Qux, Das, * 5 uim) where the numerical coefficients A, belong to 
F. For n —1 the preceding generalizes a problem equivalent to a problem considered 
by Grassmann, Gesammelte Werke, vol. 1, part 1, pp. 158, 159. The author shows that 
the solution of the preceding problem requires that a7(x1—51) «XO (m—5)4 ee 
"Fa + e M) — Yny) 7*0, where the A's are different from zero but otherwise 
arbitrary; the sum of the coefficients of the differences x, — 3, is an algebraic equation 
in a; and of the sth degree. Also Aas+ must satisfy a vanishing determinant whose rows 
are respectively: 1, An Xx ttt, Q8 ee Ma); L, M, MÀ tin, Qs + + + Ange); 
od, Anu, Asia t t0, apd ota). Reference is made to Grassmann, ibid. 
pp. 165, 373. (Received May 3, 1950.) 


419. H. S. Zuckerman and R. A. Beaumont: A characterization of 
the subgroups of the additive rationals. 

All of the subgroups of the additive group of rational numbers are determined by 
means of a simple characterization. Many of their properties are readily obtained. 
For example, all isomorphisms between the subgroups are determined. Also, a com- 


plete survey of the rings which have these subgroups as additive groups is given. (Re- 
ceived April 28, 1950.) 


ANALYSIS 
420. T. M. Apostol: Asymptotic series related to the partition func- 
iion. 


Let G,(x) be the Lambert series Musee —x*) and let f,(x) exp (Gp(x)). 
If f(x) is developed into a power series f,(x) -1-- 2... ,a»(n)x*, then for p=1 the 
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coefficients reduce to (s), the number of unrestricted partitions of n. For p >1, the 
coefficients are no longer integers but they still have some properties resembling those 
of p(s)..For odd p »1 the author obtains an asymptotic formula for ap(#) analogous 
to Rademacher's famous convergent series for p(n). The series for ap(n) is obtained 
with bounded error term. The method used is the classic Farey-dissection method and 
use is made of transformation formulae of theauthor (see Bull. Amer. Math. Soc. vol. 
55 (1949) p. 715) which give the behaviour of fp(x) near the singularities on the unit 
circle. It is possible that the error term can be replaced by an error which tends to 
zero, thus giving a convergent series for p(n), but this would require improving the 
estimate on a complicated type of exponential sum. (Received April 25, 1950.) 


421. D. G. Chapman: A note on quasi-analytic functions. 


Let M, be a sequence of positive numbers and Cm, be the class of infinitely dif- 
ferentiable functions over the closed interval (0, 1) such that to each function f 
there exists a real number & >0 such that |f*(x)] S&*M. for 0 Sx <1, 221. If for any 
fin Cap f(xo) =0 for some xo in (0, 1) and all s implies f(x) =0, then Cy, is quasi- 
analytic. A simple new proof is here given for the theorem that a necessary condition 
that Ca, be quasi-analytic is that 2 ^. ,1/ M% diverge where M* =inf,>, M," (this con- 
dition is also known to be sufficient). Some extensions to abstract spaces are con- 
sidered. (Received May 5, 1950.) 


`~ 


422. Paul Civin: Approximation to conjugate functions. 


Suppose the trigonometric polynomials P,(x) and a function f(x) satisfy the rela- 
tion f(x) —P«(x) =O(n™), 0<a<%, uniformly in x. The conjugate trigonometric 
polynomials and the conjugate function then satisfy the relation f(x) —P.(x) 
zO0(n ? log n) uniformly in x, and this order is the best possible for arbitrary P,(x). 
For the Fourier partial sums Salem and Zygmund (Trans. Amer. Math. Soc. vol. 59 
(1946) pp. 11-22] showed that the order of the conjugate approximation was n ®, (Re 
ceived April 26, 1950.) 


423t. V. L. Klee: Some remarks concerning reflexive spaces and 
adjoint spaces. 

With the aid of a characterization of weak compactness due to Smulian, there is 
established a characterization of reflexivity which has the following corollary: (I) 4 
normed linear space ts reflexive if and only if in each of tts tsomorphs, every continuous 
linear functional attains tts maximum on the unit sphere. For spaces having a basis, 
this result was announced by R. C. James (Bull. Amer. Math. Soc. Abstract 56-1-80). 
Also proved is (II) The space (m) has an isomorph which is not equivalent to any adjoint 
space. This answers a question of J. Dixmier (Duke Math. J. vol. 15 (1948) p. 1070). 
(Received May 5, 1950.) 


4241, B. O. Koopman: A probabilistic generalization of matric 
Banach algebras. 
. Let X be any nonempty abstract set and S any c-algebra of subsets of X. Let B 
be the normed algebraic system whose elements are the complex-valued functions 
(x, E), defined and bounded over (x, E)E (X, S), measurable (S) in x (E fixed), and 
countably additive in E (x fixed). Linear combinations of elements of B with complex 
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coefficients are defined as usual; the (noncommutative) product (¢) (x, E) is defined 
' as the integral of ¥(y, E) with respect to the measure é(x, Fy), where x and E remain 
fixed while y, F, are variables of integration. The norm N(¢) in $8 is defined as the 
least upper bound over x € X of the total absolute variation over X of $(x, E) re- 
garded as a set function. It is shown that the system $ is a Banach algebra over the 
complex field, possessing the identity e-*e(x, E) —xx(x) the characteristic function of 
E. This $8 is evidently a generalization of matric algebra. It arises in the study of 
stochastic processes, where transition probabilities P(x-E) =x(x, E) are elements of 
B. (Received May 24, 1950.) 


4251. E. R. Lorch: Differentiable inequalities. II. 


-The present report constitutes a continuation of Bull. Amer. Math. Soc., Ab- 
stract 55-7-356. The subject here dealt with is that of approximation by differentiable 
surfaces. A natural class C of differentiable surfaces is one in which the surfaces 
and their adjoints have a common domain Q and a common domain 0* respectively. 
Furthermore, © is closed under positive scalar multiplication and addition (if G(x) =c 
and H(x) =c are in C, so is AG(x) 3-uH (x) =c). For such a class a separation, theorem 
may be established: If the surface & separates ©; from the origin, then e separates 
€; from the origin. It is now possible to introduce a metric in a natural class. The 
distance between two surfaces is measured by the amount of magnification and con- 
traction necessary to produce separation. This metric space is completed by means of 
convergent sequences. For every surface of the completed space there is a unique 
adjoint surface and these two give rise to a bilinear inequality > xry: SV (x*) : (y). 
The theory is applied to the natural class of closed convex surfaces. It is shown that 
any surface bounding a body convex in the classical sense may be approximated by . 
surfaces convex in the sense of this paper. (Received April 25, 1950.) 


426t. E. R. Lorch: Differentiable inequalities. III. 


This section gives an application of the theory of convexity outlined in two previous 
reports to the theory of volumes and mixed volumes. A large number of formulas are 
developed for these, including all well known classic equations. If ¢(x) is positively 
homogeneous of degree 1, if rG(x)=¢"(x), r >1, and if G(x)=c is a closed convex 
surface ©, then the volume V* bounded by the adjoint surface ©* satisfies V* 
om lim, [n(r—1)]71/fa G,,(x)| deo where the integration is over the unit sphere. If d; 
is the cofactor q in us| , then V*(s, j) 5n^1f/gdXb xx, do is called a partial volume. 
One has 2 V*(i, j) = V*. The theory of mixed volumes is developed. If ft is a convex 
body given by rG(x) $1 and f by rH(x) S1, then VARS + nk) - lime. [n(r—1)]- 
fal dG. +uH,,| do. The mixed volume of order », V;, may be represented as the in- 
tegral of the trace of a matrix. Given a matrix ||a,,]|, let ||z,,|| represent the sth com- 
pound matrix of ||a,,||. It is the matrix of the transformation induced by ||a,,|] and 
operating on the determinants defining the Grassmanian coordinates. Then Ch,» V; 
lim. [n(r —1)} a| Gal - TAE] [|Gul|-Y¢a where T||a;|| denotes a trace. (Re- 
ceived April 25, 1950.) 


427t. G. M. Wing: Cesáro averages of the coefficients of Schlicht func- 
tions. ` : 

Let f(5)- per. (a1=1) be analytic and schlicht in || «1. Let Sx(k) 
= noe, ana and on(k) =Sy(k)/Crseuai- If the Bieberbach conjecture, 


s 
" 
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la. Sn, holds, then lex(&)] S1. By means of an integral representation of ow(k) 
numbers 4 (k) are determined such that lim supx.«| ex(&)] SA (E), and it is proved 
that limi, A(z) =1. For this result, only the classical distortion theorem of Koebe 
is needed. Use is also made of recent results on the area of the map of |z| Sr<1 by 
f(s) (I. E. Basilevitch, Dokladii Akademii Nauk USSR. vol. 65 (1949) pp. 253-255) 
to show that 4(1) 81.31, 4(2) $1.14, A(3) &1.11. These compare favorably with 
the best known estimate of the coefficients themselves, lim sups, «| a«| /n Se/2 (ibid.). 
(Received May 1, 1850.) 


APPLIED MATHEMATICS 


428. M. Z. Krzywoblocki: On the latest developments in the inte- 
gral operator method in compressible flow. 


After a brief representation of the principal ideas of Bergman’s integral operator 
method as applied to the solution of partial differential equations of a compressible 
fluid, the author discusses the main three types of flow equations: subsonic (elliptic), 
supersonic (hyperbolic), transonic (mixed). Next, the author represents the applica- 
tion of the method to the solution of problems in a three-dimensional space, and par- 
ticularly to the axially symmetric flow patterns of a compressible fluid. (Received 
May 4, 1950.) 


429. Howard Eves: A note on Schick's theorem. 


This paper gives a new and simple proof, based upon a construction in the Gauss 
plane, of Schick's theorem to the effect that the pedal triangle of one of four points 
with respect to the other three is invariant in form under a direct circular transforma- 
tion. Some known associated theorems are reestablished in a simple way, and then 
some probably new theorems are proved. The following may be mentioned as an 
example of the latter: Let A'B'C', A''B''C'' be the pedal triangles of a pair of tsogonal 
conjugate points M' and M” of a given triangle ABC. Then the pedal iriangle of M' 
for irtangle A'B'C' and the pedal triangle of M” for triangle A"'B''C" are, respectively, 
directly similar to triangles A" B'C'' and A'B'C'. (Received April 12, 1950.) 


430t. Howard Eves: Some consequences of a fundamental construc- 
tion in the Gauss plane. 


This paper gives a simple construction for finding the point D of the Gauss plane 
such that (ABCD) — (A'B'C'D'), where A, B, C, A’, B’, C', D' are any given points. 
As special cases simple constructions are given for finding the limit and double points 
of the homography (4BCZ) — (A'B'C'Z'). Known theorems concerning the situations 
where (ABCD) is real, harmonic, equianharmonic, or orthocyclic are reestablished as 
corollaries to the above constructions. The geometry of the situation where (ABCD) 
is pure imaginary is considered in detail. As an example of a new theorem the following 
is proved: Let M be the Miquel point for triangle ABC of the triad A’, B’, C’, and let O’ 
be the circumcenter of triangle A'B'C'. Then M and O' are corresponding points under 
the direct circular transformation set up by A, A’; B, B’; C, C’. H. F. Sandham has 
shown that under the same transformation M' and M are corresponding points, where 
M' is the isogonal conjugate of M for triangle ABC. (Received April 12, 1950.) 
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431. M. S. Knebelman: Spaces of relative parallelism. 


Parallelism with respect to a continuous curve joining two, not necessarily distinct, 
points in an n-dimensional space is defined by means of a nonsingular matrix, the 
structure matrix of the space. The elements of this matrix are functionals from the 
space of directed continuous arcs to the space of real numbers. If A(P) is a contravari- 
ant vector, the vector obtained by parallel displacement with respect to the arc 
C$ is given by A(Q) = M(Cp)A(P). For covariant vectors the relation is u(Q) =u(P) 

MC), The structure matrix is subject to a number of conditions, Fréchet differ- 
entiability being one and M(Cp) ^ M(Cp): M(C$) another. From this one obtains 
the affine structure matrix L(C(a)) 2d M(Cz,) : M^(Cz,), L being independent of xo 
and thus defining the local properties of the structure. Covariant differentiation is 
defined in terms of L, and some fundamental invariants, such as scalar and vector 
torsions, of the curvature matrix are obtained. The projective structure is defined by 
the matrix M= M/(det M)!/* and from it one obtains the projective connection 
matrix II «d2XC- 77. Regarding M as a mapping of the tangent space at P on the 
tangent space at Q one obtains a generalization of Cartan's results dealing with the 
holonomy group of the space. (Received April 13, 1950.) 


432t. Yeh Mo: Foci of spherical conics. 


The intersection of a sphere with a quadric cone whose vertex lies at the center of 
the sphere is called a spherical conic. A real non-circular spherical conic consists of 
two real disjoint closed parts. Within each part there are two real foci. Using ele- 
mentary analytic methods, the author proves the following theorem: The sum of the 
spherical distances of any point of a part of a real non-circular spherical conic from 
two real foci within this part is constant. The tangent to a real non-circular spherical 
conic at any point makes equal angles with the tangents to the focal arcs of that point 
with respect to two real foci within any one part. (Received April 27, 1950.) 


433t. Yeh Mo: Foct of plane curves. 


In this paper the author proves the following theorems: (1) The point F and the 
line D are respectively a focus and a corresponding directrix of the curve which is the 
locus of a point P such that (FP2)e —eMP* where MP is the perpendicular distance 
from P to the line D, and m, n are positive integers such that n Z2, n >m, and (n, m) 
1. (2) The two points F” and Fare two foci of the curve which is the locus of a point 
P such that +A\F’P+yFP™a where à, p are two nonzero constants with absolute 
values both different from a/| F'F| ; and if \F’/P+yFP =a is the real part of the 
curve, and if 0 and ¢ are respectively the angles which the tangent line to this part 
at P makes with lines PF’ and PF, then à cos 04-4 cos ¢=0. (3) The conformal trans- 
form of a focus of a given curve is, in general, a focus of the conformal transform of the 
given curve. (4) If a curve has at least one axis of symmetry and at least one focus, 
then, with respect to each axis, there is at least one focus situated on it and one of 
the corresponding directrices is perpendicular to it; and any remaining foci are situ- 
ated symmetrically with respect to this axis. (Received April 27, 1950.) 


434t. A. R. Schweitzer: On the derivation of the regressive product 
in Grassmann’s geometrical calculus. 


In his Ausdehnungslehre of 1844 Grassmann derives the regressive product (einge- 
wandtes Produkt) by means of his calculus of systems or spaces (compare Gebiets- 
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lehre: Gesammelte Werke, vol, 1, part 2, pp. 16-23; see also R. Grassmann, Die Aus- 
dehnungslehre, Stettin, 1891, pp. 13-25, 50) including concepts applicable to the 
algebra of logic such as "gemeinschaftliches System,” *nüchstumfassendes System,” 
“Unterordnung,” “Ueberordnung,” and so on. In this paper regressive products as- 
sociated with an s-simplex (5 =2, 3) are derived with the aid of elementary properties 
of determinants. Reference is made to Grassmann, Gesammelie Werke, vol. 1, part 2, 
p. 43, paragraphs 62, 63, and p. 400; F. Caspary, J. Reine Angew. Math. vol. 92 
(1882) pp. 123-144. (Received May 3, 1950.) 


435t.. A. R. Schweitzer: A metric generalization of Grassmann's geo- 
metrical calculus. 


The relation between n-simplexes, aaa * * * o1 5: ifa * + Bays (n1,2,3, - + -) 
fundamental for Grassmann’s calculus (Amer. J. Math. vol. 35 (1913) pp. 37-56) is 
generalized by the author to the relation maz: + + auam b pbr > > Baar (mod 
hires fap) with meaning: There exists the n-simplex ifa. +- £4 such that 
aa? * Gebietes t inn and fi: cc Bam b RS ++ Bay. Then Grassmann's 
relation ajos * * * dayı ™ ifs * * * Bays: is replaced by taking may+ * * any for the 
modulus-and the relation of geometric congruence eos > * > ak 19s + °° Bay is 
replaced by taking k=1 and fif - - - Bay: for the modulus. Metrical properties cor- 
responding to Hilbert's theory in his Grundlagen der Geometrie (7th ed., Leipzig and 
Berlin, 1930, pp. 11-14) are developed postulationally in terms of an undefined rela- 
tion of congruence between s-simplexes. Relatively to the author's system in terms 
of his relation K, (Amer. J. Math. vol. 31 (1909) pp. 365-410) congruence between 
n-simplexes is expressed in terms of an undefined relation Es. Reference is made to 
the author's note, Bull. Amer. Math. Soc. vol. 15 (1908) pp. 79-81. (Received May 3, 
1950.) 


4364. S. K. B. Stein: Projection of 2 polygons. 


Let P and P' be two simple polygons in the plane. We prove the following theo- 
rem. It is possible to move P’ rigidly onto P in such a manner that the area of inter- 
section of the two interiors is greater than zero and that the directed projection in 
every direction of the portion of P’ interior to P is zero. Indeed this can be done in 
an infinity of manners. The theorem holds for all dimensions and for almost all 
curves, (Received May 3, 1950.) 


4371. Fred Supnick: On the perspective deformation of polyhedra. II. 
Solution of the convexity problem. 


In the first part of this paper the question raised by S. S. Cairns whether every 
geodesic triangulation of the sphere is a central projection of a convex polyhedron is 
answered. (Geodesic triangulation means edges <x, and faces « hemisphere in area.) 
It is shown that certain geodesic triangulations of the sphere of octahedral type can- 
not be central projections of convex polyhedra. In the second part of this paper the 
problems of determining the necessary and sufficient conditions for any geodesic tri- 
angulation of the sphere to be a central projection of a convex polyhedron and of 
determining an algorithm for finding the solutions are solved. This is done by reducing 
the characterization problem to that of solving systems of linear inequalities, thus 
permitting the use of known results. (Received May 29, 1950.) 
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LOGIC AND FOUNDATIONS 


438. F. B. Jones: An elementary two color problem. II. 


Consider a unit square region in the number plane with (0, 0) and (1, 1) as the 
ends of a diagonal. It is possible to color certain of the points of this region red and 
certain others green such that (1) no point on y —x is colored, (2) all other points are 
colored either red or green, and (3) if H, is any uncountable set of straight line arcs 
spanning the square parallel to the y-axis and Hy, is the image of H, with respect to 
yx, then the intersection of H, with H, contains both a red and a green point, This 
settles the question raised in a previous paper (Bull. Amer. Math. Soc. Abstract 
56-2-212) and may be used to establish a characterization of the first transfinite car- 
dinal based on the decomposition of the pairs of a set into sets. (Received May 5, 
1950.) 


439t. Hao Wang: The non-finitizability of impredicative principles. 


Let 4 be an ordinary second-order functional calculus with number theory as its 
theory of individuals and B be the system obtained from it by omitting classes which 
cannot be defined without using bound class variables. The principles of class forma- 
tion in both 4 and B embody infinitely many special cases. We know that the prin- 
ciple of B can be replaced by a finite number. In this paper it is shown that this is 
impossible for that of A. An enumeration of all the classes required to exist by the 
axioms of B can actually be expressed in 4. So that by the diagonal method, there 
exists a class of A not enumerated and therefore some case of the impredicative prin- 
ciple of A which is independent of the axioms of B. Similar things can be proved for 
any subsystem B’ of A which contains finitely many axioms. Hence A is non-finitiza- 
ble. It also follows that there exists a sequence of classes each containing its predeces- 
sors such that each of them can be proved to exist in B’ but their union cannot. Sim- 
ilarly impredicative principles in functional calculi of higher orders up to w are non- 
finitizable. (Received May 22, 1950.) 


440t. Hao Wang: Translatabtlity and relative consistency. 


With an arithmetization of syntax we can express the consistency of a system S by 
an arithmetic proposition Con (S). Two systems S and S’ are said to be of similar 
strength if Con (S) is derivable from Con (S’) in number theory and vice versa. There- 
fore, for every system S, if Con (S’) is provable in S and S contains number theory 
then S and S” are not of similar strength. S is said to be translatable into S’ if there is 
a recursive function mapping propositions and theorems of S respectively into those 
of S’, It is proved that if S and S’ are translatable into each other, then they are of 
similar strength. All consistent systems with decision procedures are of similar 
strength because their consistency can all be proved in number theory. However, the 
consistency of quantification theory can be proved in number theory too, although it 
is known to be an undecidable system. It is further shown by extending a result of 
Hilbert-Bernays that each system S is translatable into the system obtained from 
number theory by adding Con (S) as a new axiom. (Received May 22, 1950.) 


4411. Hao Wang: On the relative strength of certain ordinary systems. 
L is an ordinary set theory with finitely many axioms, being adequate for develop- 
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ing the second-order functional calculus founded on integers. L” is related to L as an 
nth-order functional calculus is to an (n—1)th, and Z’ is like L” except that variables 
of the highest type are not allowed in defining classes of lower types. Lf is L plus the 
proposition Con (L) as a new axiom. The following things are proved. L$ and L’ are 
of similar strength. Although a Tarski truth set for Lf is obtainable in L’, Con (L$) 
is not provable in L’. If we use in L’ and L the same definition for the class of natural 
numbers, then the proposition that every class of natural numbers has a least member 
is independent of the axioms of L’ and Con (L) is an unprovable proposition of L’ of 
the form (k)¢k for which we can prove ¢0 and ọn Den’ in L'. By choosing suitable 
definitions, Con (L) becomes a theorem of L’. Con (L) and Con (Lf) are theorems of 
L”. It follows that Con (L’) is also a theorem of L”. (Received May 22, 1950.) 


4 
STATISTICS AND PROBABILITY 


442t. Murray Rosenblatt: On distributions of certain Wiener func- 
ionals. 


Let x1(é), a(t) be elements of two independent Wiener spaces. V(x, y) is assumed to 
be non-negative and sufficiently regular except on a rectifiable curve of discontinuity 
C. The Wiener functional f; V(x(7), »(7))dr is investigated. The principal result is the 
following: If o(a; f) is the distribution of AV x), y(7))dr, then f um exp (—ta 
—8t)dae(a; t) f J^ vs y)dxdy where y(x, y) is the fundamental solution of 2-'V4y 
—(s+uV(x, »))v 20, (x, y) (0, 0), lim,.ofs óV(«cos 6, esin 0) /dtd# = —2. The methods 
used are similar to those of M. Kac (On the distrebutions of certain Wiener functionals, 
Trans. Amer. Math. Soc. vol. 65 (1949) pp. 1-13). A small discussion indicates that 
the results of the paper can be immediately extended to the product space of n 
Wiener spaces in like manner. (Received April 25, 1950.) 


443i, Abraham Wald and Jacob Wolfowitz: Characterization of the 
minimal complete class of decision functions when the number of dis- 
tributions and decisions ts finite. 


Let m be the number of cumulative distribution functions {fi} (of any kind what- 
ever) and £ the generic designation of an a priori probability distribution on { fi}. 
A Bayes solution with respect to the sequence H,- * * , & is defined inductively as 
follows: When k=1 it is a Bayes solution with respect to & For h »1 it is a Bayes 
solution with respect to £ among all decision functions which are Bayes solutions with 
respect to the sequence &, * - * , &1. Let £&, be the probability of f, according to &. 
The authors prove the following: In order that a decision function be admissible it is 
necessary and sufficient that it be a Bayes solution with respect to a sequence of 
h (Sm) a priori distribution functions (&, * * * , &), such that the matrix {Ey}, $ 
=æ], 5; j1,* **, m, has the following properties: (a) for any j there exists an 
$ such that &; »0, (b) The matrix (5;], $1, +--+, (h—1); j&1, - - - , m, does not 
possess property (a). (Received April 24, 1950.) 


TOPOLOGY 


4441. S. K. B. Stein: Convex maps. 


The following theorem is proved: Let M be a regular map in the plane with the 
two additional properties that each country is simply connected and that the union 
of two touching countries is simply connected. Then it is possible to deform this map 


e 
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M into a map in which all the countries are convex still preserving all incidence rela- 
tions. The proof is inductive and tells how to construct the convex map. (Received 
May 3, 1950.) 


445t. A. D. Wallace: Cohomology groups of collections. 


Fix a space X and an abelian group G. Let € 231 238 be three collections of sub- 
sets of X. We define cohomology groups H*(X, N), - - - with G as coefficient group. 
Each of these groups depends on X as well as the displayed arguments. The standard 
algebraic theorems hold as well as an exact sequence theorem for : * : —H*(X, A) 
—H^*(X, $8) H(A, $8)— - - - . It is possible also to define groups H?(X, $0, +. 
For these there are comparable results with an exact sequence : - : —H?*(X, A) 
—H?(X)—H?(309 ---, the last group depending on X as well as on the displayed 
argument. This last case is interesting when the collection A is {f-(y)|yv€ Y], 
where f: X — Y is a map. (Received March 20, 1950.) 

R. M. WINGER 


VIRGIL SNYDER 
1869-1950 


Professor Virgil Snyder of Cornell University, President of the 
American Mathematical Society in 1927 and 1928, died on January 
4, 1950, at the age of eighty-one. It is appropriate, therefore, to re- 
cord at this time some account of his services to the Society and of 
his contributions to mathematics over his active career of forty- 
three years. Since a biography of Professor Snyder appears in Volume 
One of the Semicentennial Publications of the Society,! the following 
account is devoted more particularly to his activity in research. 

Professor Snyder began his work at a time when geometers were 
exploring the superstructures of their subject, particularly in space 
and hyperspace. By adding the radius of a sphere to its coefficients, 
Lie had defined a sphere by six homogeneous coordinates subject to 
a non-singular quadratic relation. This situation also occurs with the 
Plticker line-coordinates so that the parallel between line geometry 
in three-space and Lie’s “Kugelgeometrie” was apparent. Snyder’s 
doctoral dissertation (Göttingen, 1895) was concerned with linear 
complexes of spheres. Of twenty-one papers he published in the next 
ten years, twelve were concerned with the metric side of this parallel 
and dealt with annular, tubular, and developable surfaces, their 
asymptotic lines, and lines of curvature, or with the development of 
collateral algebra. In [3] he gives a metric classification of the Dupin 
cyclide, the envelope of a quadratic system of spheres. The other nine 
have to do with algebraic ruled surfaces or scrolls, largely from the 
line geometry, or projective, point of view. After a preliminary check 
on a classification by Schwartz of quintic scrolls he undertook in 
three papers [18, 19, 20] in vol. 25 of the American Journal the 
classification of sextic scrolls according to the multiplicity of directrix 
curves. This classification yielded 68, 32, 11, 5, 2 types of genus (genus 
of a plane section) 0, 1, 2, 3, 4, respectively. Two years later in vol. 27, 
two papers [22, 24] amplified and corrected this classification with 
reference to earlier works of A. Wiman. This initial preoccupation 
with line geometry colored much of Snyder’s thinking in later years, 
particularly in connection with a variety of birational and Cremona 
transformations which he introduced. 

1 Pp, 218-223. To this biography there is appended a bibliography with eighty- 
five numbered entries. For brevity we use the brackets [ ] to indicate the number of 


a specific item in this bibliography and add thereto [30A], On birational transforma- 
tions of curves of high genus, AJM, v. 30, 1908, pp. 10-18. 
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In five papers published in 1907—1908 Snyder turned his attention 
to the birational geometry of plane curves. In [29] he constructs a curve 
Cs, which has a complete but composite g3«-5, analogous to the 
hyperelliptic curve, and shows that it is the projection of a space 
curve on a quadric surface. In [30A] he proves that curves of suffi- 
ciently high genus can be transformed into curves of the same order 

.only by collineations, and in [32] the range of possible transforms 
is explored. In [31] the groups of birational transformations of curves 
of genus six are obtained. Finally in [33] there is given a proof of the 
existence of curves of order s with any prescribed number of double 
points up to the maximum number (5 —1)(n —2)/2. 

The cubic primal in S, with nine nodes, and the one with a double 
line, had been studied synthetically by Segre and Castelnuovo. In 
[34] and [35], respectively, Snyder treats these cases analytically, 
thus obtaining more precise results particularly with respect to the 
surface in S; which yields the apparent contour of the primal with 
respect to a point. It is indeed somewhat characteristic of his work in 
general that, while he would use synthetic methods for a first ap- 
proximation, he would not seem to be entirely happy until he had 
obtained an analytic formulation as a basis for a more comprehensive 
treatment of individual cases. 

In 1910 Snyder opened a long series of articles on surfaces invari- 
ant under infinite discontinuous groups of birational transformations. 
In [36, 39, 40] these groups are generated by involutorial elements 
such as the projection of a quartic surface into itself from a node, or 
as the interchange of the two contacts of a properly chosen system of 
bitangents. The surfaces in general are those which can be obtained 
as focal surfaces of line congruences, a number of which he had dis- 
cussed in earlier papers from other points of view. 

In the period 1914-1923, Snyder, in collaboration with his col- 
league F. R. Sharpe, also an accomplished geometer, continued the 
above series along with other topics in eight memoirs published in 
the Transactions of the Society. In [53] and [55] the birational 
groups of quartic surfaces with exceptional curves, either rational 
curves, or sextics of genus three, or sextics of genus two, are obtained, 
the birational transformations in the last case being excerpts from 
Cremona transformations. In these papers a notable increase in ele- 
gance and sophistication accrues from the use of a Severi basis for the 
curves on the surfaces. In [59] the mapping of one three-space on 
another by means of a web of quadrics is discussed and birational 
transformations of the jacobian of the web and its related symmetroid 
are given, again in terms of a Severi basis. These memoirs furnish 
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interesting examples of the effectiveness of the basis theory for a 
study of the geometry on a surface. In [58] there is given an exhaus- 
tive discussion of (2, 2) point correspondences between two planes 
which yields two general types with respectively five and six sub- 
types. Anotherinteresting paper [61 ]inthisgroup relatestotheconstruc- 
tion of (n, n") correspondences between two algebraic curves. In the 
two memoirs [60], the very comprehensive class of Cremona involu- 
tions in space which arise from the pairs of a (2, 1) correspondence 
with another space is completely treated up to the cases where the 
web of surfaces which defines the correspondence has the order six. 
In [63] the inverse problem of determining the (2, 1) correspondence 
when the involution is given is considered in some special cases. 

Following a determination [64] of the five types of monoidal Cre- 
mona involutions in space corresponding to the five types of ternary 
Cremona involutions, Snyder, in an address [65] to the Society, pre- 
sented his reflections on the state (then quite unsatisfactory) of the 
theory of such involutions in space as contrasted with that of the 
ternary involutions. A number of his later papers, not reported here, 
deal with particular involutions. Some of these papers were done in 
collaboration with graduate students and he inspired a number of 
others which were published independently. 

Two problems seemed to intrigue Snyder in his later years, these 
relating respectively to the rationality of the pairs of a space Cre- 
mona involution and to the rationality of the cubic primal in S4. 
His address [70, cf. also 62, 74] as retiring president is devoted to a 
survey of the literature which bears on these problems. Here [cf. 
also 79] he frequently indicates the place of his own contributions 
in the complex situation which he portrays. 

One of Snyder's major contributions was made as chairman of the 
committee of the National Research Council which prepared their 
Bulletin No. 63, entitled Selected topics in algebraic geometry. Of this 
digest of journal articles up to the date of publication he personally 
wrote about one quarter of the text and he took on with energy and 
enthusiasm the entire responsibility for editing and publishing the 
volume. The supplementary Bulletin, No. 96, covering the next six 
years, was almost entirely his own work. 

Mr. and Mrs. Snyder traveled a great deal both on vacations and 
on leaves of absence for study and research. On these occasions he 
attended foreign mathematical meetings and made frequent reports 
to the Society concerning them. His acquaintance with foreign 
scholars and with national attitudes made him an especially useful 
member of the committee which represented the Society at the 
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Toronto Congress where international tensions resulting from the 
first world war were still acute [cf. History, pp. 19-20]. 

Professor Snyder retired from active teaching in 1938. He was for- 
tunate in that he lived to see the Society which he had served so 
faithfully and so well become one of the leading organizations of its 
kind. 

A. B. CoBLE 


BOOK REVIEW 


Divergent series. By G. H. Hardy. Oxford University Press, 1949. 
164-396 pp. $8.00. 


Hardy died on December 1, 1947; during his lifetime the theory of 
divergent series and its applications developed into an important 
branch of modern analysis. It is only natural that the book bears all 
the marks of his own research work, but it is also a comprehensive 
presentation of this vastly expanded subject. The final galley proofs 
were read and completed by some of his younger collaborators, in 
particular L. S. Bosanquet. 

The book consists of thirteen chapters and five additional sections. 
Attached to each chapter are notes and references. Chapters I and 
II contain a lively historical survey, particularly on Euler’s, Fourier’s, 
and Heaviside's contributions. Also some principles are discussed on 
which to base methods for the summation of divergent series and 
integrals. 

Chapter III discusses general theorems concerning linear trans- 
formations of sequences and functions, with some particular ex- 
amples. Let us explain a few fundamental concepts. The general 
linear transformation of a sequence s, is either another sequence 


B 


tm = >> Omna m=0,1,2,+-:, 
Til) 


or a function t(x) = S cn(x) Ss, where x is a continuous parameter. A 
linear transform of a function s(y) is t(x) ^ fo c(x, y)s(y)dy; (Gwin) is 

- the matrix of the transform tm, c(x, y) is the kernel of the transform 
t(x). 

In Chapter IV special methods are discussed (Norlund, Euler, 
Abel, and others). Chapter V is concerned with Hélder, Cesàro, and 
Riesz means. Hólder and Cesàro means of first order, denoted by 
(HE, 1) and (C, 1), are the same: h4 = (1/(n4-1)) 5-3 s»; by iteration: 
he =(1/(n-+1)) 27, and AP —(1/(n-F1)) 275 hf ?. The Cesàro 
means are defined by taking s,= $5 s, s = Joa st e =s/A®, 
where Af? is s£ when all s,— 1. 

The next two chapters are devoted to Tauberian theorems for 
Cesàro and for Abel means. Tauber proved in 1897 that Abel sum- 
mability and lim na, =0 imply convergence of $a. this elementary 
result was the starting point of a long chain of investigations to estab- 

- lish inverse theorems of summability dealing with the question: 
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Under what conditions for the terms a, does summability of a series 
32a, imply its convergence? A significant result of Hardy and 
Landau is that if ? a, is summable (C, k) for some k and if na, > — M 
(M constant for all n) then ><a, is convergent. Many generalizations 
concerning Cesàro and Riesz's summability are discussed. The meth- 
ods employed led to the concept of slowly oscillating sequences and 
functions and to a connection with Fourier transforms and closure 
theorems. Chapter VII concludes with the *high indices" Theorem 
of Hardy and Littlewood. 

Chapter VIII is concerned with the methods of Euler and Borel 
and their generalizations, with application to analytic continuation 
and to summation of certain asymptotic series. Chapter EX analyzes 
Tauberian Problems for Borel and Euler summability. The principal 
Tauberian Theorem is that Borel summability and a4,2!/3 — O(1) im- 
ply convergence of ? an. 

'The main subject of Chapter X is to discuss the convergence and 
summability properties of the Cauchy product of two series. Chapter 
XI discusses Hausdorff means and related transforms. In Chapter 
XII, N. Wiener's theory of general Tauberian problems is presented; 
here the tool is the theory of Fourier transforms. It includes applica- 
tions to the theory of primes, and to special summability methods, 
such as Borel summability and Riemann summability. 

Chapter XIII discusses the Euler-Maclaurin sum formula. The 
first of the appendices discusses the evaluation of certain definite 
integrals by means of divergent series; appendices II and III give 
applications to Fourier series. In particular appendix II analyzes the 
Fourier kernel of certain methods of summation such as Cesàro's 
method and dela Vallée Poussin's method. In appendix III, Riemann 
and Abel summability are applied to Fourier series. Appendix IV 
deals with Lambert and Ingham summability and their role in the 
analytic theory of numbers. Appendix V discusses theorems concern- 
ing a method related to Abel summability. 

The large amount of material evidently did not permit more detail 
concerning applications to trigonometric series, or a discussion of the 
subject of orthogonal series and of multiple series. It seems worth- 
while to write another book on these subjects. 

Orro Szász 


ABSTRACTS OF PAPERS 


The abstracts below are abstracts of papers presented by title at 
the October Meeting in New York and the November Meeting in 
Evanston. Abstracts of papers presented in person at these meetings 
will be included in the reports of the meetings which will be published 
in the January issue of this BULLETIN. 

Abstracts are numbered serially throughout this volume. 


ALGEBRA AND THEORY OF NUMBERS 


446t. R. H. Bruck and Erwin Kleinfeld: New identities for alterna- 
tive rings. Preliminary report. 


Let R be an alternative ring with (skew-symmetric) commutator (x, y) =xy—yx 
and associator (x, y, z) =xy-2~x+ ys. Known identities for the associator are mainly 
based upon (*) (tex, y, 8)—(w, xy, )+(m, x, yz) = w(x, y, 3)-+(w, x, y)s. Instead, 
define f by (wx, y, z):- (x, y, z)w-+x(w, y, 2)--f(w, x, y, 2), and use (*) to prove f 
skew-symmetric. Skew-symmetry of f, and one of several identities such as (i) 
Ju, x, y, 2) = ((w, x), y, 2) - ((y, 2), w, x), are equivalent to (*). Other functions are 
introduced in the same spirit; these and f are powerful tools in the study of alternative 
rings. Among the significant byproducts are: (ii) ((x, y, 2), y, s) «0; (iii) ((w, x)3, y, 2) 
- (w, x)f(w, x, Y, 2) +f(w, T, J, s) (w, x). (Received July 21, 1950.) 


447t. D. O. Ellis: An algebraic characterisation of laitices among 
semilaitices. 


A semilattice is an associative, commutative, idempotent groupoid. The set- 
theoretic product of the sets of units for each of two elements of a semilattice is a 
sub-semilattice. Cosets of this sub-semilattice by its own elements are considered. 
The original semilattice is said to have property M if at least one such coset consists of 
a single element for each two elements of the original semilattice. The principle result 
is: Let L be a semilaiiice under a+b. It ts possible to define a second operation, ab, in L so 
that L forms a lattice under a+b and ab if and only if L has Property M. Moreover, 
the introduction of this second operation may be accomplished in exactly one way; namely, 
by construction from Property M. (Received June 2, 1950.) 


448:. D. O. Ellis and J. W. Gaddum: On solutions of systems of 
linear equations in a Boolean algebra. 


Let B be a Boolean algebra with meet, join, and complement denoted by ab, 
a+b, and a’, respectively. Consider the system of equations (1) 27; aux, =k; 
í-21,2,- - * , mt, where the a,, and k, are constants. The cardinals m and s are finite, 
SN, or arbitrary according as B is arbitrary, o-complete, or complete. Define 
da= TT ass, tha); j-1, 2,-++, m. The principle results are: 1, If &:=0; 
$—1,2,-.--, m in (1), the complete solution is the s-parameter form x, 0,0504; 
j—1,2,---*, n. 2. A necessary and sufficient condition that (1) have a solution is 
that ke 2 Latudau mk; $21,2,--* , m. 3. The solutions of (1) are those values of the 
n-parameter form z; 8,5, (as tk); 1, 2, * + - , #, for which the parameter values 
satisfy hi1 udo0; =i; $£—1,2,--- , m. Some of the results have been obtained 
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X: 
for the finite case by L8wenheim (Math. Ann. vol. 79 (1919) pp. 223-236). (Received 
June 2, 1950.) 


` 


449t, Oscar Goldman: On the theory of algebraic surfaces. 


Algebraic foundations for a theory of algebraic surfaces without singular points 
are developed. The considerations are essentially limited to that part of the subject 
which has direct bearing on the so-called Riemann-Roch Theorem. For the purpose 
of providing an algebraic proof of this theorem, the theory of double differentials is 
developed in some detail, enabling one to avoid the necessity of considering the 
adjoint surfaces. A proof of the birational invariance of the entire theory is included. 
(Received July 6, 1950.) 


450r. B. W. Neumann: Embedding nonassociative rings tn division 
rings. 


Rings are here understood nonassociative, that is, with associativity of multipli- 
cation omitted from the usual ring postulates. Necessary and sufficient condition 
for a ring to be embeddable in a division ring (no matter whether one-sided or two- 
sided division be required) is that every nonzero element generate additively a cycle 
of the same order; this order, if finite, is a prime. The same condition is equivalent 
with embeddability in an algebra (of possibly infinite rank) over a field. Necessary 
and sufficient condition for a ring to be embeddable in a ring with unique division 
(on one side or on both sides) is that it possess no zero divisors. A one-sided or two- 
sided neutral element can be adjoined, and an obviously necessary condition is aleo 
sufficient to ensure that such adjunction does not disturb the uniqueness of division. 
Analogous results hold when multiplication is commutative (cy =yx for all x, y), 
anticommutative (xy- —yx), or idempotent (xx=x). The method consists in the 
adjunction, as freely as possible, of single left quotients, and so forth, together with 
the usual transfinite building-up process. The author believes the results may be 
known already, but has been unable to find any references. (Received July 17, 1950.) 


ANALYSIS 
451. J. G. Herriot: The polarization of a lens. 


Consider a conductor placed in an electrostatic field uniform at infinity and 
having a given direction there. The intensity of the disturbance produced by the 
conductor may be measured by a quantity called the polarization in the given direc- 
tion. (See M. Schiffer and G. Szegó, Trans. Amer. Math, Soc. vol. 67 (1949) pp. 
130-205.) The mean polarization P, is the average of the polarizations in any three 
mutually orthogonal directions. Let V denote volume and C electrostatic capacity. 
For the bowl (limiting case of lens) the author showed earlier (see Bull. Amer. Math. 
Soc. Abstract 54-11-470) that P, 2 (87/3) C*. It is now shown that P, z4xC! for the 
bowl. The inequality P&-- V z4xC* previously proven for a lens with dielectric angle 
x/2 and for two tangent Spheres is now established for the symmetric lens. (Received 
July 20, 1950.) 


TOPOLOGY 
452t. A. D. Wallace: An isomorphism theorem. 
For the Alexander-Kolmogoroff cohomology groups (arbitrary coefficient group) 


M 
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the following is shown to hold: Let :: (X, 4)—(Y, B) be the map which takes A onto | 
the point B and maps X—A topologically onto Y —B. Then i*: H*(Y, B)—H?(X, A) 
is an isomorphism onto if either (i) X is fully normal and A is closed or (ii) X is locally 
compact Hausdorff, A is closed, and F(A) is compact. This result (which seems to 
have been first stated by H. Cartan) seems not to be known in this generality except 
for the Cech groups based on finite open coverings. It is a consequence of suitable 
extension and reduction theorems valid under conditions analogous to (i) or (ii). 
In the proofs of these (under (ii)) use is made of a result of J. W. Keesee which follows 
from corresponding results using hypotheses of type (i). It is easily seen (and probably 
known) that other excision theorems are equivalent to this one. (Received July 10, 
1950.) ` ` 


B 


NOTES 


'The school of Mathematics of the Institute for Advanced Study 
will allocate a small number of stipends to gifted young mathemati- 
cians and mathematical physicists to enable them to study and to do 
research work at Princeton during the academic year 1951—1952. Can- 
didates must have given evidence of ability in research comparable 
at least with that expected for the degree of Doctor of Philosophy. 
Blanks for application may be obtained from the School of Mathe- 
matics, Institute for Advanced Study, Princeton, N. J., and are re- 
turnable by January 1, 1951. 

Indiana University has established a Graduate Institute for Ap- 
plied Mathematics. Professors T. Y. Thomas, Eberhard Hopf, and 
David Gilbarg have been transferred from the Mathematics Depart- 
ment of the University to the New Institute, and Dr. C. A. Truesdell 
of the Naval Research Laboratory will also serve as a visiting profes- 
sor for the year 1950-51. 

Professor John von Neumann of the Institute for Advanced Study, 
president elect of the American Mathematical Society, has been 
awarded the honorary degrees of Doctor of Science by Harvard Uni- 
versity and the University of Pennsylvania. 

Professor Lamberto Cesari of the University of Bologna is on leave 
of absence and has been appointed to a visiting professorship at 
Purdue University. 

Assistant Professor F. T. Adler of the University of Wisconsin has 
been appointed to an associate professorship of physics at Carnegie 
Institute of Technology. 

Associate Professor Harriet W. Allen of Connecticut College has 
been appointed to a professorship of physics at Western College, Ox- 
ford, Ohio. 

Dr. T. M. Apostol of Massachusetts Institute of Technology has 
been appointed to an assistant professorship at California Institute 
of Technology. 

Dr. J. E. Barney of the University of Kansas has accepted a posi- 
tion as chemist with the Whiting Research Laboratory of the Stand- 
ard Oil Company. 

Dr. P. T. Bateman of the Institute for Advanced Study has been 
appointed to an assistant professorship at the University of Illinois. 

Mr. M. R. Bates of Union College has accepted a position as mathe- 
mátician with the Bell Aircraft Corporation, Buffalo, New York. 

Assistant Professor P. W. Carruth of Swarthmore College is on 
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leave and has been appointed to a visting professorship at Reed Col- 
lege. 

Dr. F. E. Clark of Tulane University of Louisiana has been ap- 
pointed to an assistant professorship at Rutgers University. 

Associate Professor John DeCicco of Illinois Institute of Tech- 
nology has been appointed to a professorship at DePaul University. 

Associate Professor C. H. Denbow of the U. S. Naval Academy 
has been appointed to a professorship at Ohio University. 

Dr. N. J. Divinsky of the University of Chicago has been appointed 
to an assistant professorship at Ripon College. 

Miss Genevieve H. Dixon of Cornell Aeronautical Laboratories, 
Inc. has accepted a position as senior computer with the Bell Air- 
craft Corporation, Buffalo, New York. 

Dr. D. G. Duncan of the University of Michigan has been ap- 
pointed to an assistant professorship at the University of Arizona. 

Assistant Professor J. C. Eaves of the University of Alabama has 
been appointed to an associate professorship at the Alabama Poly- 
technic Institute. 

Dr. D. O. Ellis of the University of Missouri has been appointed to 
an assistant professorship at the University of Florida. 

Mr. E. S. Elyash of Cornell University has been appointed to an 
assistant professorship at the University of Pittsburgh. 

Mr. W. B. Evans of the University of Illinois has been appointed 
to an assistant professorship at Georgia Institute of Technology. 

Mr. F. D. Faulkner of the University of Michigan has been ap- 
pointed to an assistant professorship at the U. S. Naval Postgraduate 
School, Annapolis, Maryland. 

Professor William Feller of Cornell University has been appointed 
to a professorship at Princeton University. 

Mr. J. V. Finch of the University of Wisconsin has been appointed 
to an assistant professorship at Beloit College. 

Dr. David Gale of Princeton University has been appointed to an 
assistant professorship at Brown University. 

Assistant Professor P.^R. Garabedian of the University of Cali- 
fornia has been appointed to an acting assistant professorship at 
Stanford University. 

Dr. Emil Grosswald of the University of Pennsylvania has been 
appointed lecturer at the University of Saskatchewan. 

Dr. Ernest Ikenberry of Louisiana State University has been ap- 
pointed to an assistant professorship at Alabama Polytechnic Insti- 
tute. 
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Assistant Professor Robert Kahal of Polytechnic Institute of 
Brooklyn has been appointed to an associate professorship of elec- 
trical engineering at Washington University. 

Dr. L. H. Kanter of the University of Wisconsin has been ap- 
pointed to an associate professorship at Mississippi State College. 

Mr. E. L. Kaplan of Princeton University has accepted a position 
as mathematician with the Bell Telephone Laboratories, Murray 
Hill, New Jersey. 

Dr. R. B. Leipnik of the Institute for Advanced Study has been 
appointed to an assistant professorship at the University of Wash- 
ington. 

Dr. J. A. Lewis of Brown University has accepted a position with 
the Corning Glass Works, Corning, New York. 

Professor Eugene Lukacs of Our Lady of Cincinnati College is on 
leave of absence and has accepted a position as statistician with the 
National Bureau of Standards. 

Dr. Nathaniel Macon of the University of North Carolina has been 
appointed to an assistant professorship at Alabama Polytechnic In- 
stitute. 

Dr. W. S. Massey of Princeton University has been appointed to 
an assistant professorship at Brown University. 

Mr. J. W. Mettler of Lehigh University has accepted a position 
with the Educational Testing Service, Princeton, New Jersey. 

Professor W. R. Murray of Franklin and Marshall College has been 
appointed to an associate professorship at Wagner College. 

Dr. Margaret Owchar of the University of Minnesota has been 
appointed to an associate professorship at Southwest Missouri State 
College. 

Dr. A. J. Owens of the University of Florida has been appointed 
to an assistant professorship at Alabama Polytechnic Institute. 

Dr. L. E. Payne of Iowa State College of Agriculture and Mechanic 
Arts has been appointed to an assistant professorship at the Univer- 
sity of Arizona. 

Mr. M. M. Resnikoff of Pennsylvania State College has accepted 
a position as aeronautical research scientist with the National 
Advisory Committee for Aeronautics, Moffett Field, California. 

Dr. R. P. Rich has accepted a position as mathematician with the 
Applied Physics Laboratory, Johns Hopkins University. 

Professor R. A. Rosenbaum of Reed College is on leave of absence 
and has been appointed to a visiting professorship at Swarthmore 
College. 
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Dr. W. A. Rutledge of the University of Tennessee has been ap- 
pointed to an assistant professorship at Alabama Polytechnic Insti- 
tute. 

Dr. A. E. Scheidegger of the University of Toronto has been ap- 
pointed as lecturer in physics at Queen’s | University, Kingston, On- 
tario, Canada. 

Mr. B. L. Schwartz of Brown University has been appointed to an 
assistant professorship at Duquesne University. 

Mr. Bernard Sherman of the University of Vermont has been ap- 
pointed to an assistant professorship at the University of Southern 
California. 

Dr. Seymour Sherman of the Institute for Advanced Study has 
accepted a position as mathematician with the Lockheed Aircraft 
Corporation, Burbank, California. 

Dr. Harold Shniad of the University of Southern California has 
been appointed to an assistant professorship at the University of 
Arkansas. 

Associate Professor W. H. Spragens of Florida State University 
has been appointed to an associate professorship at the University of 
Mississippi. 

Mr. J. J. Taylor of the Kellex Corporation, New York City, has 
accepted a position with Westinghouse Electrical Corporation, Pitts- 
burgh, Pennsylvania. 

Dr. M. C. Waddell of Johns Hopkins University has been ap- 
pointed to an assistant professorship at Western Reserve University. 

Dr. S. S. Walters of the University of California, Los Angeles, has 
accepted a position as mathematician with the Rand Corporation, 
Santa Monica. 

Professor Emeritus F. B. Wiley of Denison University has been 
appointed to a professorship at Ashland College. 

Dr. J. E. Wilkins of the American Optical Company has accepted 
a position as mathematician with Nuclear Development Associates, 
Inc., New York City. 

Mr. Roger Williams of the McGraw-Hill Publishing Company is 
now president of Roger vans Inc., a firm of chemical! engineering 
consultants. 

Dr. Henry Wolf of fios University has been appointed to an 
assistant professorship at Hofstra College. 

The following promotions have been announced: 

, E. S. Kennedy, American University of Beirut, to an associate pro- 
fessorship. 

Walter Nef, University of Bern, to a professorship. 
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R. D. Anderson, University of Pennsylvania, to an assistant pro- ' 
fessorship. 

T. W. Anderson, Columbia Tires, to an associate professor- 
ship. 

H. M. Bacon, Stanford University, to a professorship. 

Z. W. Birnbaum, University of Washington, to a professorship. 

Elizabeth Carlson, University of Minnesota, to'an associate pro- 
fessorship. 

R. M. Cohn, Rutgers University, to an assistant professorship. ^ 

R. H. Cole, University of Western Ontario, to a professorship. 

D. A. Darling, University of Michigan, to an assistant professor- 
ship. 

R. F. Dressler, New York University, to an assistant professorship. 

G. M. Ewing, University of Missouri, to a professorship. 

C. H. Fischer, University of Michigan, to a professorship. 

Evelyn Frank, University of Illinois, to an associate professorship. 

H. S. Grant, Rutgers University, to a professorship. 

Mary C. Graustein, Tufts College, to an associate professorship. 

J. B. Greeley, Utica College, Syracuse University, to an associate 
professorship. 

Edwin Hewitt, University of Washington, to an associate professor- 
Ship. 

H. H. Hinman, City College, New York City, to an assistant pro- 
fessorship. 

R. V. Hogg, State University of Iowa, to an assistant professorship. 

M. Gweneth Humphreys, Randolph-Macon Woman's College, to a 
professorship. 

P. B. Johnson, Occidental College, to an associate professorship. 
' Shizuo Kakutani, Yale University, to an associate professorship. 

H. R. Kingston, University of Western Ontario, to principal of 
University College and Dean of the College of Arts and Science. 

E. R. Kolchin, Columbia University, to an associate professorship. 

H. R. Leifer, Veterans Administration, Pittsburgh, Pennsylvania, 
to Chief of Registration and Research Section. 

R. C. Lyndon, Princeton University, to an assistant professorship. 

W. C. McDaniel, Southern Illinois University, to a professorship. 

G. R. Magee, University of Western Ontario, to a professorship. 

L. E. Malvern, Carnegie Institute of Technology, to an assistant 
professorship. 

Morris Morduchow, Polytechnic Institute of Brooklyn, to an as- 
sistant professorship. 

Abba V. Newton, Vassar College, to an associate professorship. 
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Ivan Niven, University of Oregon, to a professorship. 

E. P. Northrop, University of Chicago, to a professorship. 

E. R. Ott, Rutgers University, to a professorship. 

C. R. Phelps, Rutgers University, to an associate professorship. 

A. L. Putnam, University of Chicago, to an associate professorship. 

Russell Remage, University of Delaware, to an assistant professor- 
ship. E 

Herbert Robbins, University of North Carolina, to a professorship. 

M. S. Robertson, Rutgers University, to a professorship. 

The following appointment to instructorships are announced: 
Alabama Polytechnic Institute: Mr. H. W. Burnette, Mr. Verne 
Dietrich; Brown University: Dr. J. E. L. Peck; Case Institute of 
Technology: Dr. R. A. Clark; Columbia University: Mr. Fritz 
Steinhardt; University of Connecticut: Dr. J. K. Goldhaber, Mr. E. S. 
Wolk; City College, New York City: Dr. Gerald Freilich; University 
of Illinois: Mr: Martin Davis; Illinois Institute of Technology: Dr. 
Gerald Berman; Lehigh University: Dr. Samuel Goldberg; Univer- 
sity of Maine: Mr. G. F. Simmons; Massachusetts Institute of Tech- 
nology: Dr. Walter Rudin; New York University: Dr. I. I. Kolodner, 
Dr. K. S. Miller; Ohio State University: Dr. D. J. Lewis; University 
of Oklahoma: Mr. A. E. Labarre; Oregon State College: Mr. J. C. 
Gysbers; Princeton University: Mr. D. W. Blackett, Dr. K. T. Chen; 
University of Rochester: Mr. D. C. Barton; University of Tulsa: 
Dr. R. N. Goss. 

Professor W. J. Bruns, retired, of Syracuse University died on July 
18, 1950, at the age of seventy-four years. 

Professor R. I. Pepper of Winthrop College died on July 2, 1950, at 
the age of fifty-eight years. 

Professor H. L. Smith of Louisiana State University died on June 
13, 1950. He had been a member of the Society for thirty years. 
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DUALITY FOR GROUPS 


SAUNDERS MACLANE! 


I. THE PHENOMENON OF DUALITY 


1. Abelian groups. Certain dualities arise in those theorems of 
group theory which deal, not with the elements of groups, but with 
subgroups and homomorphisms. For example, a free abelian group 
F may be characterized in terms of the following diagram of homo- 
morphisms: 


8 


(1.1) F — >B 
A 


THEOREM 1.1. The abelian group F 4s free 1f and only if, whenever 
p: B—A is a homomorphism of an abelian group B onto an abelian 
group A and a: FA a homomorphism of F into A, there extsis a 
homomorphism B: F—B with 


(1.2) pB = a. 


If F is known to be free, with generators »;, 8 may be constructed 
by setting 6g;=0;, with b; so chosen that pb,=ag,. Conversely, let F 
have the cited property and represent F as a quotient group Fo/Ro, 
where Fp is a free abelian group. Choose A =F and B= Fy in (1.1), 
let œ be the identity, and p the given homomorphism of Fy onto F 
with kernel Ro. Then, by (1.2), « — f is an isomorphism, hence f has 
kernel 0 and thus is an isomorphism of F into Fo. Therefore F is 
isomorphic to a subgroup of a free group Fo, so is itself free. 

The analogous theorem is true for free nonabelian groups, when 
A and B are interpreted as arbitrary (not necessarily abelian) 
groups; the proof uses the Schreier theorem [14]? that a subgroup 
of a free group is free. 

An abelian group D is said to be infinitely divisible if for each dc D 
and each integer m there exists in D an element x such that mx —d. 
Such groups may be characterized by a similar diagram 


An address delivered before the Chicago meeting of the Society on November 27, 
1948 by invitation of the Committee to Select Hour Speakers for Western Sectional 
Meetings; received by the editors December 13, 1949. 

1 Essential portions of this paper were developed while the author held a fellow- 
Ship from the John Simon Guggenheim Memorial Foundation. 

2 Numbers in brackets refer to the bibliography at the end of the paper. 
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(1.1) D4«—P— p 


THEOREM 1.1'. The abelian group D is infinitely divisble tf and only 
if, whenever ^: A—B ts an isomorphism of an abelian group A into 
an abelian group B and a: AD a homomorphism of A into D, there 
exists a homomorphism B: B—D with 
(1:25 B^ = a. 

Proor. Let D be infinitely divisible. Since À is an isomorphism of 
A into B, the construction of f is essentially that of extending a 
homomorphism « of A into D to a larger group containing A; this 
construction, using suitable transfinite methods, is well known. 

Conversely, let D be an abelian group with the property cited in 
the theorem, and let d be an element in D and m any integer. The 
cyclic subgroup Z generated by d can be embedded in a cyclic group 
B generated by an element b in such fashion that mb —d. In (1.11) 
take A =Z, a the identity, and A the identity injection of Z into B. 
There is then a 8 as in (1.2); if 85x, then mx —-B(mb) —B8A(d) 
=a(d)=d, Hence the equation «mx —d has a solution in D, and D is 
infinitely divisible. 

In this pair of “dual” theorems the hypotheses differ only in the 
direction of the arrows in the diagrams (1.1) and (1.1’) and in the 
replacement of p, a “homomorphism onto,” by À an “isomorphism 
into"; the conclusions differ only in the direction of the arrows and 
in the inversion of the order of factors in the products (1.2) and (1.2^). 
In this sense free abelian groups* are dual to infinitely divisible 
abelian groups. 

There are other “dual” properties of free and infinitely divisible 
abelian groups. Any subgroup of a free group is free; any quotient 
group of an infinitely divisible group is infinitely divisible. Any 
abelian group is isomorphic to a quotient group of a free abelian 
group; any abelian group is isomorphic to a subgroup of an infinitely 
divisible group (that is, cai be embedded in an infinitely divisible 
group). If a free abelian group F is a factor group of an abelian 
group, it is a direct factor; if an infinitely divisible group D is a sub- 
group of an abelian group, it is a direct factor. 

3 Call the dual (in this sense) of a free (nonabelian) group a fascist group. R, Baer 


has shown me a proof of the elegant theorem: every fascist group consists only of the 
identity element. 
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The last property has an application to the characterization of 
group extensions. Given abelian groups G and A, an (abelian) exten- 
sion of G by A is an abelian group E with G as subgroup and A as 
corresponding factor group A — E/G. More exactly, an extension is a 
diagram 


(1.3) GS ES A 


where À is an isomorphism of G into E, p a homomorphism of E onto 
A, and the kernel of p is the image of à. The set of all extensions of 
G by A, with a suitable equivalence relation and a suitable composi- 
tion, constitutes a group Ext (4, G). This group has an alternate ex- 
pression ([7] Theorem 10.1) in terms of any representation of A as 
a quotient group of a free group. 


THEOREM 1.2. If A is isomorphic to F/R, where F is a free abelian 
group with subgroup R, then 


(1.4) Ext (4, G) = Hom (R, G)/Hom (F, G) | R, 


where Hom (R, G) denotes the group of homomorphisms of the group R 
into G, and Hom (F, G) | R the subgroup of those homomorphisms of R 
into G which can be extended to homomorphisms of F into G. 


A similar and relatively simple argument will prove a dual theorem. 
The dual of an extension of G by A is described by a diagram like 
(1.3) with the arrows reversed and the terms “isomorphism into” and 
“homomorphism onto” interchanged; thus the dual of an extension of 
G by A is an extension of A by G. The dual theorem now reads | 


THEOREM 1.2'. If A is isomorphic to a subgroup S of an infinitely 
divisible group D, then 


(1.4’) Ext (G, A) = Hom (G, D/S)/Homs (G, D), 


where Hom (G, D/S) denotes the group of homomorphisms of G into the — 
factor group D/S, and Homs (G, D) the subgroup of those homo- 
morphisms of G into D/S which can be obtained by a homomorphism of G 
into D, followed by the canonical projection of D onto D/S. 


It should be noted that the subgroups Hom(F, G)|R and 
Homs (G, D) which appear in (1.4) and (1.4’) can be described in 
strictly dual fashion. Thus in (1.4) let x: RF denote the identity 
injection of R into F. Then a homomorphism y of R into G lies in the 
subgroup Hom (F, G)| R if and only if there exists a f, 


B:F—G with Bk = y, 
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Dually, let r: D—D/S be the canonical projection of the infinitely 
divisible group D onto the factor group D/S. Then a homomorphism 
y of G into D/S lies in the subgroup Homs (G, D) if and only if 
there exists a B 


B:G—D with «B — y. 


2. A table of dualities. The duality under discussion is a process 
which assigns a dual statement to each of certain statements about 
groups and homomorphisms. Each homomorphism « is understood 
to be a homomorphism of a specified group G into a specified group 
H; we write a: G>H and call G the domain and H the range of a. 
Note that the range may be larger than the image a(G). 

If S is a subgroup of G (notation SCG), then the tnjection x 
= [GDS] of S into G is that homomorphism of S into G with x(s) =s 
for every sCS. If N is a normal subgroup of G, then Q—G/N isa 
quotient group of G (notation QSG), and the projection r= [OSG] 
of G onto Q is that homomorphism of G onto Q for which «(g) is the 
coset gN for every gCG. The systematic use of these injection and 
projection homomorphisms is at the heart of our formulation of the 
duality phenomena. 

We consider any statement S about groups which does not make 

' reference to the elements of the groups involved, but only to homo- 
morphisms with these groups as domains and ranges, to the products 
of homomorphisms, to subgroups and quotient groups, injection and 
projection. The statement dual to S is then the statement obtained 
by carrying out the following interchanges in S. 


a: G—H a: HG 

domain a=G range a=G 

a is an isomorphism into a is a homomorphism onto 
product Ba product af 

Sis a subgroup of G Q is a quotient group of G 

the injection [GDS]: SG the projection [OSG]: G—Q. 


. A difficulty appears at once. The relation of inclusion for subgroups 
is transitive, in that TCS and SCG imply TCG. However, if RSQ 
and Q SG, then R cannot be a quotient group of G, consisting of cosets 
of G, because R consists of cosets of cosets of G. The second iso- 
morphism theorem shows only that R is isomorphic to a quotient 
group of G. By suitably redefining the notion of a quotient group, this 
difficulty will be removed (cf. $12 below). 

'To apply this duality to nonabelian groups we consider the dual to 
the statement “S is a normal subgroup of G.” The usual definition of 
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normality refers to elements of the groups, hence cannot be dualized 
directly. Let us say that a homomorphism 8: G—H is a zero homo- 
morphism (briefly, 8=0) if 8 maps all of G into the identity element 
of H. The statement “8=0” turns out to be self dual ($15). If S and 
S' are subgroups of G, [GDS] and [GDS] the corresponding injec- 
tions into G, we say that S dominates S' in G if and only if, for every 
homomorphism a: G—H, 


a|G 2 S] 2 0 implies alGD 5'] = 0. 


It then appears that a subgroup S is normal in G if and only if S 
contains every subgroup S’ of G which it dominates. This character- 
ization can be dualized to define a conormal quotient group of G; it 
then appears that every quotient group is conormal in this sense! 

This illustrates the fact that the dual of a true statement about 
groups need not be true. Another more familiar example is the fol- 
lowing. Every subgroup S of a quotient group G/N of G is a quotient 
group of a subgroup of G; indeed S= M/N, for a suitable subgroup 
M, with GD MDN. However, a quotient group S/N of a subgroup 
S of G need not be a subgroup of a quotient group of G, because JV, 
though normal in the subgroup S, need not be normal in G. Another 
example is the Kurosch-Birkhoff-Jordan-Hélder theorem for trans- 
finite ascending sequences [5, p. 89]; the dual is not true, even for 
abelian groups. 

It is nevertheless true that the duals of a large class of true state- 
ments about groups are true, and it is our objective to delimit this 
class of statements. 


3. Free products and direct products. Let A X B be the direct (or 
cartesian) product of the groups 4 and B, defined as the group of 
pairs (a, b) for aC A, b B. Let a and B denote the natural homo- 
morphisms ala, b) =a, B(a, b) —b of the direct product onto its re- 
spective factors. The direct product may then be described concep- 
tually in terms of æ and f and the diagram 


Ae lc B—P sp 


3.1 
99 rise 
C 


as follows. Given any group C, and any homomorphisms a’ and p’ of 
C into A and B respectively, there exists one and only one homo- 
morphism y: C4 XB with 


(3.2) ay= a, By =’. 
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Specifically, (c) = (a'c, B'c) is such a homomorphism, and is clearly 
the only such. This property of the diagram (3.1) determines the 
direct product A X B and its mappings a and f up to an isomorphism; 
hence it may serve as a definition of the direct product. 

Let A * B be the free product of the groups A and B, defined in the 
usual fashion (cf. [18, p. 45; 1; 21]) as the set of all words a;b;asbs - - - 
a,b, for a;C A, b;C B with multiplication defined by juxtaposition of 
words, equality by the process of removing any b; (or any a.) equal to 
1, and multiplying the two adjacent a's, together with the inverse 
and iterations of this process. With this free product we associate the 
isomorphism « of the first factor A into A » B, obtained by mapping 
each a in A into the word “a,” and the analogous isomorphism 
B: B—4A +B. The free product may then be described conceptually by 
the diagram 


A— >A» peb_p 


"wp. 


as follows. Given any group C, and any homomorphisms a’ and 6’ of 
A and B, respectively, into C, there exists one and only one homo- 
morphism y: A + BC such that 


(3.2^) ya- wd, B= Bg. 


Specifically, y(aib1 - > © a45,) = (a'a)) (B'b1) > - - (œan) (B'b.) is such a 
homomorphism, and is the only one. Again, this description de- 
termines the free product, together with its mappings « and f, up to 
an isomorphism. 

The diagram (3.1) is dual to (3.1’), while the product relations 
(3.2) are dual to (3.27. The mappings « and B of (3.1) are homo- 
morphisms onto; in (3.1^) they are isomorphisms into. If the intersec- 
tion of the kernels of o^ and f' in (3.1) is the unit group, then y in 
(3.1) is an isomorphism into. If the union of the images of œ’ and 6' 
in (3.1) is the group C, then y in (3.1) is a homomorphism onto. 
These two statements can be so reformulated as to be strictly dual 
in our sense (the notion of “kernel” must be replaced by a suitable 
notion of *coimage," as described in $16 below.) 
` The proof of the existence of the direct product is not dual to the 
proof of the existence of the free product, for both proofs involve 
reference to the elements of the groups concerned. However, the 
proof that £he direct product is unique up to an isomorphism can be 
phrased so as to be exactly dual to the proof of the uniqueness of the 
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free product up to an isomorphism. Similarly, the proofs of the asso- 
ciative and commutative laws for direct products, formulated in 
terms of diagrams like (3.1), are dual to the proofs of the correspond- 
ing laws for the free product, as will be indicated again in $18 below. 


4. Composition series and chief series. A composition series for the 
(finite) group G is a sequence of subgroups 


(4.1) G=MoD MiDMiD D Mya D Mi = (1), 


such that each subgroup M; is a maximal proper normal subgroup 
of the group Mi, for $1, - - - , k. A chief series for the finite group 
G is a sequence of normal subgroups of G, 


(4.2) G= Na D Nma D N«a2D::: D NID M (1), 


such that each JV; is maximal among the proper subgroups of Ni 
normal in G. This description is not a dual of the preceding descrip- 
tion, but consider instead the quotient groups Q;=G/N;. Then the 
chief series becomes a sequence of quotient groups of G, 


(4.1) G = Qo 2 Qı È QE: E Qna Z On = (1), 


with each Q; a maximal proper quotient group of Q;.3, for¢=1,---, 
m. Conversely, any such sequence of quotient groups of G de- 
termines uniquely the corresponding chief series (4.2). The descrip- 
tion of (4.1’) is dual to that of (4.1), because the maximal proper 
quotient groups may be described equivalently as maximal proper 
conormal quotient groups, with our previous definition of conormal- 
ity. The last term of the series (4.1’) is the unit quotient group (1^) 
=G/G of G, which can be described as that quotient group of G 
which is a quotient of every quotient group of G. This is dual to a de- 
scription of the unit subgroup (1) of G. 

We next dualize the formula G/M. The quotient group Q—G/ M, 
for M normal in G, can be characterized in terms of injections and 
projections by the properties i 

(i) [G/MSG][GDM]=0; 

(ii) If [RSG][GDM]=0, then RSG/M. 

Dually, each conormal quotient group Q of G determines a cor- 
responding normal subgroup of G, denoted by G+ and character- 
ized by the dual properties 

G) [Q$G][GD(G+Q)]=0; 

(i^ If [QSG][GDS]=0, then SC(G-- Q), 
which state in effect that G -Q is the kernel of the projection of G on 
Q. Hence, in ordinary terms, 
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(4.3) G+(G/M)=M G/G+)=Q, 


for M a normal subgroup, Q a conormal quotient group of G. 

The composition series (4.1) determines a set of quotient groups 
M,/Miss, for 420, ---, k—1. The chief series in the dual form 
(4.1) determines a set of groups Q,+(Q,41. Since Q,=G/N,, Qiu 
—G/N.4, the symbol Q, +Ọ;+ı designates the kernel of the projec- 
tion of Q, onto Qı, and this kernel is exactly the group Niyi/M. 
Hence the set of quotient groups of the composition series (4.1) 
corresponds dually to the set of quotients Ni4i/N; of the chief series 
(4.2). The Jordan-Hólder theorem asserting the uniqueness of the set 
of these quotient groups for a finite group G thus becomes the dual of 
the Jordan-Hólder theorem for the chief series. 


5. Ascending and descending central series. It has long been recog- 
nized that the ascending and the descending central series of a group 
G (cf. [12; 22, chap. IV]) are dual concepts. We may show that they 
can be described in strictly dual fashion, in our sense, relative to the 
group of inner automorphisms of G. For any element a in G we denote 
by $—4d, the corresponding inner automorphism of G, with ¢(g) 
==aga— for all gCG, and by I(G) the group of all these inner auto- 
morphisms. If S is a subgroup of G, then $(S) denotes the image of 
S under $. 

The ascending central series GD - * - 22322212 Z» for a group G 
consists of Zo, the identity subgroup, Zi, the center of G, and Z,, de- 
fined inductively as that normal subgroup of G such that Z,/Z,4 is 
the center of G/Z,4 4. In particular, the center Z, consists of all ele- 
ments of G left fixed by every inner automorphism of G. Thus if 5 
is a normal subgroup of G such that 


(5.1) $(S) = S, and $ induces the identity automorphism on S, 


for every $ € I(G), then SC Zi. Since Z, itself has the property (5.1), 
it may be characterized as the maximal normal subgroup S of G with 
this property. This description suggests the following readily proved 
characterization of the groups Ma — Z, of the ascending central series. 


THEOREM 5.1. If I(G) ts the group of inner automorphisms of G, then 
there exists a unique sequence GD «0M: DM:DMe of 
normal subgroups of G such that Mo is the identity subgroup and, for 
each n0, M, ts the maximal subgroup N of G with ihe properties 

(i) ND M1, N normal in G; 

(ii) For each p in I(G), O(N) =N, and $ induces the identity auto- 
morphism on N/ Mas. 
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To formulate the dual of (ii), we must use our duality table to 
interpret the “image” $(N) and the “induced” automorphism. Let « 
be any automorphism of G. If S is any subgroup of G and [GDS] the 
corresponding injection of S into G, then the product a[GDS] is an 
isomorphism of S onto some subgroup T of G, hence may be written 
uniquely in the form 


(5.2) e[G D S] = [G D Tas, 


where æs is an isomorphism. In this decomposition we may define 
the group T to be the image of S under a, and the isomorphism ag: 
S—T to be the isomorphism induced by a on S, in agreement with 
the usual meaning of an “induced” isomorphism. Dually, let Q be a 
quotient group of G, and [Q X G] the corresponding projection. The 
product [Q SG ]a is then a homomorphism of G onto Q, hence may be 
written uniquely in the form 


(5.27) [0 s Gla = ag[R SG], 


where R is a quotient group of G, and eg an isomorphism of R onto 
Q. We define R to be the cotmage of Q under a (in symbols, R=¢’(Q)), 
and ag: R—4Q to be the isomorphism induced by o on the coimage. In 
these terms, condition (ii) of Theorem 5.1 becomes the requirement 
that for each $ there exists an isomorphism $xy: N—WN such that 


(5.3) elG D N] = [GD Nléx, [N/ Maa S Nléx = [N/M. S N]. 
'The dual of Theorem 5.1 may now be formulated as follows. 


THEOREM 5.1’. If I(G) ts the group of inner automorphisms of G, 
then there exists a unique sequence of (conormal) quotient groups 
GZ --- EQ, >>> zz Qo of G such that Qu — G/G ts the identity 
quotient group and, for each n>0, Qa ts the maximal quotient group R 
of G with the properties: 

(7) Rz Qr, R conormal in G; 

(i^) For each EIG), 9'(R) —- R, and $ induces the identity auto- 
morphism on R +Q,- 


Here again the condition (ii^) means that for each $ there exists an 
isomorphism $a: RR such that 
[R SG]¢ = es[R SG], 
éa[R D (R Q9] = [RD (R + Q,-4)]. 


By setting Q,=G/ZL,, this theorem may be translated into a theorem 
about a descending chain of normal subgroups Lẹ of G. One readily 
shows that the theorem is valid with L, the groups of the usual 


(5.3) 
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descending central series; that is, with Li=[G, G], the subgroup of 
G generated by all commutators in G, and in general with L, 
= [G, L...], the subgroup generated by all commutators of elements 
in G with elements in L, ;. ' 

We have thus shown that in this formulation the descending cen- 
tral series of G is indeed the dual of the ascending central series. We 
remark in passing that the theorems above are still valid if the group 
I(G) of inner automorphisms of G is replaced by any group B(G) of 
automorphisms of G. 

It may be noted that our formulation of duality in terms of homo- | 
morphisms does not suffice to subsume all known “duality” phe- 
nomena. In particular, it does not appear to explain the duality be- 
tween “verbal” and “marginal” subgroups [13], which is, however, an 
extension of the above duality between ascending and descending 
central series. 


6. Functional and axiomatic duality. For a topological space the 
duality between homology and cohomology groups with locally com- 
pact abelian coefficient groups can be formulated in terms of character ' 
groups. Another formulation is suggested by the axiomatic homology 
theory of Eilenberg and Steenrod [9; 10]. In this formulation, the 
axioms for a homology theory refer not to elements of the (relative) 
homology groups, but only to certain homomorphisms; the dual 
statements are exactly the axioms for a cohomology theory. For 
example, any continuous mapping £: X—Y of one space into a 
second induces a mapping in the same direction on the homology 
groups, and in the reverse direction on the cohomology groups of 
these spaces. One of our chief objectives is that of providing a back- 
ground in which the proofs for axiomatic homology theory become 
exactly dual to those for cohomology theory.* 

Duality phenomena also appear in the case of vector spaces. Each 
finite-dimensional vector space V over a field F has a dual or con- 
jugate space V*, consisting of all linear functionals on V to F, and to 
each linear transformation T: V—W there is a conjugate trans- 
formation T*: W*—.V*. The passage from a set of transformations 
to their conjugates inverts the direction of all transformations, inter- 
changes the order of factors in a product of transformations, and re- 
places a transformation onto by a one-to-one transformation into, 
hence provides an explicit realization of the type of duality we have 
discussed. Much the same remarks apply to locally compact abelian 
groups, under the formation of character groups. 


+ This consideration was suggested to the author by his study of the manuscript 
of [10]. : 
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In these instances there is a process assigning to each object a dual 
object and to each transformation a dual transformation, so that a 
“functional” duality is present. Similarly, the duality of (plane) pro- 
jective geometry may be formulated in two ways: functional, by 
assigning to each figure its polar reciprocal with respect to a fixed 
conic; axtomaitc, by observing that the axioms for plane projective 
geometry are invariant under the interchange of “point” with “line.” 
- Even for discrete abelian groups or for discrete (infinite-dimen- 
sional) vector spaces, a functional duality does not exist. We aim to 
provide an axiomatic duality covering such cases. 


II. BricATEGORIES 


7. Categories. The notion of an abstract group arises by con- 
sideration of the formal properties of one-to-one transformations of 
a set onto itself. Similarly, the notion of a category [8] is obtained 
from the formal properties of the class of all transformations $: X— Y 
of any one set into another, or of continuous transformations of one 
topological space into another, or of homomorphisms of one group 
into another, and so on. Each transformation £ is associated with a 
definite domain X and a definite range Y; the product or composite 
né of two such transformations £: X— Y and 7: Y'—Z is to be defined 
only when Y= Y' (range £ 2 domain 7). With these conventions, one 
has the following formal properties.’ 

DEFINITION. A category (? is a class of elements a, B, y, * - - , called 
“mappings” for certain pairs of which a product af C(? is defined, 
subject to the axioms C-0 to C-4. 

C-0. (Equality axiom). If «—o', 8 —f' ,and the product af is de- 
. fined, so is the product o/f', and of -a'f'. 

C-1. If the products o and (af)y are defined, so is Py. 

C-1'. If the products By and a(fy) are defined, so is af. 

C-2. (Associative law). If the products a8 and fy are defined, so 
are the products (a@8)y and a(fy), and these products are equal. 

A mapping I of (? is called an identity of (? if (i) II is defined; (ii) 
la -a whenever Ia is defined; (iii) 81—8 whenever 8I is defined. 

C-3. (Existence of domain J and range I’). For each a€( there 
are identities J and J’ in (? such that aJ and T'a are defined. 

C-4. For given identities J and J’ the class of all mappings a of (? 
such that both af and T'a are defined is a set (cf. $8 below). 

The axioms C-1, C-1’, and C-2 together state that the associative 
law (of)y-—o(fy) holds, with all terms defined, whenever both 
products on the left, or both products on the right, or both products 


5 These axioms (with C-4 omitted) are equivalent to those given in [8]. 
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aß and fy are known to be defined. 

It is conyenient to introduce a class of “objects” A, B, - : - in one- 
to-one correspondence Aol, with the identity mappings J of (?. Since 
the identities J, I’ described in C-3 are unique, the object A 2 D(a) 
such that al, is defined is called the domain of a, and the object B 
such that Iga is defined is the range B = R(a); we then write a: AB. 
These objects have the following properties. 

(i) a=6 implies D(a) =D(6), R(a) - R(8); 

(ii) A=B if and only if I4 Is; 

(iii) The product of is defined exactly when D(a) = R(8), and then 
D(oB) — D(8), R(o8) — R(a); : 

Gv) D) 2 RU) =A; 

(v) aIpq—0— Ino; 

(vi) If D(a) — R(B) and D(8) ^ R(y), then a(8y) = (aB)y; 

(vii) For given objects A and B, the class of all æ with R(a) =B, 
D(a) =A is a set. 

Conversely, these seven properties could serve as a definition of a 
“category with objects”; they imply the original axioms (C-0)-(C-4) 
for the mappings of such a category. 

A mapping @ is an equivalence in (? if there are mappings ¢ and V 
in @ such that 6¢ and V8 are defined and are identities. Then $ —y 
is the unique inverse 07! of @. It is itself an equivalence, and- 


R(8?) = DO), Dt") = R(0), (971)1 = 8. 


8. Foundations. We shall use the category G of all groups, in 
which the objects are all groups, and the mappings are all homo- 
morphisms of one group into another—and similarly the category of 
all topological spaces and continuous mappings, and so on. The ap- 
parently illegitimate totalities of “all” groups and “all” homo- 
morphisms can be justified by using the standard von Neumann- 
Bernays-Gódel axiomatics for set theory [2; 11] in which both the 
notions of “class” and “set” appear, the sets being more restricted 
than the classes. We then understand a group to be a set G, with 
multiplication defined by a suitable set of triples; a homomorphism is 
likewise described by sets. With the cited axioms for set theory, one 
can then correctly speak of the class of all groups and of the class of 
all homomorphisms of one group into another. For this reason, we 
have described a category as a class and have inserted axiom C-4. 


9. Bicategories. The primitive concepts of a category are not suf- 
ficient to formulate all the duality phenomena, and in particular do 
not provide for “subgroups versus quotient groups,” or “homo- 
morphisms onto versus isomorphisms into.” To extend our formula- 
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tion, we axiomatize the terms “injection homomorphism of a sub- 
group into a larger group” and “projection homomorphism of a group 
onto a quotient group.” We can then define homomorphisms onto and 
isomorphisms into as “supermaps” and “submaps,” respectively. 

DEFINITION. A bicategory® @ is a category with two given subclasses 
of mappings, the classes of "injections" (x) and “projections” (m) 
subject to the axioms BC-0 to BC-6 below.’ 

BC-0. A mapping equal to an injection (projection) is itself an in- 
jection (projection). 

BC-1. Every identity of (? is both an injection and a projection. 

BC-2. If the product of two injections (projections) is defined, it is 
an injection (projection). 

BC-3. (Canonical decomposition). Every mapping « of the bi- 
category can be represented uniquely as a product æ= xm, in which 
x ig an injection, 0 an equivalence, and v a projection. 

Any mapping of the form À 218 (that is, any mapping with w equal 
to an identity in the canonical decomposition) is called a submap; 
any mapping of the form p —6r is called a supermap. 

BC-4. If the product of two submaps (supermaps) is defined, it isa 
submap (supermap). 

Any product «r++ * KaTa of injections x; and projections m; is 
called an 1demmap. 

BC-5. If two idemmaps have the same range and the same domain, 
they are equal. 

BC-6. For each object A, the class of all injections with range A is 
a set, and the class of all projections with domain 4 is a set. 

'The inclusion relations between the various classes of mappings 
can be represented by the following Hasse diagram. 


Mappings 
submaps supermaps 
injections equivalences projections 
identities 


6 The term “bicategory” was suggested by Professor Grace Rose. 
7 In the preliminary announcefnent [16], axiom BC-6 did not appear, and axiom 
BC-5 was present only in weaker form. 
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The axioms show that the intersection of any two such classes is 
exactly the intersection which may be read off this diagram. Each 
class of mappings is closed under multiplication (whenever the prod- 
uct is defined). It is convenient to reserve the letters À, u, » for sub- 
maps, p, c, T for supermaps. 


10. The duality principle. The concept of the “dual” of a statement 
about homomorphisms may now be defined precisely. In a category, 
the only primitive statements are statements of the forms 


(10.1) ` a=6, a=; 


We interpret the latter to mean “the product af is defined and is 
equal to y.” All other statements can be expressed in terms of these 
primitive statements; in particular, we understand the statement 
“ap is defined” to be interpreted as “there exists a y such that of =y.” 
A first order siatement S in a finite number of letters (which designate 
mappings of the category in question) is any statement formed from 
a number of primitive statements of the types (10.1), combined by 
the standard logical connectives (including quantifiers “for all œ” 
and * 3o"). The dual of S is the statement obtained from S by the 
following typographical process: replace each primitive statement 
afi =y by the statement fæ=y, leaving the other primitive state- 
ments, all the letters, and all the logical connectives unchanged. The 
dual is thus obtained by ‘inverting all products.” A similar process 
will apply to statements which are not of the first order, in that they 
involve variables for sets of mappings, sets of sets of mappings, and 
so on. 

The dual of any axiom for a category is also an axiom; in particu- 
lar, C-1' is (except for change in notation) the dual of C-1, and the 
other axioms are self-dual. A simple metamathematical argument 
thus proves the 

DUALITY PRINCIPLE. If any statement about a category is de- 
ducible from the axioms for a category, the dual statement is likewise 
deducible. 

In a bicategory, the only added primitive statements are 


(10.2) @ is an injection, a is a projection. 


The dual of a statement about mappings in a bicategory is now ob- 
tained as before, with the added interchange of the terms “injection” 
and “projection,” An inspection of the axioms shows that the duality 
principle holds for bicategories also. 

A statement of group theory may often be formulated in (bi-) 
categorical form; that is, as a statement about homomorphisms, in- 


\ 
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jections, projections, identities, and their products. When so formu- 
lated, it has a definite dual, but note that there may be several such 
formulations which lead to essentially different duals. For example, 
“Qis a quotient group of G” (that is, there is a projection with domain 
G and range Q) is equivalent to “Q is a conormal quotient group of 
G.” The duals—‘ M is a subgroup of G” and ^ M is a normal subgroup 
of G?—are not equivalent. 


11. Partial order in a bicategory. The axioms (especially axiom 
BC-5) suffice to introduce a relation of partial order (under “inclu- 
sion”) in the objects of a bicategory. We define a mapping B to be 
left cancellable in a category if Bo; —fos always implies o5 =a, and 
left invertible if B has a left inverse y, with y8 = Zp(g. One may readily 
prove, in succession, the following results. 


` LEMMA 11.1. Two injections x, and x, such that xy is an identity are 
themselves identities. 


LEMMA 11.2. Every right factor of a submapping ts a submapping. 
LEMMA 11.3. If a8 ts an identity, a ts a supermap and B a submap. 


LEMMA 11.4. Every left invertible mapping is a submap, and every 
submap ts left cancellable. 


THEOREM 11.5. The class of objects in a bicategory ts partially ordered 
by exther of the relations 

(11.1) SCB if and only tf there ts an injection x: SB; 

(11.1) OSA 4f and only 1f there is a projection v: AQ. 


If SCB, we call S a subobject of B, while if OSA, Q is a quottent- 
object of A, the terms corresponding to those in group theory. By 
axiom BC-5 the mappings x and x which appear in the dual defini- 
tions (11.1) and (11.1’) are unique; it is more suggestive to denote 
them as 


(11.2) k= (BDS]:S>B; -«-l0sA4]nA420Q. 


Thus [BDS] is a mapping, defined precisely when SCB and is then 
an injection; every injection has this form. The notation is so chosen 
that 


(11.3) [BDS][SDT] = [BDT], [R s 0]I0 s 4] = [R< 4], 


by BC-5, whenever the terms on the left are defined. 

In examining prospective examples of bicategories, it is easier to 
formulate the axioms directly in terms of these constructions on the 
objects. 
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DEFINITION. A bicategory with objects is a category with objects, in 
the sense of $7, in which there are mappings [BDS] and [OSA] 
assigned to certain pairs of objects B, S or Q, A, subject to condi- 
tions (i)-(vi) below and their duals. Here “SCB” means “the map- 
ping [BDS] is defined,” and dually, while an equation involving the 
mappings [BDS], - - - is understood to include the assertion that 
[BDS],---is defined. An idemmap is any product aya: > - - dm, 
where each a, has one of the forms [BDS] or [OSA]. The axioms 
are 

(i) (Equality). B=B’, S=S’, and SCB imply [BDS]=[B’DS’]. 

(ii) For all objects A, [ADA]=I4=[A SA]. 

(iit) Every mapping « has a unique representation 


(11.4) a= [B5S]elo s 4], @ an equivalence. 


(1v) 1f 6: A—B is an equivalence and TCA, there is an object S 
and an equivalence 9’ such that 


(11.5) e[4 > T] = [B D S]e". 
(v) If two idemmaps have the same range and the same domain, 
they are equal. 


(vi) For each object A, the class of all QSA is a set. 

Note that axiom (v) includes the statement (11.3). 

Every bicategory determines a bicategory with objects; conversely, 
the mappings of a bicategory with objects form a bicategory, if the 
injections are the mappings [BDS] and the projection the mappings 
[Qs]. : 

In the canonical decomposition (11.4) call S the image of a, Q 
the cotmage of a; in symbols, 

(11.6) Im (a) = S C R(a), Coim (a) = Q € D(a). 

By (vi), each object A determines the set S (A) of all subobjects T, 
with TCA, and the set Q(A) of all quotients RSA. Given a: A—B, 
each TCA has an “image” a,7 C B, and dually, as defined by 
(11.7) eT -Im(e[A4 O T] a Q = Coim ([Q S Bla). 

Then o, is an (inclusion) order preserving transformation of the set 


S (A) into the set S (B), and, if a8 is defined, (o8), —o,8,. One readily 
proves the following theorem. 


THEOREM 11.6. If a ts an identiiy map, a, ts Ihe tdenitty. If 0 is an 
equivalence 0: A->B, 0, is a one-to-one transformation of S (A) onto 
S (B), with inverse (0 ),. If x ts an injection x: SB, x, 4s the tdentity 
transformation of S (S) into S (B). If N: A—B ts a submapping, ^, 
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is a one-to-one transformation of S (A) onto the subset S (A.A) of S (B). 


A corresponding result for projections or supermappings does not 
hold in general. Note that the dual of Theorem 11.6 will assert, for 
example, that if o: 4—JB is a supermapping, then p, is a one-to-one 
transformation Q(B) onto a subset Q(p,B) of Q(A)—the logical 
phrases (one-to-one onto, and so on) are not changed by dualization. 


12. Equality and examples of bicategories. We have already ob- 
served in §2 that groups and homomorphisms, with the natural inter- 
pretation of an injection as the identity mapping applied to a sub- 
group and of a projection as a canonical homomorphism of G on G/N, 
do not satisfy the axioms for a bicategory, because BC-2’, on products 
of projections, fails. We avoid this difficulty by abandoning the cur- 
rent coset fashion for the classical congruence idea, and regarding 
G/N as a group whose elements are simply the elements of G, with a 
new equality:—g:=g: (mod N) if and only if gigy'GN. A quotient 
group of a quotient group is then a quotient group. 

More explicitly, we regard a group G as the mathematical system 
[a @ =e, Xa] consisting of a set Ma, a relation =g, reflexive, 
symmetric, and transitive for the elements of Mg, and a binary opera- 
tion Xg defined for all pairs of elements of Mg. To all the usual 
axioms and definitions we then append the appropriate equality 
axioms; for the group axioms they are 


a —gb implies a € Me, b E Ma, 
a —gb and g =g h imply a Xag —ab Xa h; 
for a homomorphism a; G—H they are 
a =g b implies aa = g ab, 
ala Xab) =n (aa) Xa (ab), for a, b E Ma; 
for a subgroup SCG they are 
—gb if and only if a = qb, for alla € Ms, 
@Xgb =ga Xab, for all a, b € Ms. 
Finally, a quotient group Q of G is a group such that 
h E Mg implies kh E Ma, 
a —gb implies a =ọ b, for a, b E Ma, 
a Xob =a Xaqb whenever a, b € Mq. 
It follows that Mg and Mg have the same elements. 
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With similar definitions for the equality of groups and homo- 
morphisms, and with an injection (projection) defined as a homo- 
morphism @ of a subgroup S into G (of G upon a quotient group) de- 
termined by the identity function j, it readily follows that the class . 
of all groups and homomorphisms constitutes a bicategory with ob- 
jects. Similarly, we have the bicategory of all abelian groups, of all 
finite groups, of all rings, and so on. 

'The bicategory S of nonvoid sets will thus be interpreted as the bi- 
category of sets where each set S carries with it an equivalence rela- 
tion =g, and with the appropriate transformations as mappings. 
This bicategory has several special properties. The axiom of choice 
is equivalent to the theorem that for every mapping £ of S there isa 
mapping £* of S with ££*£— £. The left cancellable mappings are iden- 
tical with the left invertible mappings and hence with the submap- 
pings (Lemma 11.4). The dual statement is also true. However, the 
dual of a true statement about the bicategory of sets need not always 
be true. For example, there exists a subclass S * of mappings which 
contains exactly one mapping with any given domain and any given 
range, and such that any right multiple of a mapping of S * is also in 
S *. The dual assertion is false. 

The bicategory of topological spaces has as objects all topological 
spaces and as mappings all continuous transformations of one such 
space into another. The definitions are again the standard ones, 
plus equality axioms; in particular Q is a quotient space of X if 
the set Mq is a quotient set of Mx, and if the identity transformation 
of Mx onto Mq induces a continuous transformation of X onto Q. 
Thus, if X is decomposed into disjoint subsets, the usual decomposi- 
tion space Q may be interpreted as a quotient space of X—-but these 
are not the only quotient spaces of X, since the same set Mq and the 
same equality may form a quotient space with fewer open sets. The 
axioms for a bicategory may be verified, the essential feature being 
the unique factorization axiom BC-3, for a continuous transforma- 
tion £: XY. If we define the image £(X) C Y with the usual relative 
topology, the set quotient of the transformation £ is then a set OSX 
in one-to-one correspondence with the image space (X); using this 
correspondence we impose a topology on Q which makes Q a quotient 
space of X. This gives the factorization of £, the uniqueness following 
readily. The essential feature of this argument is the fact that every 
continuous image £(X) of a topological space in another such is it- 
self a topological space. We may thus speak of the bicategories of all 
To, T3, T3, or all compact Hausdorff spaces. 


13. Universal algebra. These examples indicate that most types of 
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algebraic, topological, or other mathematical systems, together with 
the appropriate type of transformations, yield bicategories. The bi- 
category language appears to be the appropriate vehicle for many of 
the theorems of universal algebra (cf. [3; 4; 6; 15; 19; 20])—often 
giving simpler formulations, because the axiomatic formulation 
avoids the inevitably cumbersome explicit description of the general 
form of any algebraic or mathematical system. This is especially the 
case when universal algebra is extended to include those algebraic 
systems, which occur so frequently, in which several groups, homo- 
morphisms, functions, and so forth, together constitute a single alge- 
braic system. Using the notions of covariance and contravariance 
[8] one can in fact give a general definition of mathematical systems 
and prove, under general hypotheses, that the class of all systems of 
a given type is the class of objects of a bicategory. 

The crucial point of this development is the definition of the 
“homomorphisms” appropriate to the type of system at hand. For 
example, a topological space may be regarded asa set X together with 
a suitable, selected subset Ux (open sets) of 27. A homomorphism 
(continuous transformation) £: X— Y must then carry Uy into Uz; 
in other words 2* must be regarded as a contravariant functor of X 
(and not, as in some other cases, as a covariant functor). The general 
definition can then be extended to include algebraic systems defined 
by functors contravariant in one argument and covariant in another 
—a good illustrative example being the algebraic homotopy types 
considered in [17]. 

Leaving this development aside, we shall next show merely that 
the axioms for a bicategory can be extended so as to include also all 
the phenomena of universal algebra treated by lattice-theoretic means 
(the new axioms being valid in all standard examples). 


14. Lattice ordered categories. A lattice ordered category (LC) is 
a bicategory (? satisfying two? additional axioms (and their duals). 

LC-1. For each object A, every nonvoid subset of S (4) has a 
least upper bound (l.u.b.) in the partially ordered set S (A). 

Here S (A) denotes the set of all subobjects S, T, - - - of A with the 
partial order SCT. The L.u.b. of a collection (;] of subobjects will 
be denoted by $45; that of two subobjects by SU 4Ss. 

LC-2. If a: AB and {S} isa nonvoid subset of S (A), 


(14.1) «( 2 s; G »» ASi. 


è It might be desirable to add an axiom LC-3 (and its dual) requiring that 
e, as: AB, Am 2,45, and a [A DS, ] Ses [4D Si] for all $ imply that o; =a. 


t 
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Since o, preserves order, we deduce that equality actually holds 
in (14.1). A nonvoid set of objects S; with upper and lower bounds 
CCS;CA has, by the usual proof, a g.l.b. JJS; which is independent 
of the choice of C and A. If a: A—8B, then o,( {SVC T ]e.S;, with 
equality when a is a submapping (the latter by Theorem 11.6). The 
set of all S with CCSCA is a complete lattice [5]. The Lu.b. $ 4S; 
may depend on the choice of the “universe” A, but 


(14.2) Ls = DS, if S.C ACB, alli. 
A B 


If we use only LC-1, the inverse image of any subobject TCB under 
a mapping a: A->B is defined as 


(14.3) ofr =>" «€ over all S C A with a,S C T. 
A 


In this notation LC-2 is equivalent to the requirement that 
(14.4) aa TCT,  forallo: A— B, T C. B. 


Also, S—o; T is characterized as a subobject of A by the properties 
(i) aaSCT; (ii) a,S'CT for SCA implies S'CS. Furthermore, af 
is an order preserving transformation of S (B) into S (A), with (a),* 
`= fra" whenever of is defined. One has also the following theorem. 


THEOREM 14.1. Ifa: AB ts an identity, so is a; if a is an equiva- 
lence, æ; is a one-to-one transformation of S (B) onto S (A), with a, as 
inverse, while if a is a submapping, o maps S(B) onto S(A). If 
x— [A23] is an injection, and TCA, then k* T — TAS. 


The dual statements hold; in particular any two quotients Qi & A 
and Q1 & A have an I.u.b. QıV Qs and a g.l.b. Q1/A Qs, the latter when- 
ever they have some lower bound. For a: A—69B the inverse coimage 
oz yields a transformation of Q(A) into Q(B). 

The notion of a lattice ordered category is a simultaneous gen- 
eralization of the notions of group and lattice; specifically, every 
group is a lattice orderéd category, in which every mapping is an 
equivalence and there is only one identity, and every lattice is a 
lattice ordered category in which every mapping is an injection (or 
dually). 


15. Zeros and zero mappings. A category (? has a zero if it satisfies 
the following axiom. 

Z. There is an object Z such that for every object A of (? there 
exists exactly one mapping $: A—Z and exactly one mapping 
1: Z4. We call Z a zero object. 
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In the category of groups (abelian groups, rings) any group with 
, only the identity element (ring with only the zero) is a zero in this 
sense. The category of topological space does not satisfy axiom Z; 
however that of topological spaces with a distinguished base point 
(as used in homotopy theory) does. The investigations [15] of Jóns- 
son and Tarski have already indicated that the presence (or absence) 
of a zero is of critical importance in many investigations of universal 
algebra.? 

Given axiom Z, it follows at once that any two zero objects are 
equivalent. A mapping @ is said to be a sero mapping if it can be 
factored as at, where R($)=D(m)=Z. This definition is inde- 
pendent of the choice of the zero Z. Given any two objects A and B 
in the category, there is exactly one zero mapping a: A—42B; we de- 
note this mapping as 0ga, so that 0cg0p4 —0c4. In the category of all 
groups 054 is the homomorphism mapping all elements of A into the 
identity element of B. If «—0 (that is, if æ is a zero mapping), then 
‘af =0 and ya =0 whenever these products are defined. 

Under the axioms BCZ (bicategory with a zero) we define, for each 
object A, 


(15.1) 14 = Im (047), 14 Coim (Oza). 


For groups, 14 is the identity subgroup of A, and 14 the quotient 
group A/A. In general (BCZ) 14CA; for SCA, 14C SCA; and 14 
is a zero object. The mapping Oz, is a supermap, while 04z is a sub- 
map, and any zero mapping 054 has 


(15.2) Osa = [B D 1s] [14 s A] 
as its canonical decomposition. 


Lemma 15.1 (BCZ). If A ts a submap and p a supermap, then 
(15.3) Ag = 0 implies B = 0; ap = 0 implies a = 0, 


Proor. Since À is a submap, À — x with x an injection, 0 an equiva- 
lence. Let 68 have the canonical decomposition 08 = xbr. Then 
A8 — x08 has the canonical decomposition (x&;)01r,. This must agree 
with a canonical decomposition of the form (15.2), whence 0; — 0 and 
8=6— (68) =0 kbr = 0. 

Finally, under the axioms LCZ (lattice ordered category with Z) 
we observe that each § (A) and each Q(A) is a complete lattice (with 
unit 14 resp. 14) and that 


? The Jénsson-Tarski zeros give a zero in the sense of this axiom, but the author 
has been unable to prove their direct decomposition theorems in categorical form. 
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(15.4) a: A — B implies al, = 1p, œl = 14. 
The axioms LCZ hold in the bicategories of all groups, of all rings, of 
all vector spaces over a fixed division ring, and so on. 


16. Normality and kernels. A categorical definition of normal sub- 
object can be formulated conveniently under the axioms LCZ. For 
subobjects SCA and quotient objects QS A we define an orthogonal- 
ity relation 
(16.1) S.l4Q ifandonlyitf .[Q < 4][A4 DS] = 0; 
using the axiom LC-1 we then give dual definitions: 

(16.2) A/S = l.u.b. in Q(A) of all Q S A with S .L4Q, 
(16.3 A =Q = lub. in S(A) of all S C A with S .L4Q. 
For groups, A/S will then be the usual factor group A/N, where 


NDS is the least normal subgroup of A containing SS. In general, one 
then proves, using LC-2 in (16.5), that 


(16.4) A/ta = A, A/A = 14, 

(16.5) S La (4/5), (A + Q) 140, 

(16.6) $1 C S: implies A/S: S A/S, 

(16.7) S C A + (A/S), A/S = A/(A + (4/5); 


in other words S>A/S, QA +(Q provides a Galois connection [5, 
p. 56] between (A) and Q(A). 
Finally, we define 


(16.8 Sis normal in A if and only if S = A + (A/S), 


and dually. Alternative definitions are given by the following 
theorem. f 


THEOREM 16.1. A subobject SCA is normal in A 4f and only tf any 
one of the following conditions hold. 

(i) There exists OSA such that S=4 +Q; 

(ii) There exists a Q conormal in A such that S=A+Q; 

(iii) If, for all Q, S.LAQ implies S’ LaQ, then S'CS; 

(iv) If, for all a: A-9B, a[ADS]|=0 implies a[ADS’]=0, then 
SCS; 

(v) There exisis a QSA such that S.LAQ and S'CS whenever S’ LQ. 

The proof of (iv) makes essential use of Lemma 15.1. Also, it may . 
readily be proved that 14 and A are normal in A, that NCTCA 
with N normal in A implies N normal in T, and that the intersection 
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aN; of objects normal in A is normal in A. (Apparently the similar 
assertion for union, though true for groups, is not a consequence of 
the axiom LCZ.) 

For any mapping a: AB the kernel K(o) may be defined as 


(16.9) K(a) = A + (Coim a) = afls. 


Then a subobject S is normal in A if and only if it is the kernel of 
some æ; when so, it is in fact the kernel of [4/S A]. Furthermore 
K (a8) D K(8), and, for a canonical decomposition, K (8r) — K (m). 

A further development giving the first and second isomorphism 
theorems, and so on, can be made by introducing additional carefully 
chosen dual axioms. This will be done below only in the more sym- 
metrical abelian case. It is also possible to give a definition of normal- 
ity in lattice ordered categories without a zero, by using the criterion 
(iv) of Theorem 16.1, with the zero object suitably replaced by ob- 
jects acting like spaces or sets with only one element. This definition 
applies in any category, agrees with the above definition when a zero 
is present, and in the category of 71 spaces has the amusing property 
that the normal subobjects of a topological space are exactly the 
closed subsets of that space! (Because of the failure of separation 
axioms in a decomposition space, this is not true in the category of 
T: spaces.) However, in the category of all compact Hausdorff spaces 
(with mappings all continuous transformations) every subspace (be- 
ing closed) is normal, but there are nonconormal quotient spaces. 
This reverses the group-theoretic phenomenon that every quotient 
group is conormal. 


III. ABELIAN CATEGORIES 


17. The group of integers. Our objective in this chapter is that of 
: providing a self-dual set of axioms for abelian groups and their homo- 
morphisms sufficient to prove all categorical theorems which refer to 
a finite number of such groups—and hence adequate to explain the 
apparent perfect duality present for such theorems on abelian groups. 
We also obtain a representation theorem for certain abstract cate- 
gories, using the following purely categorical characterization of the 
additive group of integers. 

DEFINITION. An object J in a category (? is integral in (? if 

(i) For two distinct mappings a1, os: G—H of (? with the same 
domain G and the same range H there exists a mapping 6: J—4G such 
that a8 * aß. 

(ii) If J’ is another object of (? with the property (i), there exists 
in @ a mapping e: J'—4J with a right inverse in (?. 
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(iii) If œa = Iy for two mappings a, os: J->J, then a, and os are 
equivalences. 
One then readily proves the following theorems. 


THEOREM 17.1. The additive group of integers is integral (satisfies 
(i), (ii), and (ii1)) in the category of all abelian groups. 


THEOREM 17.2. In any category, any two objects with the properties 
(i), (ii), and (iii) are equivalent. 


Proor. Given J, J’ both integral, there exist by (ii) mappings 
o: J'—J and r: JJ’, each with right inverse. Then ro: J’-J’, and 
or: J—4J have right inverses, hence by (iii) are equivalences. There- 
fore (re) ro = Iy-, and o has a left inverse; therefore o is an equiva- 
lence a: J'—4J, as asserted. 

A somewhat more difficult proof gives the following theorem. 


THEOREM 17.3. The additive group L of rational numbers modulo 1 is 
cotntegral (satisfies the duals of (i), (ii), and (iii)) in the category of all 
abelian groups. 


Hence the group L can also be characterized up to isomorphism. 
We note by the way that the space consisting of one point only is 
integral in the category of all topological spaces, but we do not know 
of (and doubt the existence of) a *cointegral" object in this category. 
However, in the category of all vector spaces over a fixed division 
ring D, the vector space D is both integral and cointegral. 


18. Abelian categories. For abelian groups and for vector spaces 
the cartesian product (of a finite number of factors) can be regarded 
simultaneously as a free and a direct product, in the sense of $3 above. 
We thus introduce corresponding axioms on a category. 

DEFINITION. In a category with zero, a (simultaneous) free-and- 
direct product of objects A and B is a diagram 


(18.1) ASAX B&B 
consisting of an object A X B and four mappings I', T?, A}, A}, 


Tixs AX BA, Taxsi:d X B B, 


(18.2) : í 
axr: Á — A X B, Aaxs: BA X B, 


with the following three properties (omitting the subscript A XB to 
simplify notation): 

(i) T1A1 = 74, TA? =048, IA! —054, IA = 75; 

(ii) For any pair of mappings a1: C—4, ag: C—B, there exists a 
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unique y: CA XB with TY =a, Ia =03; 

(iii) For any pair of mappings fi: A—4D, fs: BD, there exists a 
unique 6: AX BD with 0A! 2 fi, A? — Bs. 

Here property (ii) asserts that we have a direct product and (iii) 
that we have a free product, both in the sense of $3. 

DEFINITION. An abelian category (AC) is a category (? satisfying 
the axiom Z (existence of zero) and the axioms 

AC-1. There exists an integral and a cointegral object in (?. 

AC-2. There exists in (? a free-and-direct product for any two ob- 
jects of (2. 


THEOREM 18.1. Any two free-and-direct products of two objecis A 
and B have isomorphic diagrams (18.1). - 


If A «B is the second product, the isomorphism of the diagrams 
means that there is an equivalence mapping 6: AX B->A +B with 


i í i 
(18.3) BUE = ne T4.50 zd Taxa, i = 1, 2. 


The proof is straightforward. This result and a similar theorem for 
triple products will prove the following theorem. 


THEOREM 18.2. The operation of forming free-and-direct products ts 
commutative and associative (in the sense of diagram isomorphism). 


This operation also has the zero object Z as identity, as follows: 


THEOREM 18.3. The diagram 


SGEeZz 


with identity mappings on the left, zero mappings on the right, represents 
G as the free-and-direct product GXZ. 


Two homomorphisms a, os for groups have a cartesian product 


defined by 
(a1 X os)(a, b) = (eia, azb). 
This product may be introduced on the basis of our axioms, i 


THEOREM 18.4. Given mappings o1: AA’, o: B—B', there exists 
one and only one mapping a Xar: A XB—A'XB' with 


i i i , 
(18.4) Taxe (o1 X os) = aTaxs, (a1 X os)haxn = Aa xB, $ — 1, 2. 


The mapping a; Xa, is determined by either one of these two equa- 
tions. 
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The proof (here and elsewhere) may be visualized most readily by 
drawing the appropriate diagrams. By (ii), there exists a unique 
mapping y=a1 Xa, with the first property of (18.4). Then by (i) 


T (ai X aA = a, TA? = a; (for $ = 7) 
=0 (for i = j). 
But on the other hand, by (i), 
T'A ia; = a (for i = 7) 
=0 (for i = j). 


Hence, by the uniqueness assertion of (ii) for A’X B’, the second 
equation of (18.4) holds. 

One shows also that 0X0=0 and J4XIs-—Iaxs. 

For the cartesian square AXA of an abelian group there is a 
diagonal homomorphism 


Wi ArmAXA with V4(a) = (a, a) 
and a codiagonal homomorphism 
As: A XAA with Au(a, b) = a+ b. 


Under our axioms, these mappings can be characterized dually as the 
unique mappings such that 


(18.5) V4:4—A XA, Touts — L, i-1,2; 


(18.5) AA XAA, Aes = La, i= 1,2. 


The mappings T‘, A‘, y, and 6 appearing in the definition of the free- 
and-direct product may then be expressed as 


(18.6) T! = Asa X045), — T? = An(Osa X Ip), 
(18.6’) Al = (T4 X OnA)Va, A? = (Oan X Is)Ve, 
(18.7) y = (ex X as)Vo, ô = Ap($1 X f). 


THEOREM 18.5. The axiom AC-2 asserting the existence of free-and- 
direct products may be replaced by the assumption that there exists to 
each patr of objects an object A X B, to each patr of mappings ay: AA’, 
à: B—B' a mapping o4 X03: A X B—4A' XB’, and to each object A two 
mappings Ay: AX AA, Va: AA XA such that 

(i) (eXos) (81X82) = (181) X (x82) whenever ap, and oss are de- 
fined; 

(ii) If a: AB, then 


Ap(@ X 0pa)Va = a = Ap(Opa X a)Va; 
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(iit) Every.y: CA XB has the form 


y = (a X B)Vo for some a: C > A, B:C — B; 
(ii^ Every 6: AX B—€C has the form 
8 = Acla X B) for some a: A — C, B: B ^C. 


Proor. Given AC-2, (i) is readily derived, while (ii) results from 
the equations 


Agla X Oga)Va = Agla X Osz) (Ja X Oza)Va 
= {Agla X Dosis] {Pine(La X 0g)V4] 
= (AsAnxsa] {LTA xaa} f 
= {Ize} {Ial} = o. 
To prove (iii) we set a=T'iygy, 8 =Iįxpy and apply the appropriate 
definitions; (iii^) is the dual. 

Conversely, given the conditions (i) to (iii^), we use the definitions 
(18.6), (18.6’), and (18.7) to construct the free-and-direct product 
diagram on A XB and to prove its properties. 

The “existential” character of condition (iii) in this theorem, cor- 
responding to the existential character of (ii) in (18.2), can be 
avoided, by using the readily proved identities 
(18.8) (a X a)V4 = Vea, Agla X a) = aña, fora: A — B, 
(18.9) [Aa(Za X 043)] X [As(0n4 X In) ]Vaxn = Iaxe. 


THEOREM 18.6. Theorem 18.5 remains valid if conditions (i) and 
(iii^) are replaced by (18.8), (18.9), and the dual of (18.9). 


19. Addition of mappings. Two homomorphisms a, 8: A—3B for 
abelian groups A and B have a sum a4-8: A—B defined by (a-4-8) (a) 
—a(a)--B(a). For groups one readily verifies that this sum can be 
expressed in terms of diagonal mappings, and so on, as 


(19.1) a + B = Agla X B)Va. 


We adopt the self-dual expression (19.1) as the definition of the 
sum of two coterminal mappings in any abelian category. By suitable 
use of the Uniqueness Theorem 18.1, one shows that the sum is inde- 
pendent of the choice of the free-and-direct products BX B and AX A 
entering its definition. For 0-054 the equation 


(19.2) 0+8=8ß=ß+0 


follows from Theorem 18.3. The commutative and associative laws 
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(19.3) a+tfp=B+a, (a+ 8)+7=a+ B+) 


‘similarly follow from commutative and associative properties of the 
product A X B, using a lengthy but straightforward manipulation of 
diagrams. One may also establish the distributive laws 


(19.4) (a+ B)y = ay + By, | Y(a + B) = ya + Yb; 


each valid whenever the left side is defined. A similar but lengthy 
proof shows that the mappings I“, A‘ entering the definitions (18.2) 
of the product satisfy the equation 


(19.5) AIT + APP? = Taxe. 


This gives an alternative characterization of the direct-and-free prod- 
uct as follows. 


THEOREM 19.1. A diagram (18.1) in an abelian category, with map- 
pings satisfying (18.1), (18.2), condition (i) below (18.2), and (19.5) 
ts tsomorphic to the free-and-direct product diagram for A and B. 


In an abelian category which is also a bicategory we have TAi 
—identity by (i) of (18.2), hence by Lemma 11.4, the mappings T‘ 
_ appearing in a free-and-direct product are supermaps, the mappings 
A‘ are submaps (exactly as in the usual group-theoretic case). Simi- 
larly, by (18.5), A4 is a supermap, and V4 a submap. 


20. The representation theorem. We understand an abelian semi- 
group G to bea set closed under a commutative and associative opera- 
tion of addition and containing a zero for this operation (we do not 
assume a cancellation law). The class of all abelian semigroups and 
all homomorphisms of one such into another (with or without the 
precautions of $12 as to equality) is then a category. Our represen- 
tation theorem now is 


THEOREM 20.1. Any abelian category C ts isomorphic to a category 
of semigroups. 


Proor. Let J be the essentially unique integral object of @. To 
each object A of C assign the semigroup G, consisting of all mappings 
£: JA in (9, with addition defined as in $19. Then G4 is a semigroup 
with 04; as zero. To each mapping a: A—>B construct the trans- 
formation Ma: G4—Gg defined by Mat =Q: J—B, for each £ in Ga. 
By the distributive law (19.4), M, is a semigroup homomorphism. 
By the first property of an integral object, œa: A—»B implies 
Maz Ma, By the associative law in a category, Map = MaMe when- 
ever af is defined. Hence the correspondence-A>Gu, aM, provides ` 
the desired isomorphic representation of the category C. 
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This theorem shows that our axioms for an abelian category in- 
clude all the “purely formal” properties of homomorphisms for abelian 
groups, except for properties dependent upon the existence of the 
inverse. 


21. Abelian bicategories. By an abelian bicategory (ABC) we 
understand a lattice ordered bicategory (§14) which is also an 
abelian category (§18) and which is subject to the following additional 
axioms! ABC-1 to ABC-5. 

ABC-1. For each object A there exists a map V4: A—A such that 
Vatls=0aa. 

It follows readily that V4 is unique, and that V4V4 — 14. Further- 
more, if a: AB, then aV4,4-a—-a(V4-4-14)-0 and Vga+a=0, 
hence Vga=aV,. We may thus define the (additive) inverse of o as 
(—a) 2aV4- Vga; it has the properties 


ud caed. .- euge apy eae: 


Moreover, it may be shown, using (18.8), that the kernel of A4 is the 
image of (4X Va)Va: AA XA, as in the case of groups. 

ABC-2. If Kı, xs are injections, so is xj X xs, and dually. 

This gives the canonical decomposition of any a1 Xq@e; it is not used 
further below. 

ABC-3. Every subobject is normal (in the sense of $16) and dually. 

ABC-4. If AD SDT, then S/TCA/T, and dually. 

ABC-5. If ADT, A/TDM, then M —S/T for some S with ADS 
2T, and dually. 

ABC-3 and the dual of ABC-5 fail in the category of all groups? 
but hold for abelian groups. Using them, one can prove that any pro- 
, jection m: A—4Q with kernel K(r) =K has Q=A/K, and hence that 
the canonical decomposition of any mapping a: A—B has the cus- 
tomary form 


(21.1) a= [B 2 Im a]6[4/K(o) S A]. 
Furthermore, if TCB and SCA, 
(21.2) a(B/T) = A/a*T, | af (A/S) = B/a,S 


and dually. If 4:53.55 T with A#S, then A/T#S/T. If x= [ADS] 
is an injection, the induced transformations x,, and so forth, are given 


10 Axiom ABC-3 and its dual are valid in the category of all groups under the 
hypothesis that x=[A/TSA] is a “conormal” mapping—that is, that x, carries 
conormal quotients of A/T into conormal quotients of A. By this and analogous de- 
vices the proofs of the first and second isomorphism theorems for all groups can be 
based on “categorical” axioms. 
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for any TCS and any UC A by the formulas 

[4 > S].T = T, [AD S]#U =UNS, 
[A D S],(4/U) =S/UNS, [AD S]&(S/T) = A/T. 
If (5;] is a nonvoid collection of subobjects of A, then 


(21.4) 2 (4/5) = A/I] s. II 4/52 4/2. Si. 


(21.3) 


The second isomorphism theorem holds in the form 
(21.5) ADSDT implies A/S = (4/T)/(S/T); 
the proof using the fact that 

[4/T D S/T]|S/T s 5] = [4/T s 4]|4 D 51. 


by ABC-4 and BC-5. (This is a typical indication of the force of 
BC-5.) ' 
The first isomorphism theorem also holds in the form that 


(21.6) ADS,ADN imply (SUN)/N&S/S(N, 


where the isomorphism in question is the equivalence factor of the 
mapping [A/NSA][ADS]. If «— [A4/M € A] is a projection, the 
induced transformations m., and so on, are given by formulas anal- 
ogous to (21.3), for MCTCA, LCA, as 


[A/M s A],(4/T) = A/T, [A/M s Al (4/D) = A/M UL, 
[A/M s A].L = (UU D/M, [A/M s A]*(T/M) = T. 


In none of these results is ABC-5 used, except in the last case to 
justify the representation of any subobject of A/M in the form 
T/M. 

In axiom ABC-5, one may show that the S whose existence is as- 
serted actually has the form r* M, where 7 — [4/T € A], and thence: 
that rir, S=. 

In an ABC-category the class of submappings is entirely de- 
termined by the category structure (without intervention of the in- 
jections) according to the following readily proved result. 


THEOREM 21.1 (ABC). A mapping a is a submapping if and only 
af ü ts left cancellable. 


Furthermore, if p is a supermapping p: A—B, the transformation 
p: is a right inverse of p.: S (4)—58S (B), and if is a submapping 
`: AB, Nf is a left inverse of the transformation M: S (A)—S (B). 
Note that these statements are not dual to each other—though the 


(21.7) 
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dual statements about dg, M, pg, pr are, of course, also demon- 
strable. Another pair of such pseudo-dual statements is indicated by 
the following theorem. 


THEOREM 21.2 (ABC). A mapping a ts a supermapping if and only 
if either a, is a transformation of S (A) onto S (B) or af ts a one-to-one 
transformation of S (B) into S (A). 


One may also establish the “extension equivalence” theorem. As 
in (1.3) an extension of G by Q is a diagram 3 


(21.8) GS E-5Q, 


such that À is a submapping, p a supermapping, and image (A) 
— kernel (p). If i 


(21.9) GS ESQ 


is a second such extension (with the same G and Q), a “homo- 
morphism” of (21.8) into (21.9) is given by any mapping y: E—E' 
which satisfies the usual commutation relations 


(21.10) i PY = p, N = vy 


THEOREM 21.3 (ABC extension equivalence theorem). Any homo- 
morphism y of one extension (21.8) of G by Q into another 1s an equiva- 
lence. 


The usual (group-theoretic) proof proceeds by calculating the 
image and the kernel of y; the same calculations may now be re- 
produced in categorical language, eventually leaving only the 
equivalence factor 0 in the decomposition (21.1) for y. This theorem 
is also of interest because the Eilenberg-Steenrod *5 Lemma" on 
two exact sequences of length 5 can be reduced to this theorem, also 
by categorical arguments. 

We mention also that various alternative characterizations of free- 
and-direct products (such as Theorem 19.1) as well as the Eilenberg- 
Steenrod “hexagon Lemma” can be derived from the axioms of an 
ABC-category; these derivations making heavy use of the addition of 
homomorphisms introduced in §19. 

These deductions indicate that most of the standard properties!! 
of homomorphisms between abelian groups (or, of linear transforma- 

u Facts such as the existence of infinite direct and infinite free products (no 


longer identical) or the existence, within the category, of the group Hom (A, B) of all 
homomorphisms of A into B are of course not deducible from our axioms. 
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tions between vector spaces) can be deduced from our self-dual sys- 
tem of axioms for an abelian bicategory. We thus provide a precise 
axiomatic proof for the duality phenomena in abelian groups. 
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BOOK REVIEWS 


Enciclopedia delle matematiche elementari e complementi con estensione 
alle principali teorie analitiche, geometriche e fisiche. Loro applica- 
sione e notisie storico-bibliografiche. Vol. 3. Ed. by Luigi Berzolari. 
Milan, Hoepli. Part 1, 1947, xii+966 pp. 2600 lire; part 2, 1950, 
xx-4- 1040 pp. 3800 lire. 


The first Encyclopedia of Elementary Mathematics was the popu- 
lar three-volume work of H. M. Weber (1842-1913) and J. Wellstein 
(1869-1919), Encyklopddte der Elementar- Mathematik, first published 
in 1903-1907; it went through several editions. 

Already in a 1909 session of the Society Mathesis there were ad- 
vocates for the preparation and publication of an Italian Encyclo- 
pedia of Mathematics, but it was nearly a score of years later before 
the project actually took tangible form. One may, however, regard 
as a sort of preliminary presentation of Encyclopedia topics the re- 
markably successful work edited by F. Enriques (1871-1946), Ques- 
Honi riguardanti le matematiche elemeniari, in two large volumes, 
1912-1914. The volumes, in which numerous specialists wrote on the 
various topics, were appreciably enlarged in the third edition, a dozen 
years later. 

But finally, in 1930, under the editorship of Luigi Berzolari 
(1863-1949), Giulio Vivanti (1859-1949), and Duilio Gigli (1878—- 
1933), appeared the first part of the first volume of Enciclopedia delle 
matematiche elemeniart; the second part was published in 1932, 
both parts (each with its own author index) making a volume of 
nearly 1100 pages. This volume, devoted to arithmetic, computa- 
tion, algebra, and analysis, by 9 authors, was the only one of the 
Enciclopedia previously reviewed in this Bulletin (vol. 38 (1932) 
pp. 156-157). The general editorial plan of this volume was also 
carried out in the second. Only the more fundamental theorems were 
proved, but there is a constant wealth of bibliographic references 
where further information may be gleaned. 

The second volume, in two parts, 1937-1938, of over 1200 pages 
and by 16 authors, was devoted to topics in geometry. Gigli had then 
died and it was the last one in which Vivanti appeared as joint editor. 

Of the third volume, 1947-1950, Berzolari was the sole editor, but 
he died before the final printing of the great second part of the volume 
was published. In this part is a brief biographical sketch of the editor 
and the frontispiece is his portrait. The volume is dedicated to varied 
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applications of mathematics, pure and applied, to their history, and 
to didactic questions. The bibliographic references are not quite as 
full as in the earlier volumes, especially in connection with some of 
the monographs, but they are still valuable. 

The contents of part 1 of this volume are as follows: Giovanni 
Giorgi, Systems of units and measures, pp. 1-37; Paolo Straneo, 
General theory of dimensions $n physics—its characteristic applications, 
pp. 39-97; G. Giorgi, Methods of vector calculus in space—critical and 
comparative remarks, pp. 99-124; G. Giorgi, Calculus of matrices, pp. 
125-166; Attilio Palatini, Rational mechanics, pp. 167—249; Ermene- 
gildo Daniele, Graphical calculus and graphical statics, pp. 251-293; 
Mariano Pierucci, Classical physics, pp. 295—506; Luigi Gabba, Cos- 
mography and a skeich of celestial mechanics, pp. 507—538; Gino Giotti, 
Geometrical optics, pp. 539-585; Rocco Serini, Crystallography and 
crystallographic physics, pp. 587-703; Gino Cassinis and Luigi Solaini, 
Geodesy and topography, pp. 705—774; Attilio Talatini, Theory of rela- 
tivity, pp. 775-819; Paolo Straneo, Matter, radiation, and quantum 
physics, pp. 821-950; List of authors cited, pp. 951-962; Errata, pp. 
963-964. 

The contents of part 2 are as follows: Ugo Casina, Numerical ap- 
proxtmations, pp. 1-191; Filippo Sibirani, Calculus of probability, pp. 
193—244; Corrado Gini, Statistical methods, the measure of collective 
phenomena, pp. 245-321; Tommaso Boggio, Financtal mathematics, 
pp. 323-409; T. Boggio and Fernando Giaccardi, Actuarial mathe- 
matics, pp. 411-480; Michele Cipolla (1880-1947), Mathematical 
recreations, pp. 481—538; Ettore Bortolotti (1866-1947), History of 
elementary mathematics, pp. 539—750; Francesco Severi and Fabio 
Conforto, Character and directions of modern mathematics, pp. 751— 
813; Mario Gliozzi, History of physical thought, pp. 815-883; Luigi 
Brusotti, Didactic questions, pp. 885—973; Giovanni Giorgi, Appendix. 
On the foundations of geometry, pp. 975-1014; List of authors cited, pp. 
1015-1038. Giorgi’s appendix is simply a second edition of three con- 
ferences held at the University of Rome in 1912 and published in 
Bollettino della’Mathests for 1912. At various points Bortolotti's 
history will be highly suggestive for future writers, especially in direc- 
tions where he had carried on personal research. 

To the completion of the Enciclopedia 49 authors—all of them dis- 
tinguished specialists—contributed during the 20 years of its publica- 
tion, and it is indeed most worthy of a place on a shelf of every uni- 
versity library. Almost every mathematician would be sure to find 
something of interest in this admirably edited work. 

R. C. ARCHIBALD 
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Nonlinear vibrations in mechanical and electrical systems. By J. J. 
Stoker. New York, Interscience, 1950. 20+273 pp. $5.00. 


Professor Stoker’s book is an important landmark in the first dec- 
ade of the studies of nonlinear problems in the United States and 
should be recommended to those who are interested in a systematic 
study of this subject. The presentation renders it particularly attrac- 
tive to physicists and engineers owing to a considerable number of 
examples illustrating the various mathematical concepts such as 
singularities, limit cycles, and so on, which thus acquire an almost in- 
tuitive aspect. On the other hand, once this intuitive approach has 
been sufficiently prepared, the author proceeds with the necessary 
rigor to prove the existence theorems for these concepts introduced 
more or less on physical grounds. 

As the author states in the introduction, it was necessary to restrict 
the subject to a somewhat limited number of selected topics in order 
to keep within the limits of the book. In fact, the Russian literature 
alone between 1929 and 1937 covers over 2000 pages of the various 
publications to say nothing of a considerable amount of the earlier 
material accumulated by Poincaré, Liapounoff, Bendixson, Birkhoff, 
and other forerunners in these studies. Nevertheless, Stoker’s treat- 
ment of these selected topics is sufficiently broad to enable the reader 
to acquire the grasp of a much wider situation. 

Perhaps the best way of abstracting the book is to proceed chapter 
by chapter as he does himself in his introduction. Chapter I is a short 
summary of the theory of linear vibrations for a system with one 
degree of freedom; it serves both as a reference and contrast for the 
nonlinear theory. Chapter II introduces the reader into the simplest 
case of nonlinear problems associated with the behavior of nonlinear 
conservative systems. The phase plane representation of integral 
curves is introduced in this chapter and is illustrated by a number of 
examples. Chapter III is also of a rather elementary character and 
deals with the differential equations of a more general type, namely, 
those which, in addition to the nonlinear restoring force, possess also 
a nonlinear damping. In this chapter the author gives an outline of 
the Liénard graphical method and closes the theoretical part by a 

, summary of the theory and classification of simple singularities of the 
differential equations in real domain. The end of the chapter contains 
a number of physical examples illustrating the concept of singular 
points as various types of equilibria of dynamical systems. The last 
example concerning the behavior of the synchronous motor covers 
nearly 14 pages of the text and is treated in great detail. 
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Chapter IV is of a less elementary character and deals with the so- 
called Duffing equation with forcing term. This subject is of interest 
mostly in mechanical problems and is treated by two different 
methods, the iteration and the perturbation methods. $10 of this 
chapter touches a far more advanced point which has formed the sub- 
ject of many discussions in the past, namely, the difficulty of the so- 
called “small divisors” which was encountered by Poincaré, Gylden, 
Lindstedt, and other mathematicians of that time in connection with 
astronomical problems. A more detailed treatment of this subject is 
given in Appendix II. 

Chapter V is perhaps the most interesting and important of the 
whole book and is split into two parts. Part A deals with the self- 
excited systems. In this chapter the author introduces the funda- 
mental concept of limit cycles on physical grounds, but a fuller 
mathematical treatment of this subject is given in Appendices III 
and VI. The second half of Part A is devoted to the so-called relaxa- 
tion oscillations and contains a considerable amount of original work 
done by Stoker who has contributed much to recent studies of this 
difficult subject. Particularly interesting are asymptotic expansions 
appearing as approximations of higher orders in this case. 

Part B deals with the forced oscillations in self-sustained systems. 
After a brief review of the earlier work of van der Pol, the author 
gives a very interesting and detailed presentation of the Andronow- 
Witt method, appearing as a further extension of the van der Pol 
theory. The method consists of investigating the distribution of 
singularities in a special parameter plane having *detuning" as one of 
the variables. Following this line of attack, the author treats the 
problem of stability of harmonic as well as combination oscillations 
in seven sections occupying nearly thirty pages of the text and ex- 
tending considerably the original method of Andronow and Witt on 
the basis of “contact curves” of Poincaré. This is perhaps the most 
interesting part of the book. The only point to be regretted is that 
the connection between this theory and the well known phenomenon 
of synchronization (or “entrainment”) is hardly mentioned at all. For 
a mathematical reader, this may not be so important, but for a 
physicist or an engineer more familiar with the phenomenon itself 
there is a risk of overlooking this important connection. 

The last chapter is in some respects an anti-climax to the really 
remarkable Chapter V. The beginning of Chapter VI is devoted to a 
somewhat long review of the theory of linear differential equations 
with periodic coefficients (the Floquet theory), covering nearly 24 
pages of the text. The reason for doing this, as Stoker explains, is 
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that “the problem of the infinitesimal stability of the periodic solu- 
tions of nonlinear systems always leads to a Hill equation.” Following 
this thought, the author reduces the problem of stability to the 
analysis of the local behavior of the variational equations (of the Hill 
type) in the various parts of the response curve and applies this pro- 
cedure to the Duffing equation. It turns out, however, that, on this 
basis, the free oscillations are unstable. Having ascertained this seem- 
ingly paradoxical result, the author ascribes it to the fact that the 
criterion of the “infinitesimal stability” (that is, the stability in the 
sense of the variational equations) ought to be replaced by that of 
the orbital stability. In fact, after a somewhat delicate argument, in 
$7, the author proves this point. In spite of this, the reader, partic- 
ularly the beginner, must inevitably feel somewhat confused as to 
when to use one criterion and when to use the other. This question 
does not seem to find a definite answer in the text, probably because 
the author, as he said in his introduction, had to curtail considerably 
the theory of stability owing to lack of space. It seems, however, 
sufficiently simple to show that if the differential equations are re- 
ferred to the “amplitude-phase” plane (a, $) instead of the usual 
(x, 2) phase plane (namely, da/di-fi(a, 4), dé/dt=f;(a, $)) the 
singular point fi(ae, $e) =f2(@o, $o) =O in this case represents the 
stationary periodic motion (if a90) and the variational equations 
(*the infinitesimal stability") give precisely the orbital stability in 
such a case, without any necessity of applying the theory of charac- 
teristic exponents of Poincaré. Reduction to this form is always 
possible if the differential equations do not contain time explicitly. 
N. MINORSKY 


Differential algebra. By Joseph Fels Ritt. (American Mathematical 
Society Colloquium Publications, vol. 33.) New York, American 
Mathematical Society, 1950. 8+181 pp. $4.40. 


It was a gigantic task that J. F. Ritt undertook twenty years ago: 
to give the classical theory of nonlinear differential équations a 
rigorous algebraic foundation. Emmy Noether and her school had 
done the same thing for the theory of algebraic equations and alge- 
braic varieties, but differential equations are much more difficult 
than algebraic equations. Luckily, Ritt has gathered around himself 
a whole school of able collaborators: Raudenbusch, Strodt, Kolchin, 
Howard Levi, Gourin, R. M. Cohn. 

The present book is not just a revised and enlarged edition of the 
author's Diferential equations from the algebraic standpoint (Collo- 
quium Publications, vol. 14). It is written from a much higher point 
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of view and based upon new principles. The first edition was a tenta- 
tive, this a classic. 

One important new feature is that the whole theory is now based 
upon the Ritt-Raudenbusch basts theorem. 

Let J be a field in which an operation of differentiation is per- 
formable, for example a field of functions of one variable x closed 
with respect to differentiation. Let y; (¢=1, ---+,m) be symbols of 
unknown functions, and y,; symbols of their derivatives (for example 
3077 y; and y, — y/"). Polynomials in the indeterminates y; are called 
d.p. (differential polynomials). They form a ring in which a differ- 
entiation is defined. 

Let Z be any infinite set of d.p. A finite subset A is said to form a 
basis of Z if for every d.p. A in È, a power A? is a sum of multiples of 
elements of A and their derivatives. The basis theorem now states: 
Every set È has a finite basis. 

The basis theorem was implicit in Ritt's work, but it was Rauden- 
bush who brought it to the present complete form. By placing this 
theorem right at the beginning, in Chapter I, the great line of thought 
is made much clearer than it was in the original treatment. 

Starting from the basis.theorem, the theory of differential ideals 
is developed up to the representation of “perfect ideals” as intersec- 
tions of prime ideals. 

If for the indeterminates yı, * © - , Ya field elements m, ---, Na are 
substituted, it may happen that all d.p. of a set Z become zero. In 
this case, the set (qm, - - - , a} is called a zero or solution of Z. The 
totality of all zeros is the manifold of ZZ. 

Chapter II deals with manifolds and their decomposition into ir- 
reducible manifolds. Just as in algebraic geometry, the dimension of 
an irreducible manifold can be defined as the maximum number of 
parametric indeterminates among the y, 

For one single differential equation F=0 a distinction between 
singular and nonsingular solutions is introduced. In the manifold of 
F, there is always one irreducible component, called the general solu- 
tion which does not consist of singular solutions only. Perhaps non- 
singular component would be a better expression. 

The discussion of the solutions of one single differential equation 
is continued in Chapter III. The “low power theorem” gives the 
necessary and sufficient condition that the nonsingular component of 
one differential equation be at the same time a component of another 
differential equation. This theorem solves a problem first treated by 
Laplace and Poisson by heuristic methods. 

In Chapter IV, systems of algebraic equations are treated by a new 
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algorithmic method. The results of this chapter are used in Chapter 
V to give an algorithmic treatment of various questions connected 
with finite systems of differential equations. For the case of a field 
F consisting of analytic functions, a very useful approximation 
theorem is proved. 

Chapter V deals with constructive methods and tests. 

In Chapter VI, the case of a field of analytic functions is treated by 
analytic methods. For this case, another proof of the low power 
theorem is given. 

Chapter VII deals with intersections of algebraic differential mani- 
folds, especially with their dimensions. A result of Jacobi proves true 
in some special cases, but false in general. 

Chapters VIII and IX deal with partial differential equations. In 
Chapter VIII, a very important existence theorem, due to Riquier, 
is proved. In Chapter IX this theorem is used to extend some of the 
main results of the preceding chapters to partial differential poly- 
nomials. 

B. L. VAN DER WAERDEN 


Transcendental numbers. By Carl Ludwig Siegel. (Annals of Mathe- 
matics Studies, no. 16.) Princeton University Press, 1949. 8+102 
pp. $2.00. 


As the author states in a short preface, this book is based on lec- 
tures given at Princeton in 1946. In Chapter I, The exponential func- 
Hon, proofs are given of the irrationality of e and v, and then a gen- 
eral method is introduced. 

Let p **:, Pa be complex numbers, 74, * - +, Am, non-negative 
integers, and let 


N+1= > (m+ 1). 
dem 
It is shown that polynomials Pi(x), ---, Pm(x) of degrees m, °>, 
nm, respectively, may be determined uniquely (up to a constant 
factor) such that the function 


R(x) = Y biens 
pun 


vanishes at x =0 of order N. Such a function is called an approxima- 
tion form. An explicit formula for R(x) as a multiple integral provides 
an upper bound for | R(1)| and shows that R(1)>0 when p, * * -, 
Pm are real. 
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The stage is then set for the proof that e* is transcendental for real 
algebraic a0. If e* were algebraic, there would be an algebraic in- 
teger £, not zero, but whose norm is less than one. This is clearly a 
contradiction. A similar argument, based on m approximation forms, 
leads to the Lindemann-Weierstrass theorem which states that, if 
by, +--+, b, are different algebraic numbers, then e, - - - , œ, are not 
related by a homogeneous linear equation with algebraic coefficients 
not all zero. 

The exponential function y =e? satisfies the differential equation 
y'=y and has the addition theorem e*e' — e***, The remaining chap- 
ters are concerned with functions that are either solutions of linear 
differential equations or possess addition theorems. 

Chapter II, Solutions of linear differential equations, deals with what 
are called E-functions. A function f(x) is an E-function if ‘ 


OL us 
nad n! 


where the coefficients ca belong to the same algebraic number field of 
finite degree over the rational number field, and where the maximum 
of the absolute values of all conjugates of c„ and the least common 
(rational) denominator of a, ++, Ca, regarded as functions of s, 
are each O(n**) for any e>0. (The exponential function is clearly an 
E-function.) 

Let E, - - * , En be É-functions that are solutions of a system of m 
homogeneous linear differential equations of the first order, 


Ye = X02» (k= 1,+++,m), 


whose coefficients Qx are rational functions of x with algebraic nu- 

merical coefficients. If the products Ep - - - Ex, nt +++ 4-»4 Sy, 

form what is called a normal system for all positive integral v, and if 

a is any algebraic number different from zero and the poles of Qx, 

it is proved that Ex(a), * - - , E«(o) are not related by an algebraic 

equation with algebraic coefficients. This result includes the Linde- 
mann-Weierstrass theorem. 
A particular E-function is 

oo (— 1)"z7 

Ky(x) 2 DUO OA. Aizx—1,—2, ; 


which is related to the Bessel function J\(x) by the equation 


1 
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dime tt x 

= ————— — Kx). 
MM Op M 
It is shown that the normality condition is satisfied for all rational 
As5l1/2, +£3/2,--+. With these restrictions, it follows that 
K (a) is transcendental for any algebraic «740. Hence all the zeros 
of K,(x) and all the zeros not equal to 0 of J x(x) are transcendental. 

The function 
X? 
Soc 2 P E WER) 

satisfies the differential equation xw’+(A+1)w’=w, which leads to 
the continued fraction 


x 
A2ci cive) 


Since f,(—x7/4) =K,(x), the previous results show that the con- 
tinued fraction is transcendental for all algebraic x0 and all ra- 
tional A. In particular, 


—-bid 


is transcendental. 

Chapter III, The transcendency of aè for irrational algebraic b and 
algebrasc a. £0, is a short one giving Schneider's proof and a simplified 
form of Gelfond's. Each proof is similar in principle to the proof of the 
transcendence of e*, but is naturally much deeper. 

Chapter IV, Elliptic functions, deals with some results due to 
Schneider. Let p(z) and f'(z) denote the usual Weierstrass functions, 
where f"(z) = — e(z). It is shown that, if ^, u, gs, gs, (20) are algebraic 
and ^, u are not both zero, then Aze--u£(z0) is transcendental. As a 
special case it follows, for example, that the arc length of the lemnis- 
cate (x1-4- 3)! = 2a*(x1 — y?) is transcendental for algebraic a between 
points with algebraic coordinates. 

It can be seen from the foregoing paragraphs that the book deals 
authoritatively with the problems of transcendental numbers. Un- 
fortunately, it is not an easy book to follow. The subject matter is 
admittedly difficult, but, in the opinion of the reviewer, much could 
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be done to present the material in a way that is clear and well or- 
ganized. 

The Editors of the series and Princeton University Press must 
share the blame for the poor form and style of the book. Many of the 
lines in the text are badly set up, some symbols are all too obviously 
handwritten, and the formulas are generally difficult to read. 

The organization of the book leaves much to be desired, and, in the 
opinion of the reviewer, the fault lies in the method of presenting a 
proof. The author seldom takes the trouble to let the reader know 
what he is doing and why. This is clearly illustrated in the first chap- 
ter where a proof is given of the transcendency of e*. The reader may 
find the proofs involved, but not until the end of the chapter, if he 
gets that far, does he discover that the author has a perfectly good 
reason for presenting the proofs in the way he does. 

Pólya, writing in the American Mathematical Monthly, December 
1949, page 684, describes the situation exactly in the following words. 
*A mathematical lecture should be, first of all, correct and unam- 
biguous. Still, we know from painful experience that a perfectly un- 
ambiguous and correct exposition can be far from satisfactory and 
may appear uninspiring, tiresome or disappointing, even if the sub- 
ject-matter presented is interesting in itself." 

R. D. JAMEs 


Fourier iransforms. By S. Bochner and K. Chandrasekharan. (Annals 
of Mathematics Studies, no. 19.) Princeton University Press, 1949. 
104-219 pp. $3.50. 


This is a very readable introduction to the craft of the authors, and 
as such fills a very real need. The subject matter serves to a large ex- 
tent as a springboard for the presentation of interesting techniques, 
viewpoints, and concepts, and is treated with great deftness and re- 
markable continuity. There is a good deal of explanatory and moti- 
vating material, and altogether the book is a very appropriate one for 
study by an apprentice to the guild of semi-classical analysts. 

The book is apparently not intended for reference use, nor is its 
subject matter and development the sort that are best adapted to the 
needs of a mathematician with a merely general interest in the sub- 
ject, or to the needs of a theoretical physicist. The topics treated are 
interesting but the basis of their selection seems to have been esthetic 
and subjective, rather than a function of their relative significance 
within the general framework of mathematics. Among the important 
topics not treated are Fourier transforms in the complex domain, 
Fourier-Stieltjes transforms, and generalized harmonic analysis; from 
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a purely informational standpoint the book is hardly a well-rounded 
survey of Fourier analysis. The proofs and approaches employed in 
the book are technically elementary, but often somewhat intricate 
and delicate, and demand either a certain sophistication or special 
attentiveness of the reader. The very considerable smoothness, 
coherency, and local clarity of the book seem to be achieved by a 
unity of mathematical viewpoint and technique, as well as by nice- 
ness of style, rather than by logical organization. 

Fourier transforms of functions in L1 and Ls on the real line and in 
euclidean n-space are treated along familiar lines, but with much in- 
trinsically interesting illustrative material. In particular, transforms 
of derivatives, and Gauss and Abel summability, are presented in 
some detail. Special but valuable topics more briefly treated include 
transforms of radial functions, closure of translations of functions in 
Ls, and bounded transformations on Le commuting with translations. 
All these developments take up the first four chapters of the book, 
and there are two additional chapters, concerning more specialized 
matters, along lines reflecting some of the particular interests of the 
authors. The fifth chapter gives an integro-differential representation 
for the most general unitary operator on Z4, from which a study of the 
Watson transform evolves. The sixth chapter treats aspects of 
Tauberian theorems from a combination of viewpoints due originally 
to Karamata and Wiener. These last two chapters both have a certain 
roundness and charm almost, which make relatively complex subjects 
seem quite approachable. This feature may be related to the circum- 
stance that each of these chapters is apparently based on a paper by 
Bochner. 

There is also a short treatment of Banach spaces, along with a dis- 
cussion of the Z, spaces for general (the Fourier transforms of func- 
tions in those spaces are not considered). None of the deeper theorems 
about Banach spaces is covered, and on the whole the "abstract" 
viewpoint is avoided. The outlook of the book is indicated by the 
following quotation (pp. 211—212): “... theorem 7... has the dis- 
advantage (if disadvantage it is) of being peculiar to the euclidean 
setup...” (reviewer's italics). The book contains essentially no 
orientation of the results with respect to the theories of harmonic 
analysis on topological groups, Banach algebras, or operators on 
Hilbert space. (One of the very few comments on the operator- 
theoretic background of a result is unsound,—the operators described 
on page 215 as having simple spectrum can have nearly arbitrary 
spectral multiplicities.) It opens with a definition of Fourier trans- 
form on the line, and no explanation is even given of why this particu- 
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lar transform, rather than some other, is the object of such intensive 
study. The fact that there exists a general theory of transforms on 
locally compact abelian groups, which establishes such basic results as 
the uniqueness theorem for Z4 transforms, the closure theorems for 
translations of functions in L; and La, and the generalized Plancherel 
theorem, in forms which apply to Fourier integrals and series on n- 
dimensional euclidean space, as well as to almost periodic functions, 
expansions into Walsh-Rademacher functions, functions on finite 
groups, and so forth, is devoid of any significant recognition. 

Thus the book is intensive rather than extensive in scope, and 
strength of logical organization has been somewhat sacrificed for 
elegance of technique and mathematical style. It is a really valuable 
addition to the literature, and substantial numbers of students should 
find it both pleasant and instructive. 

I. E. SEGAL 
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Electromagnetic theory. (Review by L. Brillouin.) 

p. 375, line 15. For “Rutherford” read “Retherford.” 

Coxeter, H. S. M. The real projective plane. (Review by P. DuVal.) 

p. 377, lines 2-4. The statement “but curiously it is never shown, 
though constantly taken for granted in the sequel, that there is 
always one such collineation” is in error. It has been pointed out to 
‘the author of the review that it is proved on p. 53 of the book that a 
collineation always exists in which one given quadrangle corresponds 
to another. 


NOTES 


A Colloquium under the auspices of the Edinburgh Mathematical 
Society will be held in St. Andrews July 18-28, 1951. Detailed in- 
formation may be obtained from Dr. D. E. Rutherford, United 
College, St. Andrews, Scotland. 

The following have received appointments to National Research 
Fellowships in Mathematics for the academic year 1950-1951: Dr. 
Alex Heller, Columbia University; Dr. R. V. Kadison, University of 
Chicago; and Dr. M. A. Rosenlicht, University of Chicago. 

Dr. N. H. Kuiper of the Institute of Technology, Delft, Nether- 
lands, has been appointed to a professorship at the School of Agricul- 
ture, Wageningen, Netherlands. 

Dr. Cengiz Ulugay has been appointed to an assistant professor- 
ship at Ankara University, Ankara, Turkey. 

Professor A. C. Zaanen of the University of Indonesia has been ap- 
pointed to a professorship at the Institute of Technology, Delft, 
Netherlands. 

The following members of the Society are currently members of the 
Institute for Advanced Study: Emilio Baiada, Dorothy L. Bernstein, 
Lipman Bers, Raoul Bott, Werner Fenchel, J. S. Frame, Bent 
Fuglede, William Gustin, Alex Heller, A. J. Hoffman, S. T. Hu, 
R. V. Kadison, J. B. Kelly, Kunihiko Kodaira, Benjamin Lepson, 
G. A. Miller, L. J. Mordell, J. D. Newburgh, Ilse L. Novak, D. S. 
Park, C. L. Pekeris, R. S. Phillips, C. R. Putnam, K. G. Ramanathan, 
H. E. Rauch, Giovanni Ricci, Robert Schatten, M. H. Stone, Leo 
Zippin. 

Miss Florence R. Anderson of the University of Southern California 
has accepted a position as research laboratory analyst with Northrop 
Aircraft, Inc. 

Mr. Jonas Beraru of the North American Aviation Corporation has . 
accepted a position as mathematician with the Rand Corporation, 
Santa Monica, California. 

Dr. F. E. Bothwell of the University of Chicago has been ap- 
pointed to an associate professorship at Northwestern University. 

Assistant Professor J. L. Botsford of San Jose State College has 
been appointed to an associate professorship at the University of 
Idaho. 

Mr. C. F. Briggs of the University of Michigan has been appointed 
to an acting assistant professorship at Emory University. 

Dr. Eleazer Bromberg of the Reeves Instrument Corporation has 
accepted a position as head of the Mechanics Branch, Office of Naval 
Research, Washington, D. C. 
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Dr. F. W. Brown of North American Aviation, Inc. has accep- 
ted a position as associate director for research and development, 
U. S. Naval Ordnance Test Station, Inyokern, California. 

Dr. F. H. Brownell of Princeton University has been appointed to 
an assistant professorship at the University of Washington. 

Dr. K. A. Bush has been appointed to an associate professorship at 
Champlain College. 

Dr. M. N. Chase has accepted a position as research engineer with 
the Battelle Memorial Institute of Columbus, Ohio. 

Dr. Y. W. Chen of the Institute for Advanced Study has been ap- 
pointed to an associate professorship at the University of Oklahoma. 

Dr. George Copp of the University of Texas has been appointed to 
an assistant professorship at North Texas State College. 

Dr. Avron Douglis of the California Institute of Technology has 
been appointed to an assistant professorship at New York University. 

Dr. Nat Edmonson of Johns Hopkins University has accepted a 
position as mathematician with Fairchild Engine and Airplane Corpo- 
ration, Oak Ridge, Tennessee. 

Mr. W. C. Foreman of the University of Kansas has been ap- 
pointed to a professorship at Baker University. 

Dr. Abraham Franck of the University of Minnesota has been ap- 
pointed to an assistant professorship at Kansas State College. 

Dr. J. R. Garrett of Duke University has been appointed to an 
assistant professorship at the Georgia Institute of Technology. 

Dr. V. D. Gokhale of Rutgers University has been appointed to a 
professorship at Atlanta University. 

Assistant Professor R. D. Gordon of the University of Buffalo has 
been appointed to a professorship at Washington College. 

Dr. Violet G. Hachmeister of the University of Wisconsin has been 
appointed to an assistant professorship at Kansas State College. 

Dr. Harish-Chandra of Harvard University has been appointed 
visiting lecturer at Columbia University. 

Dr. V. C. Harris of Northwestern University has been appointed 
to an assistant professorship at San Diego State College. 

Dr. S. L. Isaacson of Columbia University has been appointed to 
an assistant professorship of statistics at Iowa State College of Agri- 
culture and Mechanic Arts. 

Dr. S. L. Jamison of the University of California has been ap- 
pointed to an assistant professorship at the Florida State University. 

Mr. J. X. Jamrich of the University of Wisconsin has been ap- 
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pointed supervisor of student teaching in the School of Education at 
Northwestern University. 

Dr. J. A. Jenkins of Harvard University has been appointed to an 
assistant professorship at Johns Hopkins University. 

Associate Professor J. L. Kelley of the University of California is 
on leave of absence and has been appointed to a visiting associate 
professorship at Tulane University of Louisiana. 

Mr. S. A. Kushneriuk has accepted a position as assistant research 
officer with the Atomic Energy Project, Chalk River, Ontario, 
Canada. 

Assistant Professor J. S. Leech of the University of Chicago has 
been appointed to a professorship at Colorado College. 

Assistant Professor Lee Lorch of Pennsylvania State College has 
been appointed to an associate professorship at Fisk University. 

Assistant Professor Nathaniel Macon of Alabama Polytechnic In- 
stitute is on leave of absence at the University of Amsterdam, 
Amsterdam, Netherlands. 

Mr. J. H. Manheim has accepted a teaching position with Wilson 
Junior College, Chicago, Illinois. 

Dr. George Marsaglia of Ohio State University has been appointed 
to an assistant professorship at Montana State University. 

Mr. P. T. Mielke of Purdue University has been appointed to an 
assistant professorship at Wabash College. 

Dr. E. F. Moore has been appointed to an assistant professorship 
at the University of Illinois. : 

Dr. D. R. Morrison of the University of Wisconsin has been ap- 
pointed to an assistant professorship at Tulane University of Louisi- 
ana. 

Dr. M. O. Peach of the Carnegie Institute of Technology has been 
appointed to an associate professorship of engineering and mechanics 
at the University of Notre Dame. 

Dr. W. A. Pierce of Harvard University has been appointed to an 
assistant professorship at Syracuse University. 

Dr. R. W. Rempfer of the Farrand Optical Company has been 
appointed to a professorship at Antioch College. 

Assistant Professor R. R. Reynolds of Oklahoma Agricultural and 
Mechanical College has accepted a position as mathematician at the 
Institute for Numerical Analysis of the National Bureau of Stand- 
ards, Los Angeles, California. 

Dr. Hugo Ribeiro of the University of California has been ap- 
pointed to an associate professorship at the University of Nebraska. 
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Dr. L. G. Riggs of Northwestern University has been appointed to 
an assistant professorship at San Diego State College. 

Professor J. B. Scarborough of the United States Naval Academy 
has retired with the title Emeritus. 

Dr. J. P. Scholz of Wilson College has been appointed to an as- 
sistant professorship at Lebanon Valley College. 

Dr. Esther Seiden of the University of California has been ap- 
pointed to an assistant professorship at the University of Buffalo. 

Mr. D. H. Shaftman has accepted a position as-junior mathemati- 
cian at the Argonne National Laboratory, Chicago, Illinois. 

Mr. W. T. Sharp has been appointed to an assistant professorship 
at the University of Maryland. 

Assistant Professor J. J. Sopka of Tufts College has accepted a 
position as mathematician at the Applied Physics Laboratory, Johns 
Hopkins University. 

Dr. D. B. Sumner of the University of Reading has been appointed 
to an assistant professorship at Hamilton College of McMaster Uni- 
versity. : 

Dr. L. W. Swanson of Coe College has accepted a position in the 
Applied Science Department of International Business Machines 
Corporation. 

Assistant Professor G. L. Tiller of Utica College has been ap- 
pointed to an associate professorship at Southwestern University. 

Mr. P. M. Treuenfels has accepted a position as mathematician in 
the Ballistics Research Laboratories, Aberdeen Proving Ground, 
Maryland. 

Mr.'G. E. Uhrich of the University of Washington has been ap- 
pointed to an assistant professorship at Montana State College. 

Dr. S. E. Urner of Los Angeles City College has been appointed to 
a professorship at the Los Angeles State College of Arts and Sciences. 

Mr. J. R. Van Andel of the University of Pennsylvania has ac- 
cepted the position of assistant research engineer with Burroughs 
Adding Machine Company. 

Associate Professor R. W. Wagner of Oberlin College has been ap- 
pointed to a professorship at the University of Massachusetts. 

Mr. E. S. Williams has been appointed to a professorship at State 
Colored{Normal, Industrial, Agricultural and Mechanical College of 
South Carolina. 

Mrs. Marie N. Williams has accepted a position as analyst with the 
Quaker Oats Company, Chicago, Illinois. 

Mr. J. W. Wray of the University of Illinois has been appointed to 
an assistant professorship at the University of Idaho. 

Dr. C. S. Yih of the University of British Columbia has been ap- 
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pointed to an associate professorship at Colorado Agricultural and 
Mechanical College, Fort Collins, Colorado. 

Mr. R. W. Young of the University of Florida has been appointed 
to a professorship at Henderson State Teachers College. 

Dr. J. L. Zemmer of the University of Wisconsin has been ap- 
pointed to an assistant professorship at the University of Missouri. 

Dr. A. D. Ziebur of the University of Wisconsin has been ap- 
pointed to an assistant professorship at Oklahoma Agricultural and 
Mechanical College. 

The following promotions have been announced: 

R. C. F. Bartels, University of Michigan, to an associate professor- 
ship. j 

W. E. Bleick, U. S. Naval Postgraduate School, to a professorship. 

A. C. Burdette, University of California, Davis, California, to an 
associate professorship. 

A. J. Cook, University of Alberta, to a professorship. 

Helen W. Dodson, University of Michigan, to an associate profes- 
sorship. 

H. W. Ellis, Queen’s University, to an assistant professorship. 

F. C. Gentry, Arizona State College at Tempe, to a professorship. 

David Gilbarg, Indiana University, to an associate professorship. 

A. M. Gleason, Harvard University, to an assistant professorship. 

W. J. Harrington, Pennsylvania State College, to an associate pro- 
fessorship. 

Ernest Hawkins, U. S. Nayal Academy, to a professorship. 

E. A. Hedberg, University of South Carolina, to a professorship. 

A. S. Hendler, Rensselaer Polytechnic Institute, to an assistant 
professorship. 

G. P. Hochschild, University of Illinois, to an associate professor- 
ship. 

P. E. Irick, Purdue University, to an assistant professorship. 

W. J. Jaffe, Newark College of Engineering, to an associate pro- 
fessorship. 

Walter Jennings, U. S. Naval Postgraduate School,’ Annapolis, 
Maryland, to an associate professorship. 

D. M. Krabill, Bowling Green State University, to a professorship. 

B. P. Kremer, John Carroll University, to an assistant professor- 
ship. 

W. J. LeVeque, University of Michigan, to an assistant professor- 
ship. 

R. E. Lowney, Montana State College, to an associate professor- 
ship. 
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V. O. McBrien, College of the Holy Cross, to an associate professor- ' 
ship. 

Betty McKnight, Centenary College of Louisiana, to an assistant 
professorship. 

W. R. Mann, University of North Carolina, to an assistant pro- 
fessorship. 

R. C. Meacham, Carnegie Institute of Technology, to an assistant 
professorship. 

N. S. Mendelsohn, University of Manitoba, to an associate pro- 
fessorship. 

Ruth E. O'Donnell, Duquesne University, to an associate pro- 
fessorship. 

C. D. Olds, San Jose State College, to a professorship. 

Emily C. Pixley, University of Detroit, to an associate professor- 
ship. 

L. L. Rauch, University of Michigan, to an associate professorship. 

N. E. Steenrod, Princeton University, to a professorship. 

E. G. Straus, University of California, Los Angeles, to an assistant 
professorship. 

Walter Strodt, Columbia University, to an associate professorship. 

G. B. Thomas, Massachusetts Institute of Technology, to an asso- 
ciate professorship. , 

C. C. Torrance, U. S. Naval Postgraduate School, Annapolis, 
Maryland, to a professorship. 

V. J. Varineau, University of Wyoming, to an associate professor- 
ship. 

Charles Walmsley, Dalhousie University, to a professorship. 

J. F. Wardwell, Colgate University, to a professorship. 

Betty R. Weber, University of South Carolina, to an adjunct pro- 
fessorship. 

Martin Wright, University of Houston, to an associate professor- 
ship. 

Max Wyman, University of Alberta, to an associate professorship. 

L. A. Zadeh, Columbia University, to an assistant professorship. 

The following appointments to instructorships are announced: 
University of California: Dr. R. M. Lakness, Dr. T. K. Pan; Catholic 
University of America: Mr. J. F. Hannan; Columbia University: Mr. 
R. H. Brown, Mr. G. N. Raney, Dr. R. L. Taylor; University of 
Connecticut: Dr. Samuel Bourne, Dr. Helene Reschovsky, Mr. David 
Wellinger; Cornell University: Dr. W. L. Murdock; Duke University, 
Mr. J. A. Silva; University of Florida; Dr. F. Virginia Rohde; Har- 
vard University: Dr. R. G. Ayoub, Dr. D. M. Young; Illinois In- 


1950] NOTES 535 


stitute of Technology: Dr. Allen Devinatz; Indiana University: Dr. 
D. H. Porter; Iowa State Teachers College: Miss Augusta L. 
Schurrer; Johns Hopkins University: Dr. A. B. Novikoff, Mr. J. A. 
Zilber; Kansas State Teachers College, Emporia: Mr. A. H. Albert; 
Lehigh University: Mr. Samuel Schecter; Louisiana State University: 
Mr. G. J. Trammell; Massachusetts Institute of Technology: Dr. I. 
M. Singer; University of Michigan: Dr. H. C. Davis, Dr. J. R. Lee, 
Mr. G. R. Livesay, Dr. J. E. McLaughlin, Mr. Daniel Resch; Uni- 
versity of Notre Dame: Mr. J. A. Sullivan; Ohio State University: 
Mr. W. M. Myers; Pennsylvania State College: Mr. D. J. Dickinson; 
Princeton University: Mr. Eugenio Calabi, Dr. J. F. Nash, Dr. 
Theodor Teichmann; Purdue University: Mrs. Elizabeth H. Cuthill; 
University of Richmond: Miss Marion B. Jeffries; Southern Illinois 
University: Mr. Daniel Orloff; State College of Washington: Mr. K. 
L. Cooke; Sue Bennett College, Stanford, Kentucky: Miss Mary 
Pettus; Temple University: Mr. Albert Schild; University of Tennes- 
see: Mr. E. E. Posey; Tennessee Polytechnic Institute: Mr. J. J. 
Hart; Texas State University for Negroes: Mr. J. E. Westberry; 
University of Texas: Mr. S. E. Dyer; Trinity College: Mr. R. C. 
Stewart, Mr. J. N. Williams; University of Vermont and State 
Agricultural College: Mr. W. T. Fishback; University of Washing- 
ton: Dr. P. R. Peterson; Washington State College: Mr. R. R. Hea- 
cock; Wells College: Miss Marjorie B. Djorup; University of Wiscon- 
sin: Dr. L. E. Fuller; University of Wisconsin in Milwaukee: Mr. 
R. J. Weeks. 

Notice has been received of the death of Assistant Professor L. C. 
Dawson of Colorado Agricultural and Mechanical College. 

Professor J. T. McCormick of the College of the Holy Cross died in 
May, 1950. He had been a member of the Society for twenty-eight 
years. 

Professor Emeritus S. W. Reaves of the University of Oklahoma 
died on August 2, 1950 at the age of seventy-five years. He had been 
a member of the Society for forty-two years. 

Professor W. M. Smith of Lafayette College died on July 3, 1950 at 
the age of sixty-nine years. He had been a member of the Society 
for forty-two years. 

Professor J. A. G. Shirk of Kansas State Teachers College died 
April 15, 1950 at the age of sixty-nine years. He had been a member 
of the Society for twenty-four years. 

Mr. G. M. V. Tryon of Fenton, Michigan died on May 1, 1950. He 
had been a member of the Society for twenty-seven years. 


ABSTRACTS OF PAPERS 


The abstracts below are abstracts of papers presented by title at 
the October Meeting in New York and the November meeting in 
Evanston. Abstracts of papers presented in person at these meetings 
will be included in the reports of the meetings which will be pub- 
lished in the January issue of this BULLETIN. 

Abstracts are numbered serially throughout this volume. 


ALGEBRA AND THEORY OF NUMBERS 


453t, R. H. Bruck and Erwin Kleinfeld: The structure of alternative 
division rings. 

The following theorem is proved: (A) Every alternative division ring R of char- 
acteristic other than two is either (i) a field or skew-field or (ii) a Cayley-Dickson 
division algebra (of order eight over its centre). The essence of the proof is to show 
that if R, with centre F, is not associative, then every element of R satisfies a quad- 
ratic equation over F. This reduces (A) to a theorem of A. A. Albert (Absolute-valued 
algebraic algebras, Bull. Amer. Math. Soc. vol. 55 (1949) pp. 763-768). Call a projec- 
tive plane alternative if Ruth Moufang's law of the complete quadrangle or Marshall 
Hall's Theorem L holds universally, but no complete quadrangle has collinear di- 
agonal points. Then (A), together with published work of Moufang, Hall, R. D. 
Schafer, and others, implies the following theorems: (B) Every alternative plane 
characterizes a coordinate (alternative division) ring uniquely in the sense of iso- 
morphism. (C) If an ordered plane is alternative it is Desarguesian. That (A) implies 
` (B) was previously pointed out by M. F. Smiley, and (C) answers a question originally 
posed by Max Dehn to Ruth Moufang some years ago. (This abstract was originally 
submitted July 27, 1950 to the International Congress, too late for acceptance.) 
(Received September 15, 1950.) 


4541. Trevor Evans: On multiplicative systems defined by generators 
and relations. I. General theory. 


Using the characterization of a loop as a system with three binary operations: 
a study is made of the properties of loops defined in terms of generators and relations. 
À normal form theorem is obtained for loops defined by a certain type of relation 
and it is shown that every finitely related loop can be put in this form. The structure 
of subloops of loops defined by generators and relations is completely determined and 
results obtained analogous to those of Grace E. Bates, The theory of free loops and 
nets and iheir generalizations, Amer. J. Math. vol. 69 (1947) pp. 449—550. Correspond- 
ing results hold also for other nonassociative multiplicative systems such as quasi- 
groups, groupoids, and groupoids with unique division on one side. The word problem 
is solved for loops and the cancellation and division problems for groupoids. (Received 
August 14, 1950.) ; 


4551. Trevor Evans: On multiplicative systems defined by generators 
and relations. II. Monogensc loops. 


The methods developed in a previous paper by the author On the theory of multipli- 
cative systems defined by generators and relations. 1. General theory, are used to study 
some properties of monogenic loops (loops generated by one element). The following 
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results are obtained. The group of automorphisms of the free monogenic loop is the 
free cyclic group. A monogenic loop defined by a finite, nonzero number of relations 
has only a finite number of endomorphisms. This means that the isomorphism prob- 
lem can be solved for monogenic loops. Any countable loop can be embedded in a 
monogenic loop. A monogenic loop is constructed which is isomorphic to a proper 
factor loop of itself. (Received August 14, 1950.) 


456t. D. C. Murdoch: Intersecttons of primary ideals in a non- 
commutative ring. 


Let R be a noncommutative ring in which the ascending chain condition holds for 
two-sided ideals. An ideal q is right primary if when a is not in q, cRbCq implies 
b€r(q), where z(q) is the radical of q in the sense of McCoy (Amer. J. Math. vol. 71 
(1949) pp. 823-833). The radical of a right primary ideal is prime. If a is the inter- 
section of a finite number of right primary ideals then a is right primary with radical 
if and only if all its right primary components have radical p. Hence any ideal a 
which is the intersection of right primary ideals has a short representation in which 
the right primary components all have different radicals. In any two short representa- 
tions of a the number of right primary components is the same and the radicals of 
the components of one representation are equal in some order to the radicals of the 
components of the other. (Received September 12, 1950.) 


4571. H. J. Ryser: A combinatorial theorem with an application to 
latin rectangles. 


Let A be a matrix of r rows and n columns composed entirely of zeros and ones, 
where 1 Sr<n. Let there be exactly $ ones in each row, and let N(s) denote the num- 
ber of ones in the sth column of A. If for each $, k—(n —r) & N(3) Sk, then n—r rows 
of zeros and ones may be adjoined to A to obtain a square matrix with exactly & ones 
in each row and column. Let T be an array of r rows and s columns, formed from the 
integers 1, + - - ,# in such a way that the integers in each row and column are distinct. 
Let N(1) denote the number of times that i occurs in T. The preceding theorem implies 
that a necessary and sufficient condition in order that T may be extended to an n by n 
latin square is that for each £1, - - * , s, N(s) zr--s—m. The latter result generalizes 
M. Hall's existence theorem for latin squares (Bull. Amer. Math. Soc. vol. 51 (1945) 
pp. 387-388). (Received September 18, 1950.) 


ANALYSIS 


458i. P. R. Garabedian: A partial differential equation arising in 
conformal mapping. 


Let K(s, £) and k(s, #) be the kernel functions in a plane region D which are asso- 
ciated, respectively, with the norms {/p|f(z)| pdxdy and /fpu(x, y)*pdxdy of analytic 
functions f(g) and real harmonic functions u(x, y) in D, where p is a positive weight 
function, These kernels are given in terms of the Green's functions G(s, i) and g(s, i) 
of the partial differential equations 8/03(p^10/02)G «0 and Ap^!Ag «0 by the formulas 
K(s, t) = —2(xo(s)p(0))7 (93G(s, t)/ðz3 and (s, 1) = — (8xp(z)p(D)-tAs Aq, H. The 
Friedrichs eigenfunctions y, and eigenvalues u, for a= [f fida] /folvl*dedy 
=maximum, 6¥/83=0, are given in terms of the eigenfunctions U, of the 
partial differential equation #U/a#+ya"U/a2d3—=0 by the formula (1—y,y, 
9U,/02 - n9 U,/as. Both problems have the same eigenvalues uy. The eigenfunc- 
tions m, and eigenvalues A, for the problem A= ffp] dm/ds| tàxdy/ f fp | óm/a3| dxdy 
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=minimum, óim/0fi—0, are given by the formulas dm,/d8=<y,, Om,/ds—9U,/8s, 
Ag. For pal, the identity 0*g/as0!=G(z, 1) — (1/2) 3, (1 —u1) 1U,(s) 0,0) is 
proved. Applications are made to the case where D is an ellipse. (Received September 
20, 1950.) 


459t. P. R. Garabedian: Asymptotic identities among periods of 
integrals of the first kind. 


Ina multiply-connected domain D of the z-plane bounded by curves C, + + * , Co, 
the harmonic measures wa(z) with boundary values 1 on C, and 0 on the C, with 
jsik,kc1,.--.,g, have an interpretation as the real parts of the normal integrals 
of the first kind on a symmetric closed Riemann surface of genus g associated with D, 
Since the conformal type of D depends on 3g—3 parameters, the periods: 
Pa 7 fo, (00./0n)ds of the integrals of the first kind satisfy (g—2)(g—3)/2 nontrivial 
identities. Asymptotic forms of these identities are obtained which correspond to 
degeneration of D when, first, all the C, shrink to points a, and, second, the C, with 
jg shrink to points a, and C,4: is the unit circle. In the first case, the asymptotic 
identities correspond to those which exist among the Euclidean distances between the 
points a,; in the second case the identities originate from those which exist among the 
non-Euclidean distances amongst the a, in the unit circle. In a further study, Poin- 
caré's identity (PiPiPq P4) 3-- (Pu Pu P P) —(PPuaPgsPu)V3 for P,0, i7), 
and P,, bounded away from zero and infinity is derived. (Received September 20, 
1950.) 


4601. P. R. Garabedian: The classes L, and conformal mapping. 


Let D be a region of the z-plane bounded by disjoint smooth curves Ci, - * * , Cas 
and let ¢ be a fixed point of D. We denote by K (s) the analytic function in D with K(f) 
=1 and with a= $o| K(2)| ?ds=minimum, p>1; and we denote by L(s) the function 
analytic in D except for a simple pole of residue 1/275 at z —t and with 8— f. ol L(s) eds 
=minimum, g>1. For pi+g?=1 we obtain L(s)K(z)ds-a-!|K (s) |*ds 
2| L(g) | *ds on C, and the minimum values @ and £ satisfy a »8!/«— 1. Proofs are 
based on Holder's inequality and on a consideration of the class Lp of all complex- 
valued functions f(s) defined on C with £olf|?ds< and with Seféde=0 for every 
function $(z) analytic in D+C. Further normalizations are discussed, and it is shown 
in one case where # is the pointat infinity that all extremal functions with any value of 
p21 are related and are given in terms of the Szego kernel function. Some of the re- 
sults are extended to the case of values of p with 0 «p «1. (Received September 20, 
1950.) 


4611. J. G. Herriot: An example of an analytic function with a 
singular line. 


The function f(z) = f; (1—tanhXtanh zx)dx, 0 «2 X1, was first encountered in the 
study of the electrostatic capacity of a symmetric lens. It is easily seen that the above 
integral represents a function analytic in the half-plane R(z) >0. A series representa- 
tion of f(s) is obtained and used to continue f(z) analytically throughout the rest of 
the complex plane with the exception of the negative real axis. The negative real axis 
is shown to be a line of singularities of f(s). This is done by showing that f(z) becomes 
infinite as z approaches any point of the form —(2+1)/(2g+1) where p and 4 are 
integers greater than one and 2p+1 and 2¢++1 are relatively prime; z moves so that 
its real part is constant. (Received August 15, 1950.) E 
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4621. Werner Leutert: On the convergence of approximate solutions 
of the heat equation to the exact solution. 


It is shown that an approximate solution of the heat equation can be obtained 
from a three line difference equation by using only half of the particular solutions of 
the form ee", The approximate solution will converge to the exact solution for all 
positive values of the mesh ratio r= At/(Ax)! and it will be stable in the sense that 
small changes in the initial condition vanish as the time / is increased. von Neumann’s 
test shows instability for all values of r0. (Received July 31, 1950.) 


463i. Bertram Yood: On fixed points for semi-groups of linear 
operators. 


Let G be a semi-group of bounded linear operators on a normed linear space X, 
and G* be the family of adjoints of elements of G. Sets of conditions are given on G 
which imply the existence of a nonzero fixed element for G* (in X*). In particular if 
X is the space of bounded functions on a set S, the results show, as a special case, the 
existence of a finitely-additive measure defined for all subsets of S invariant under a 
solvable group of 1-1 transformations of S onto S. This fact is due to von Neumann 
(Fund. Math. vol. 13 (1929)). (Received September 14, 1950.) 


APPLIED MATHEMATICS 
4641. C. N. Mooers: Automata with learning. Preliminary report. 


The automata moves in an artificial environment having positions or states 
g.(¢>1,-++, No). It has a repertory of moves that it can make, each called m, (j 
=1,-+-+, N;). From state g, by move m, it goes to a new uniquely determined state 
gs, that is, (d, Mh) qx. Each state gr is characterized by an aspect a, having the 
value +1 or —1. Thea, isa “drive” in the psychological sense, and when a, is positive 
the automata is active. In state d, the automata initially randomly chooses an m,, 
where all the m's have an equal probability. In the case (q,, m) 29.41 Whose a4: is 
negative (drive extinguished), then the probability is increased for choice tr; when in 
state gi. In (qu, mi) there is a transfer relation such that when some m,y,» of gup has 
a probability greater than 2/N,,, then the probability of taking m, in gs is also in- 
creased. The automata as postulated can learn its way through a maze, learning from 
the goal backwards; it can remember the solution to two or more mazes; it forgets non- 
used information; and its behavior is not predictable. (Received September 5, 1950.) 


4651. L. A. Zadeh: On stability of linear varytng-parameter systems. 


Starting with the definition of stability in the case of linear varying-parameter 
systems: a system is stable if and only if every bounded input produces a bounded 
output, it is shown that the necessary and sufficient condition for stability is that the 
impulsive response of the system W(?, r) should belong to L(0, ©) for all t (W(t, 7) 
is the response at ł to a unit impulse applied at t—7). The system function of a linear 
varying-parameter system is related to W(t, r) through H(s; £) e f; W(t, r)e-"dr. 
From this it follows that the system function of a stable system is analytic in the 
right half and on the imaginary axis of the s-plane for all #. This result can be applied 
with advantage to the investigation of stability of linear varying-parameter systems. 
In particular, it yields useful criteria of stability for differential equations having 
periodic coefficients. (Received September 14, 1950.) 
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466i. L. A. Zadeh: Initia} conditions in linear varying-parameter 
systems. 


Consider a linear varying-parameter system N whose behavior is described by an 
nth order linear differential equation L(p; Aot) ~u(é). Let u(t) be zero for t<0 and 
let the initial values of v(t) and its derivatives be v™(0) =a, (»:-0, 1, - - - , 5 —1). Let 
H(s; f) be the system function of N. When the system is initially at rest (that is, all 
a, are zero), the response of N to u(t) may be written as v(#) -H; t) U(s)} (see 
abstract 56-6-465). When, on the other hand, some of the a, are not zero, the expres- 
sion for the response to a given input w(t) becomes v(#) C7! (H(s; £) [U(s) 4-^(9)]], 
where A(s) is a polynomial in s and pe given by A(s) = { [L(s; 0) Lpo; 0) ]/(s— 9 ]v 
(po represents a differential operator such that p3 - v0? (0) a). A(s) is essentially the 
Laplace transform of a linear combination of delta-functions of various order (up to 
51 —1) such that the initial values of the derivatives of the response of N to this com- 
bination are equal to æy. (Received September 14, 1950.) 


TOPOLOGY 


467i. A. L. Blakers and W. S. Massey: Generalised Whitehead 
products. t 


J. H. C. Whitehead has defined (Ann. of Math. vol. 42 (1941) pp. 409-428) a 
product which associates with elements a€x,(X) and BC-x,(X), an element [a, 8] 
Erpel X). The authors show how to define three new products, as follows: (a) A 
product which associates with elements aC--,(4) and SC-x,(X, A), an element 
[o, 8]C x14 1(X, 4). (b) A product which associates with elements aCwp(A/B) and 
pCxr,(Al MB), an element [a, 8] 0, 1(4/B). Here the sets A and B are a covering 
of the space X - AU B, and «,(4/B) is the f-dimensional homotopy group of this 
covering which has been introduced by the authors (Bull. Amer. Math. Soc. Ab- 
stract 56-3-208). (c) Let (X; A, B) be a triad (see A. L. Blakers and W. S. Massey, 
Proc. Nat. Acad. Sci. U.S.A. vol. 35 (1949) p. 323), then there is a product which 
associates with elements of x,(A/B) and x,(X, A( MB) an element of wp4¢1(X; A, B). 
The bilinearity of these three new products is established under suitable restrictions, 
and relationships between the various products are proved. The behavior of the prod- 
ucts under homomorphisms induced by a continuous map or a homotopy boundary 
operator is also studied. (Received August 30, 1950.) 


468i. A. L. Blakers and W. S. Massey: The triad homotopy groups in 
the critical dimension. 


Let X*- XAUg dU - - Ue be a space obtained by adjoining the n-dimen- 
sional (n>2) cells £? to the connected, simply connected topological space X. Let 
PUB UE, and t= X( WV. Assume that the space & is arcwise con- 
nected, and that the relative homotopy groups x,(X, £*) are trivial for 1p Sim, 
where m 21. Then itis known that the triad homotopy groups «Q(X*; #, X) are trivial 
for 2SqSm-+n—1. The authors now show that under the assumption of suitable 
“smoothness” conditions on the pair (X, £*) (for example, both X and £* are com- 
pact A.N.R.’s), there is a natural isomorphism of the tensor product x«(£^, $) 
G xx (X/£*) onto the triad homotopy group xa44(X*; £", X). This isomorphism is 
defined by means of a generalized Whitehead product. The Freudenthal “Ein- 
hängung” theorems in the critical dimensions can easily be derived from this theorem; 
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also, some results of J. H. C. Whitehead follow as a corollary (see Ann. of Math. vol. 
42 (1941) pp. 409-428, especially Lemma 4). The proof makes use of the functional 
cup product of Steenrod, and the theory of obstructions to deformations of continuous 
mappings. (Received August 30, 1950.) 


4691. Tibor Radó: On the identifications $n singular homology theory. 


According to the classical formulation of singular homology theory, a singular 
cell of a topological space X is an aggregate [(xe, * * * , x5, T)] of a geometrical 
p-simplex (xo, * - + , xy) and of a continuous mapping T: (xo, + + + , x5)—X,, subject to 
the following identifications. (1) If (yo*--,55) is an even permutation of 
(zo * ** %p), then [(xo, Rd 1 Xp), T]- [(»o, tttg Yr), T]. (2) If m is an affine map 
such that my) = My $0, 4,5 then [Gro, bcd ) Xp), T] = [(yo, EE |J), Tm]. 
The main result in this paper is the theorem that the singular homology groups of X 
are unchanged (up to isomorphisms) if both of these identifications are eliminated, 
provided that the geometrical simplexes (xo, * * * , x5), P=0, 1, 2,-++, are taken 

: from a fixed Hilbert space. This theorem completes previous work by Eilenberg, who 
obtained an analogous result concerning the identification (1) alone. (Received Sep- 
tember 5, 1950.) ‘ 
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liam Prager, G. Y. Rainich, Irving Kaplansky. 


INTERNATIONAL CONGRESS OF MATHEMATICIANS 
Cambridge, Mass., August 30-September 6, 1950 


Organizing Committee: 

Garrett Birkhoff (Chairman), W. T. Martin (Vice Chairman), A. A. Albert, J. L. 
Doob, G. C. Evans, T. H. Hildebrandt, Einar Hille, J. R. Kline, Solomon 
Lefschetz, Saunders MacLane, Marston Morse, John von Neumann, Oswald 
Veblen, J. L. Walsh, Hassler Whitney, D. V. Widder, R. L. Wilder. 


Editorial Committee: 
L. M. Graves (Chairman), Einar Hille, P. A. Smith, Oscar Zariski. 


Financial Committee: 


John von Neumann (Chairman), W. L. G. Williams (Vice Chairman), J. L. 
Coolidge, B. P. Gill, M. H. Ingraham, A. E. Meder, Jr. 


Secretariat: 
J. R. Kline (Secretary), R. P. Boas (Associate Secretary). 


Budget Committee: 


W. T. Martin (Chairman), J. R. Kline, A. E. Meder, Jr., G. B. Price, Oswald 
Veblen, Oscar Zariski. 


Cooperation Committee: 


Hassler Whitney (Chairman), E. F. Beckenbach, Samuel Eilenberg, S. S. Wilks, 
J. W. T. Youngs. 


Entertainment Committee: 

L. H. Loomis (Chairman), C. R. Adams, Mrs. L. V. Ahlfors, Mrs. G. D. Birk- 
hoff, J. A. Clarkson, Mrs. W. C. Graustein, F. B. Hildebrand, Evelyn M. Hull, 
J. R. Kline, E. R. Lorch, Mrs. W. T. Martin, E. B. Mode, G, A. O'Donnell, 
Mrs. H. B. Phillips, Helen G. Russell, J. H. Van Vleck, Mrs. J. L. Walsh, 
Mrs. D. V. Widder, Mrs. Norbert Wiener. 


Publicity Committee: 


G. W. Mackey (Chairman), A. A. Bennett, R. P. Boas, J. A. Clarkson, C. O. 
Oakley, R. M. Thrall. 


1 FORMER PRESIDENTS 


J. H. Van Amringe, 1889-1890. G. A. Bliss, 1921-1922. 
Emory McClintock, 18911894. Oswald Veblen, 1923-1924. 

G. W. Hill, 1895-1896. G. D. Birkhoff, 1925-1926. 
Simon Newcomb, 1897-1898. Virgil Snyder, 1927-1928. 

R. S: Woodward, 1899-1900. E. R. Hedrick, 1929-1930. 

E. H. Moore, 1901-1902. L. P. Eisenhart, 1931-1932. 

T. S. Fiske, 1903-1904. A. B. Coble, 1933-1934. 

W. F. Osgood, 1905-1906. Solomon Lefschetz, 1935-1936. 
H. S. White, 1907-1908. R. L. Moore, 1937-1938. 
Maxime Bócher, 1909-1910. G. C. Evans, 1939-1940. 

H. B. Fine, 1911-1912. Marston Morse, 1941-1942. 

E. B. Van Vleck, 1913-1914. M. H. Stone, 1943-1944. 

E. W. Brown, 1915-1916. T. H. Hildebrandt, 1945-1946. 
L. E. Dickson, 1917-1918. Einar Hille, 1947-1948. 


Frank Morley, 1919-1920. 
ENDOWMENT FUND 


In 1923 an Endowment Fund was collected to meet the greater demands on 
the Society's publication program caused by the ever increasing number of im- 
portant mathematical memoirs. Of this fund, which now amounts to some 
$71,000, a considerable proportion was contributed by members of the Society. 
Under the terms of the will of the late Robert Henderson, for many years a 
'Trustee of the Society, the Society receives approximately $4,000 yearly. Upon 
the death of the other legatees, the Society will receive the entire principal of the 
estate for its Endowment Fund. 


SPECIAL FUNDS 
The Bücher Memorial Prize 


'Ihis prize was founded in memory of Professor Maxime Bócher. It is 
awarded every five years for a notable research memoir in analysis which has 
appeared during the preceding five years in a recognized journal published in the 
United States or Canada; the recipient must be a member of the Society, and not 
more than fifty years old at the time of publication of his memoir. 


First (Preliminary) Award, 1923: To G. D. Birkhoff, for his memoir 
Dynamical systems with two degrees of freedom. 


Second Award, 1924: To E. T. Bell, for his memoir Arithmetical paraphrases, 
and to Solomon Lefschetz, for his memoir On certain numerical invariants with 
applications to abelian varieties. 


Third Award, 1928: To J. W. Alexander, for his memoir Combinatorial 
analysis situs. 


Fourth Award, 1933: To Marston Morse, for his memoir The foundations 
of a theory of the calculus of variations in the large in m-space, and to Norbert 
Wiener, for his memoir Tauberian theorems. 


Fifth Award, 1938: To John von Neumann, for his memoir Almost periodic 
functions and groups. 


Sixth Award, 1943: To Jesse Douglas, for his memoirs Green's functions and 
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the problem of Plateau, The most general form of the problem of Plateau, and 
Solution of the inverse problem of the calculus of variations. 


Seventh Award, 1948: To A. C. Schaeffer and D. C. Spencer for their memoir 
Coefficients of Schlicht functions. 


The Frank Nelson Cole Prize in Algebra. 
The Frank Nelson Cole Prize in the Theory of Numbers, 


These prizes were founded in honor of Professor Frank Nelson Cole, on 
the occasion of his retirement as Secretary of the American Mathematical So- 
ciety and Editor of the Bulletin, after twenty-five years of service; the fund was 
later doubled by his son, Charles A. Cole. They are awarded at five-year inter- 
vals for contributions to algebra and the theory of numbers, respectively, under 
restrictions similar to those for the B6cher prize. 


First Award, 1928: To L., E, Dickson, for his book Algebra und ihre 
Zahlentheorie, Zurich, 1927. 


Second Award, 1931: To H. S. Vandiver, for his several papers on Fermat's 
last theorem published in the Transactions of the American Mathematical Society 
and the Annals of Mathematics during the last five years, with special reference 
to a paper entitled On Fermat's last theorem, which appeared in volume 31 of the 
"Transactions. 


Third Award, 1939: To A. A. Albert, for his papers on the construction of 
Riemann matrices, published in volumes 35 and 36 of the Annals of Mathetnatics. 


Fourth Award, 1941: To Claude Chevalley, for his paper entitled La théorie 
du corps de classes, published in volume 41 of the Annals of Mathematics. 


Fifth Award, 1944: To Oscar Zariski, for four papers on algebraic varieties, 
published in volumes 61 and 62 of the American Journal of Mathematics and 
volumes 40 and 41 of the Annals of Mathematics. 


Sixth Award, 1946: To H. B. Mann for his paper entitled 4 proof of the 
fundamental theorem on the density of sums of sets of positive integers, pub- 
lished in volume 43 of the Annals of Mathematics. 


Seventh Award, 1949: To Richard Brauer, for his memoir On Artin’s L-series 
with general group characters, published in volume 48 of the Annals of Mathematics, 


The Eliakim Hastings Moore Fund. 


This fund was founded in 1922 in honor of Professor Eliakim Hastings 
Moore, on the occasion of the twenty-fifth anniversary meeting of the Chicago 
Section of the American Mathematical Society. The income from the fund is to 
be used at the discretion of the Council of the Society, for the publication of im- 
portant mathematical books or memoirs, or the award of prizes. 


The Marion Reilly Fund. 


Dean Marion Reilly willed to the American Mathematical Society a portion 
of her estate to be used for the advancement of research in pure mathematics. 
The principal of this fund is $23,500. 
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The Ernest William Brown Fund. 

, From the estate of Professor Ernest William Brown, a fund of $1,000 is 
available, the interest on which, at the discretion of the Council, can be used for 
the furtherance of such mathematical interests as (a) the publication of im- 
portant mathematical books, memoirs, and periodicals, and (b) lectures to be 
delivered on special occasions by invited guests of the Society. 


The Robert Henderson Fund. 

Upon his retirement from the Board of Trustees on December 31, 1940, Dr. 
Robert Henderson presented to the Society an unrestricted gift of $1,000 which 
the Trustees have set aside as the Robert Henderson Fund. 

The James K. Whittemore Fund. 

From the estate of Professor James K. Whittemore, a fund of $1,000 is avail- 
able for use in the interest of mathematical research. 
The Generva B. Hutchinson Fund. 


A fund from the estate of the late Professor Generva B. Hutchinson for use, 
at the discretion of the Council and Trustees, in the advancement of mathemati- 
cal research. 


The Helen A. Merrill Fund 


From the estate of the late Professor Helen A. Merrill, a fund of $650 is 
available for use in the interest of mathematical research. 


INSTITUTIONAL MEMBERS 


Acadia University, Wolfville, N.S., Canada. 
University of Alabama, University, Ala. 

Amherst College, Amherst, Mass. 

University of Arizona, Tucson, Ariz. 

Bell Telephone Laboratories, New York 14, N.Y. 
Beloit College, Beloit, Wis. 

Brigham Young University, Provo, Utah. 

University of British Columbia, Vancouver, B.C., Canada. 
Brooklyn College, Brooklyn 10, N.Y. 

Brown University, Providence 12, R.I. 

Bryn Mawr College, Bryn Mawr, Pa. 

University of Buffalo, Buffalo 14, N.Y. 

California Institute of Technology, Pasadena 4, Calif. 
University of California, Berkeley 4, Calif. 
University of California at Los Angeles, Los Angeles 24, Calif. 
Carnegie Institute of Technology, Pittsburgh 13, Pa. 
Case Institute of Technology, Cleveland 6, Ohio. 
Catholic University of America, Washington 17, D.C. 
University of Chicago, Chicago 37, Ill. 

University of Cincinnati, Cincinnati 21, Ohio. 

City College, New York 31, N.Y. 

University of Colorado, Boulder, Colo. 

Columbia University, New York 27, N.Y. 

Connecticut College, New London, Conn. 

Cornell University, Ithaca, N.Y. 

Dartmouth College, Hanover, N.H. 

University of Delaware, Newark, Del. 

Duke University, Durham, N.C. 

Duquesne University, Pittsburgh 19, Pa. 

Equitable Life Insurance Company of Iowa, Des Moines 6, Iowa. 
Georgetown University, Washington 7, D.C. 
University of Georgia, Athens, Ga. 

Gettysburg College, Gettysburg, Pa. 

Harvard University, Cambridge 38, Mass. 

Haverford College, Haverford, Pa. 

Illinois Institute of Technology, Chicago 16, Ill. 
University of Illinois, Urbana, Ill. 

Immaculata College, Immaculata, Pa. 

Indiana University, Bloomington, Ind. . 

Institute for Advanced Study, Princeton, N.J. 

Iowa State College of Agriculture and Mechanic Arta, Ames, Iowa. 
The State University of Iowa, Iowa City, Iowa. 

The Johns Hopkins University, Baltimore 18, Md. 
University of Kansas, Lawrence, Kan. 

University of Kentucky, Lexington 29, Ky. 

Kenyon College, Gambier, Ohio. 

Lehigh University, Bethlehem, Pa. 
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Louisiana State University and Agricultural and Mechanical College, Baton 
Rouge 3, La. 

McGill University, Montreal, Que., Canada. 

University of Manitoba, Winnipeg, Man., Canada. 

University of Maryland, College Park, Md. 

University of Massachusetts, Amherst, Mass. 

Massachusetts Institute of Technology, Cambridge 39, Mass. 

Mathematical Association of America, Buffalo 14, N.Y. 

Metropolitan Life Insurance Company, New York 10, N.Y. 

Michigan State College of Agriculture and Applied Science, East Lansing, Mich. 

University of Michigan, Ann Arbor, Mich. 

University of Minnesota, Minneapolis 14, Minn. 

University of Missouri, Columbia, Mo. 

University of Nebraska, Lincoln 8, Neb. 

University of New Mexico, Albuquerque, N.M. 

New York University, New York 12, N.Y. 

University of North Carolina, Chapel Hill, N.C. 

Northwestern University, Evanston, Ill. 

University of Notre Dame, Notre Dame, Ind. 

Ohio State University, Columbus 10, Ohio. 

Oklahoma Agricultural and Mechanical College, Stillwater, Okla. 

University of Oklahoma, Norman, Okla. 

Oregon State College, Corvallis, Ore. 

University of Oregon, Eugene, Ore. 

Pennsylvania State College, State College, Pa. 

University of Pennsylvania, Philadelphia 4, Pa. 

University of Pitisburgh, Pittsburgh 13, Pa. 

Princeton University, Princeton, N.J. 

Purdue University, Lafayette, Ind. 

Rice Institute, Houston 1, Tex. 

University of Rochester, Rochester 3, N.Y. 

Rutgers University, New Brunswick, N.J. 

The College of St. Thomas, St. Paul 5, Minn. 

University of Saskatchewan, Saskatoon, Sask., Canada. 

Smith College, Northampton, Mass. 

Southern Illinois University, Carbondale, IIl. 

Stanford University, Stanford, Calif. 

Stevens Institute of Technology, Hoboken, N.J. 

Swarthmore College, Swarthmore, Pa. 

Sweet Briar College, Sweet Briar, Va. 

Syracuse University, Syracuse 10, N.Y. 

Temple Univeraity, Philadelphia 22, Pa. 

University of Tennessee, Knoxville 16, Tenn. 

Texas Christian University, Ft. Worth, Tex. 

Texas Technological College, Lubbock, Tex. 

Department of Pure Mathematics, University of Texas, Austin, Tex. 

University of Toronto, Toronto 5, Ont., Canada. 

Tulane University of Louisiana, New Orleans 15, La. 

Vanderbilt University, Nashville 4, Tenn. 
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Virginia Polytechnic Institute, Blacksburg, Va. 
University of Virginia, Charlottesville, Va. 
Washington University, St. Louis 5, Mo. 
University of Washington, Seattle 5, Wash. 
Wayne University, Detroit 1, Mich. 

Wellesley College, Wellesley 81, Mass. 

Wells College, Aurora, N.Y. 

Wesleyan University, Middletown, Conn. 
Western and Southern Life Insurance Company, Cincinnati 1, Ohio. 
Western Reserve University, Cleveland 6, Ohio. 
Wheaton College, Norton, Mass. 

University of Wichita, Wichita, Kan. 

Williams College, Williamstown, Mass. 

Yale University, New Haven 11, Conn. 


ORGANIZATIONS COSPERATING AS NONMEMBERS 


National Research Council, Washington 25, D.C. 
Rockefeller Foundation, New York 20, N.Y. 
“University of Wisconsin, Madison 6, Wis. 


BY-LAWS OF THE 
AMERICAN MATHEMATICAL SOCIETY 


ARTICLE I 


OFFICERS 


Section 1. There shall be a President, a President Elect (during the even- 
numbered years only), an Ex-president (during the odd-numbered years only), 
three Vice Presidents, a Secretary, four Associate Secretaries, a Treasurer and a 
Librarian. 

Section 2. It shall be a duty of the President to deliver an address before the 
Society at the close of his term of office or within one year thereafter. 

Section 3. The Librarian shall have charge of arrangements for the exchange of 
the Society’s publications. 


ARTICLE II 


Boarn oF TRUSTEES 


Section 1. There shall be a Board of Trustees consisting of five Trustees elected 
by the Society in accordance with Article VIL 

Section 2, The function of the Board of Trustees shall be to receive and admin- 
ister the funds of the Society, to have full legal control of its investments and 
properties, to make contracts and, in general, to conduct all business affairs of the 
Society. i 

Section 3, The Board of Trustees shall have the power to appoint a manager and 
such assistants and agents as may be necessary or convenient to facilitate the conduct 
of the affairs of the Society, and to fix the terms and conditions of their employment. 
The Board may delegate to the officers of the Society duties and powers normally 
inhering in their respective corporative offices, subject to supervision by the Board. 
The Board of Trustees may appoint committees to facilitate the conduct of the 
financial business of the Society and delegate to such committees such powers as 
may be necessary or convenient for the proper exercise of those powers. Agents 
appointed, or members of committees designated, by the Board of Trustees need 
not be members of the Board. 

Nothing herein contained shall be construed to empower the Board of Trustees 
to divest itself of responsibility for, or legal control of, the investments, properties 
and contracts of the Society. 


ARTICLE III 


EDITORIAL COMMITTEES 


Section 1. There shall be seven Editorial Committees, as follows: a committee of 
two members for the Bulletin; committees of three members each for the Proceed- 
ings, the Colloquium Publications, Mathematical Surveys and Mathematical Reviews; 
a committee of four members jointly for the Transactions and the Memoirs, and 
one consisting of two representatives of the Society on the Board of Editors of the 
American Journal of Mathematics. 
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ARTICLE IV 
Counci 


Section 1. The Council shall consist of fifteen members at large and the fol- 
lowing ex officio members: the officers of the Society specified in Article I, the 
members of the Editorial Committees specified in Article III, any former Secre- 
tary for a period of two years following his term of office, and members of the 
Executive Committee who remain on the Council by the operation of Article 
VII, Section 4. Former Presidents and former Secretaries belonging to the 
Council in 1948 shall continue as members of the Council during the full terms 
specified in the By-Laws in effect on January 1, 1948, namely, life membership 
for former Secretaries who have served ten years or more and six years for 
former Presidents after completion of their terms of office. 

Section 2. The Council shall formulate and administer the scientific policies of 
the Society and shall act in an advisory capacity to the Board of Trustees. 

Section 3. In the absence of the Secretary from amy meeting of the Council, one 
of the Associate Secretaries present may be designated as Acting Secretary for 
the meeting, either by written authorization of the Secretary, or, failing that, by 
majority agreement among the Associate Secretaries present. 

Section 4. All members of the Council shall be voting members. The method for 
settling matters before the Council at any meeting shall be by majority vote of the 
members present, If the result of a vote is challenged, it shall be the duty of the 
presiding officer to determine the true vote by a roll call. In a roll call vote, each 
Council member shall vote only once (although he may be a member of the 
Council in several capacities), and he shall state before the vote in which ca- 
pacity he votes. The group consisting of the four Associate Secretaries shall have 
one vote, and it shall be divided equally among those who vote as Associate 
Secretaries. Each of the six Editorial Committees shall have one vote, and it 
shall be divided equally among those who vote as members of the respective 
Editorial Committees. All other members of the Council shall have one vote 
each. Fractional votes shall be counted. 

Section 5. Any group of members of the Council who have a total of five votes 
as defined in Section 4 of this Article shall constitute a quorum for the transaction 
of business at any meeting of the Council. 

Section 6. Between meetings of the Council, business may be transacted by a 
mail vote. Votes shall be counted as in the case of a roll call vote as specified in 
Section 4 of this Article, “members present" being replaced by “members voting” 
An affirmative vote by mail on any proposal shall be declared if and only if (a) 
more than half of the total number of possible votes is received by the time an- 
nounced for the closing of the polls, and (b) at least three-quarters of the votes 
received by then are affirmative. If members who have a total of five or more votes 
request postponement at the time of voting, action on the matter at issue shall be 
postponed until the next meeting of the Council, unless either (1) at the discretion 
of the Secretary, the question is made the subject of a second vote by mail, in 
connection with which brief statements of reasons, for and against, are circulated 
or (2) the Council places the matter at issue before the Executive Committee for 
action. 

Section 7. The Council] may delegate to the Executive Committee (Article V) 
certain of its duties and powers. Between meetings of the Council the Executive 
Committee shall act for the Council on such matters and in such ways as the Council 
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may specify. Nothing herein contained shall be construed as empowering the Coun- 
cil to divest itself of responsibility for formulating and administering the scientific 
policies of the Society. 


ARTICLE V 
EXECUTIVE COMMITTEE 3 


Section 1. There shall be an Executive Committee of the Council, consisting of 
four elected members and the following ex officio members: the President, the 
Secretary, the President Elect (during even-numbered years), and the Ex-president 
(during odd-numbered years). 

Section 2. The Executive Committee of the Council shall be empowered to act 
for the Council on matters which have been delegated to the Executive Committee 
by the Council. If three members of the Executive Committee request that any 
matter be referred to the Council, the matter shall be so referred. The Executive 
Committee shall be responsible to the Council and shall report its actions to the 
Council. It may consider the agenda for meetings of the Council and may make 
recommendations to the Council. 

Section 3. Each member of the Executive Committee shall have one vote. An 
affirmative vote on any proposal before the Executive Committee shall be declared 
if and only if at least four affirmative votes are cast for the proposal. A vote on 
any proposal may be determined at a meeting of the Executive Committee, but it 
shall not be necessary to hold a meeting to determine a vote. 


ARTICLE VI 
Executive Director 


Section 1. There shall be an Executive Director who shall be a paid employee 
of the Society. He shall have charge of the central office of the Society, and he 
shall be responsible for the general administration of the affairs of the Society in 
accordance with the policies that are set by the Board of Trustees and by the 
Council, 

Section 2. The Executive Director shall be elected by the Council for a specified 
term and approved by the Board of Trustees. The terms and conditions of his 
employment shall be fixed by the Board of Trustees. 

Section 3, The Executive Director shall work under the immediate direction of 
the Board of Trustees and of the Council, and in cooperation with the Secretary. 
He shall attend meetings of the Board of Trustees, of the Council, and of the 
Executive Committee, but he shall not be a member of any of these bodies, 


ARTICLE VII 
ELECTION AND TERMS OF OFFICERS 


Section 1. The term of office shall be one year in the case of the President Elect 
and the Ex-president; two years in the case of the Trustees (with the exceptions 
stated in the next paragraph of this Section), the President, the Vice Presidents, 
the Secretary, the Associate Secretaries, and the Treasurer; three years in the case 
of the Librarian and the members of the Editorial Committees, The term of office 
for members at large of the Council shall be three years, five of the members at 
large retiring annually. The term of office for elected members of the Executive 
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Committee shall be two years (with the exceptions stated in the last paragraph of 
this Section), two of the elected members retiring annually. In every case, however, 
the officials specified in Articles I, IT, III, IV, and V, with the exception of the 
President Elect and the Ex-president, shall continue to serve until their successors 
have been duly elected and qualified. 

The term of office in the case of the Trustees to be elected at the Annual Meeting 
to be held between the fifteenth of December, 1948, and the fifteenth of January, 
1949, shall be three years in the case of two of the Trustees to be elected and shall 
be two years in the case of three of the Trustees to be elected. Upon the expiration 
of the terms of office of the Trustees elected at the Annual Meeting to be held be- 
tween the fifteenth of December, 1948, and the fifteenth of January, 1949, the term 
of office of all Trustees shall be two years. 

In the case of members elected to the Executive Committee at the first election 
following adoption of these By-Laws the terms of office shall be one year for two 
of the members so elected and two years for the other two. After the expiration 
of the one-year terms of office, the term of office for all elected members of the 
Executive Committee shall be two years as specified in the first paragraph of this 
Section. 

The initial Editorial Committee for the Proceedings shall consist of three mem- 
bers, chosen by the Council from the existing Editorial Committee of the Bulletin 
They shall be withdrawn from the latter committee and shall complete their terms 
of office as members of the new committee. At the first election following adoption 
of this by-law, a second member shall be elected to the Editorial Committee of the 
Bulletin and a fourth member to the joint Editorial Committee of the Transactions, 
and the Memoirs. 

Section 2. Election of officers specified in Article I (with the exception of the 
President and the Ex-president), Trustees, members of the Editorial Committees, 
and members at large of the Council shall be by ballot at the Annual Meeting. An 
official ballot shall be sent to each member of the Society by the Secretary at least 
one month before the Annual Meeting, and such ballots, if returned to the Secre- 
tary in envelopes bearing the name of the voter and received prior to the closing 
of the polls, shall be counted at the Annual Meeting. Each ballot shall contain one 
or more names proposed by the Council for each office to be filled, with blank 
spaces in which the voter may substitute other names. A plurality of all votes 
cast, whether cast in person or by mail, shall be necessary for election. In case of 
failure to secure a plurality for any office, the members present at the Annual 
Meeting shall choose by ballot among the members having the highest number 
of votes. 

Section 3. At the end of his term of office, the President Elect shall become the 
President. At the end of his term of office, the President shall become the Ex- 
president. 

Section 4. Within fourteen days after the election of officers at the Annual Meet- 
ing the Secretary shall send to all members of the Council for a mail vote a ballot 
containing two names for each place to be filled on the Executive Committee. The 
nominees shall be chosen by a committee appointed by the President. Members of 
the Council may vote for persons not nominated. Any member of the Council who 
is not an ex officio member of the Executive Committee (see Article V, Section 1) 
shall be eligible for election to the Executive Committee. In case a member is 
elected to the Executive Committee for a term extending beyond his regular term 
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on the Council, he shall automatically continue as a member of the Council during 
his term on the Executive Committee. 

Section 5. The President and Vice Presidents shall not be eligible for immediate 
re-election to their respective offices, A member at large or an ex officio member 
of the Council shall not be eligible for immediate election (or re-election) as a 
member at large of the Council. 

Section 6. If the President of the Society die or resign while a President Elect 
is in office, the President Elect shall serve as President for the remainder of the 
year and thereafter shall serve his regular two-year term. If the President of the 
Society die or resign when no President Elect is in office, the Council, with the 
approval of the Board of Trustees, shall designate one of the Vice Presidents to 
serve as President for the balance of the regular presidential term. If the President 
Elect of the Society die or resign before becoming President, his office shall remain 
vacant until the next regular election of a President Elect, and the Society shall, 
at the next Annual Meeting, elect a President for a two-year term. If the Ex- 
president die or resign before the expiration of his term of office, the Council, with 
the approval of the Board of Trustees, shall designate a former President of the 
Society to serve as Ex-president during the remainder of the regular term of the 
Ex-presidency. Such vacancies as may occur at any time in the group consisting of 
the Vice Presidents, the Secretary, the Associate Secretaries, the Treasurer, the 
Librarian, and the members of the Editorial Committees shall be filled by the Coun- 
cil with the approval of the Board of Trustees. If a member of an Editorial Com- 
mittee takes temporary leave from his duties, that Committee shall nominate a 
substitute for consideration by the Council The Council shall then elect a substi- 
tute. The Council shall fill from its own membership any vacancy in the elected 
membership of the Executive Committee. E 

Section 7. If any Trustee die or resign during his tenure of office, the vacancy 
thus created shall be filled for his unexpired term by the Board of Trustees. 

Section 8. If any member at large of the Council die or resign more than one 
year before the expiration of his term, the vacancy for the unexpired term shall 
be filled by the Society at the next Annual Meeting. 


ARTICLE VIII 
MEMBERS AND THEM ELECTION 


Section 1. Election of members shall be by vote of the Council or of its Execu- 
tive Committee, 

Section 2. There shall be three classes of members, namely, ordinary, contribut- 
ing and institutional, 

Section 3. Application for admission to ordinary membership shall be made by 
the applicant on a blank provided by the Secretary, and shall be approved either by 
two ordinary members of the Society or by the institutional member whose nominee 
he is (see Article IX, Section 6). Such applications shall not be acted upon until 
at least thirty days after their presentation to the Council (at a meeting or by 
mail), except in the case of members of other societies entering under special action 
of the Council approved by the Board of Trustees. 

Section 4. An ordinary member may become a contributing member by paying 
the dues for such membership. (See Article IX, Section 3.) 
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Section 5. A university or college, or a firm, corporation, or association inter- 
ested in the support of mathematics may be elected an institutional member. 


ARTICLE IX 
DUES AND PRIVILEGES OF MEMBERS 


Section 1. Any person elected to ordinary membership in the Society under the 
provisions of Article VIII, Section 3, who is not a nominee of an institutional 
member (See Section 6 of this Article) shall be admitted to membership upon 
payment, within sixty days of the date of his election, of an initiation fee of five 
dollars and such dues as are payable under Section 2 of this Article. 

Section 2. The annual dtes of a person, not a nominee of an institutional mem- 
ber, who is elected to ordinary membership under the provisions of Article VIIT, 
Section 3, shall be fourteen dollars, with the following exceptions: (1) during the 
first and second years of membership, the annual dues shall be nine dollars; during 
the third and fourth years of membership, the annual dues shall be eleven dollars 
and fifty cents; a person shall be considered to have completed his first year of 
membership on January 1 following his election; (2) the amount of dues may be 
altered by reciprocity agreements with other societies; (3) the Council may make 
special rulings in exceptional cases, with the approval of the Board of Trustees. 
Each new member shall pay in proportion to the unexpired fraction of the year at 
the time of his election. 

Section 3. The minimum dues for a contributing member shall be twenty dollars 
per year. Members may, upon their own initiative, pay larger dues. 

Section 4. The minimum dues of an institutional member shall depend on the 
amount of published material credited to that member in certain journals during a 
specific period. The formula for computing these dues shall be established from 
time to time by the Council subject to approval by the Board of Trustees. Institu- 
tions may pay larger dues than the computed minimum. 

Section 5. Any member whose annual dues are at least one hundred dollars shall 
be designated as a Sustainer of the Society; any member whose annual dues are 
at least five hundred dollars shall be designated as a Patron of the Society. 

Section 6. The privileges of an institutional member shall depend on its dues in a 
manner to be determined by the Council, subject to approval by the Board of 
'Trustees. These privileges shall be in terms of Society publications to be received 
by the institution and of the number of persons it may nominate for ordinary mem- 
bership in the Society. 

Section 7. A person elected to ordinary membership as a nominee of an institu- 
tional member under the provisions of Section 6 of this Article and of Article VIII, 
Section 3, shall be admitted to membership immediately and shall not be required 
to pay an initiation fee, He shall not be required to pay dues so long as it is agreed 
that he is designated as a nominee of the institutional member under these provi- 
tions, If a nominee of an institutional member later becomes a dues-paying mem- 
ber, he shall pay dues at the rate of nine dollars a year for the remainder (if any) 
of his first two years of membership, eleven dollars and fifty cents a year for the 
remainder (if any) of his third and fourth years of membership, and fourteen 
dollars a year thereafter. 

Section 8. After retirement from active service on account of age, any ordinary 
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or contributing member who is not in arrears of dues and with membership ex- 
tending over at least twenty years may, by giving proper notification to the Secre- 
tary, have his dues remitted, on the understanding that he will thereafter receive 
the programs of the meetings but not the Bulletin and Proceedings. 

Section 9. An ordinary member or a contributing member shall receive the 
Bulletin and Proceedings, except in the case of members whose dues are remitted 
under Section 8 of this Article. 

Section 10. Nine dollars of the annual dues of those who receive the Bulletin and 
Proceedings under the provisions of this Article shall be allocated in payment 
therefor. 

Section 11. The annual dues of ordinary and contributing members shall be due 
and payable at the beginning of each calendar year, at which time the Society 
shall submit a bill for these dues, If the annual dues of any member remain unpaid 
beyond a reasonable time, the Board of Trustees shall remove his name from the 
list of members, after due notice. If a member wishes to discontinue his member- 
ship at any time, he shall send a written resignation to the Society. 

Section 12, Any member who became a life member before October 25, 1941, 
by the payment of a sum determined in accordance with actuarial principles shall 
have for life the status and privileges of an ordinary member without fukther pay- 
ment of dues. No additional applications for life memberships will be accepted. 


ARTICLE X 
MEETINGS 


Section 1, The Annual Meeting of the Society shall be held between the fifteenth 
of December and the fifteenth of January next following. Notice of the time and 
place of this meeting shall be mailed by the Secretary or an Associate Secretary 
to the last known post office address of each member of the Society. The times 
and places of the Annual and other meetings of the Society shall be designated by 
the Council. No matter of general business shall be considered at any meeting of 
the Society except the Annual Meeting, without the recommendation of the Council, 

Section 2. Meetings of the Executive Committee may be called by the President; 
he shall call a meeting at any time upon the written request of two of its members. 

Section 3. The Council shall meet at the Annual Meeting of the Society. Special 
meetings of the Council may be called by the President; he shall call a special 
meeting at any time upon the written request of five of its members. No special 
meeting of the Council shall be held unless written notice of it shall have been 
sent to all members of the Council at least ten days before the day set for the 
meeting. 

Section 4. The Board of Trustees shall hold its regular Annual Meeting each 
year between December 15 and January 20, but not before the Annual Meeting of 
the Society. Special meetings of the Board of Trustees may be called by the Chair- 
man of the Board upon three days’ notice of such meeting mailed to the last known 
post office address of each Trustee. He should call a meeting upon the receipt of 
a written request of two of the Trustees. Meetings for the transaction of business 
may also be held by common consent of all the Trustees. 

Section 5. Papers intended for presentation at any meeting of the Society shall 
be passed upon in advance by a program committee appointed by or under the 
authority of the Council; and only such papers shall be presented as shall have 
been approved by such committee. Papers in form unsuitable for publication, if 
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accepted for presentation, shall be referred to on the program as preliminary com- 
munications or reports. 


ARTICLE XI 
PUBLICATIONS 


Section 1, The Society shall publish an official organ called the Bulletin of the 
American Mathematical Society. It shall publish two journals, known as the 
Transactions of ihe American Mathematical Society and the Proceedings of the 
American Mathematical Society, It shall publish a series of mathematical papers 
known as the Memoirs of the American Mathematical Society. The object of the 
Transactions, Proceedings, and Memoirs is to make known important mathematical 
researches. It shall publish a periodical called Mathematical Reviews, containing ab- 
stracts or reviews of current mathematical literature. It shall publish a series of 
volumes called Colloquium Publications which shall embody in book form new 
mathematical developments. It shall publish a series of monographs called Mathe- 
matical Surveys which shall furnish expositions of the principal methods and results 
of particular fields of mathematical research. It shall also cooperate in the conduct 
of the American Journal of Mathematics. 

Section 2. The editorial management of the publications of the Society listed in 
Section 1 of this article, and the participation of the Society in the editorial manage- 
ment of the American Journal of Mathematics shall be in charge of the respective 
Editorial Committees as provided in Article IIT, Section 1. 


ARTICLE XII 
AMENDMENTS 


These By-Laws may be amended or suspended at any meeting of the Society on 
recommendation of the Council and by a two-thirds vote of the members present, 
provided notice of such proposed action and of its general nature shall have been 
given in the call for such meeting. ' 


MEMBERS OF THE SOCIETY 
October 1, 1950 


The following list includes the name of every person who is a member of the 
Society as of October 1, 1950. 

So far as information is available the listings are made up as follows: (a) 
Surname, A dagger before a surname indicates life membership. (b) Initials, or 
the given name when there is but one, except that the first given name of every 
woman member is given in full. Parentheses enclosing any part of a name indi- 
cate that that part is not coe used in correspondence, (c) Official title or 
position. (d) Name and address of institution or organization with which item 
(c) is associated. (e) The address to be used for mail if this is different from 
(d). The name of the city and postal district number, where necessary, are not 
repeated if they are the same as in (d). (f) Following the regular listing, infor- 
mation re military service or temporary appointments is given. 


Abbott, J. C. Asst. Prof., U. S. Naval Acad., Annapolis, Md. 87 Shipwright St. 
Abdelhay, Jose. Prof., Univ. of Brazil, Rio de Janeiro, Brazil. 
Abdelhay, Maria Y. de M.N. (Mrs. Jose). Asst. Prof, Univ. of Brazil, Rio de 
Janeiro, Brazil. 10 Prudente de Morais St, Ipanema, Rio de Janeiro. 
Abernethy, J. J. Asst. Prof., Houston Coll. for Negroes, Univ. of Houston, Hous- 
ton 4, Tex. 2519 Nagle St. 

Abernethy, Dr. J. R. Arkansas Polytech. Coll., Russellville, Ark. 

Abramowitz, Dr. Milton. Math, National Bur. of Standards Commerce Dept., 
Washington 25, D.C. 504 Domer Ave., Takoma Par Washington 12. 

Mun. C. E Prof, Brown Univ., Providence 12, RI. 60 Intervale Rd., Provi- 

ence 6. 

Adams, E. P. Prof. Emeritus, Princeton Univ., Princeton, N.J. Walpole, Mass. 

Adams, F. E. Asst, Prof, Univ. of Miami, Coral Gables 34, Fla. 1407 Cordova 
St, Coral Gables. 

Adama, Louise. Asst. Prof., Hig Point Coll., High Point, N.C. 

Adams, Dr. Rachel B. (Mrs. C. R.). 60 Intervale Rd., Providence 6, RI. 

Adamson, I.T.A.C, Princeton Univ., Princeton, NJ. Graduate College. 

Adelman, Dr. D. M. Instr., Univ. of Connecticut, Storrs, Conn. 

Adem Chahin, Jose. Princeton Univ., Princeton, N.J. Fine Hall. 

Adkisson, V. W. Dean, Grad. School, Univ. of Arkansas, Fayetteville, Ark. 
236 Buchanan St. 

Adler, Claire F. (Mrs. E. H.). Asso. Prof., New York Univ., New York 3, N.Y. 
189-21 Tioga Dr., Jamaica 12, N.Y. 

Adler, F. T. Asso. Prof., Physics Dept., Carnegie Inst. of Tech., Pittsburgh 13, Pa. 

Ann. J. E. Asst., Ohio State Univ., Columbus 10, Ohio. Box 3094, University 

tation. 

Adshead, J. G. Asso. Prof., Dalhousie Univ., Halifax, N.S., Canada. 

Agard, H. L. Prof., Williams Coll., Williamstown, Mass. 

Agmon, Dr. Shmuel National Center of Scientific Research, París, France. 
Visiting Lect., Rice Inst., Houston 1, Tex. 

Agnew, R, P. Prof., Cornell Univ., Ithaca, N.Y. 112 White Hall. 

Aheart, A. N. Asst. Prof., West Virginia State Coll., Institute, W.Va. 

Ahlfors, L. V. Prof, Harvard Univ., Cambridge 38, Mass. 45 Yale St, Win- 
chester, Mass. 

mad mu I. Instr., Univ. of Pennsylvania, Philadelphia 4, Pa. Box 32, College 


Akers, L. W. Asso. Prof., Central Missouri Coll., Warrensburg, Mo. 

Akutowicz, E. J. Asst. Prof, Pennsylvania State Coll, State College, Pa. 212 
Sparks Bldg. 

Albers, L. U. Asst. Prof., Western Reserve Univ., Cleveland 6, Ohio. 8315 Pulaski, 
Cleveland 3. 

Albert, A. A. Prof., Univ. of Chicago, Chicago 37, Ill. Eckhart Hall. 

Albert, A. H. Instr., Kansas State Teachers Coll., Emporia, Kan. 
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Albert, G. E. Asso. Prof., Univ. of Tennessee, Knoxville 16, Tenn. 

Albert, O. W. Prof., Univ. of Redlands, Redlands, Calif. 629 Buena Vista St. 

Albert, R. G. 95 Keene St., Providence 6, RI. 

Alder, H. L. Asst. Prof., Univ. of California, Davis, Calif. 

A1-Dhahir, x. W. Columbia Univ, New York 27, N.Y. 609 W. 115th St, New 
Yor H 

Alexander, A B. Asst. Prof., Ripon Coll., Ripon, Wis. 

Alexander, J. W. Prof., Inst. for Advanced Study, Princeton, N.J. 29 Cleveland 
Lan 


e. 

Alger, P. L. Consulting Eng., Large Apparatus Dept., General Elec. Co., 1 River 
Rd., Schenectady 5, N.Y. 1758 Wendell Ave., Schenectady 8. 

As E Fellow, Tulane Univ. of Louisiana, New Orleans 15, La. 306 Gibson 


Allegri, Linda. Teacher, Hunter Coll. High School, New York 24, N.Y. 172 E. 
82d St., New York 28. 

Allen, E. B. Prof, Rensselaer Polytech. Inst, Troy, N.Y. 4 Sheldon Ave. 

Allen, E. S. Prof, Iowa State Coll. of Agric. and Mech. Arts, Ames, Iowa. 

Allen, Florence E. Asst. Prof. Emeritus, Univ. of Wisconsin, Madison 6, Wis. 
219 Lathrop St., Madison 5. 

Allen, Harriet W. Prof., Physics Dept., Western Coll., Oxford, Ohio. 

Allen, R. W. St. Louis Univ., St. Louis 3, Mo. 

Allen, W. A. Staff Member, Los Alamos Scientific Lab., Univ. of California, 
Los Alamos, N.M. 687-C 24th St. 

Allen, W. R. Instr., Univ. of Illinois, Chicago 11, Ill. 5822 S. Blackstone Ave., 
Chicago 37. 

Allendoerfer, C. B. Prof., Haverford Coll., Haverford, Pa. 

Alsberg, Julius. Chief, Chemicals Unit, Tech. Industrial Intelligence Div., Com- 
merce Dept, Washington 25, D.C. 2120 16th St. N.W., Washington 9. 

van Alatyne, J. P. Instr., Hamilton Coll., Clinton, N.Y. 118 Campus Rd. 

Alt, Dr. F. L. Asst. Chief, Computation Lab. National Bur. of Standards, 
Commerce Dept, Washington 25, D.C. 8718 Reading Rd., Silver Spring, 
Md. 

Altshuler, Bernard. Asst, New York Univ., New York 3, N.Y. 15 Washington Pl. 

Altwerger, S. I. Instr, New School of Social Research, New York 11, N.Y.; 
Teacher, Newton High School, 2125 Holland Ave., New York 60. 

Ambrose, Warren. Asst. Prof., Massachusetts Inst. of Tech., Cambridge 39, Mass. 

Ames, D. B. Prof., Univ. of New Hampshire, Durham, N.H. 

Ames, W. p Asst., Univ. of Wisconsin, Madison 6, Wis. 315 N. Lake St., Madi- 
son 5. 

Amira, B. A. Asso. Prof, Hebrew Univ., Jerusalem, Israel. 24 Ibn Ezra St. 

Amundson, N. R. Asso. Prof, Chemical Eng. Dept., Univ. of Minnesota, Min- 
neapolis 14, Minn. 

Ananda-Rau, K. Retired. 29 Boag Rd., Thyagarayanagar, Madras, India. 

Ancochea, Germán, Prof., Univ. of Madrid, Madrid, Spain. 

Andersen, A. F. Prof, Tech. Univ. of Denmark, Copenhagen K, Denmark. 28 
Parkvaenget, Charlottenlund, Denmark. 

Anderson, A. D. Math., Naval Research Lab., Washington 25, D.C. 164 Elmira 
St. S.W., Washington 20. 

Anderson, E. W. Prof., Iowa State Coll. of Agric. and Mech. Arts, Ames, Iowa. 

Anderson, Florence R. Research Lab. Analyst, Northrop Aircraft, Inc., Northrop 
Field, Hawthorne, Calif. 4924 4th Ave., Los Angeles 43, Calif. 

Anderson, Dr. P. H. Asso. Chief, Traffic Stat. Branch, Transportation Corps, 
Army Dept, Washington 25, D.C. 8523 Glenview Ave., Takoma Park, 
Washington 12. 

Anderson, R. D. Asst. Prof., Univ. of Pennsylvania, Philadelphia 4, Pa. 

Anderson, R. E. Asst. Prof., Northern Illinois State Teachers Coll., De Kalb, Ill. 

Anderson, R. Lucile, Asst. Prof., Hunter Coll, New York 21, N.Y. 

XML. T. W. Asso. Prof, Math. Stat. Dept, Columbia Univ., New York 27, 


Anderson, William, Research Asst, Los Alamos Scientific Lab., Univ. of Cali- 
fornia, P.O. Box 1663, Los Alamos, N.M. 
Anderson, W. E. Prof. Emeritus, Miami Univ., Oxford, Ohio. 112 E. Walnut St. 
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Andree, R. V. Asst. Prof, Univ. of Oklahoma, Norman, Okla. 

Andrew, Dr. M. M, Math, National Bur. of Standards, Commerce Dept., Wash- 
ington 25, D.C. 3220 Connecticut Ave. N.W., Washington 8. 

Andrews, F. C. Teaching Asst., Stat. Lab., Univ. of California, Berkeley 4, Calif. 

Andrews, J. J. Instr., St. Louis Univ., St. Louis 3, Mo. 155 S. Sappington Rd, 
Kirkwood 22, Mo. 

Andrews, T. B. Math, National Advisory Com. for Aeronautics, Langley Aero- 
nautical Lab., Hampton, Va. 207 Armstrong Dr. 

Andrus, W. E. Customer Eng. International Business Machines Corp., Inc, 
Endicott, N.Y. 10 Allan illage, Watson Bivd. 

Ansoff, Dr, H. L Asso. Math., Rand Corp., 1500 4th St., Santa Monica, Calif. 

Antosiewics, H. A, Asst. Prof., Montana State Coll., Bozeman, Mont. 

Apostle, H. G. Asso. Prof., Grinnell Coll., Grinnell, Towa. 817 East St. 

Apostol, T. M. Asst. Prof., California Inst. of Tech., Pasadena 4, Calif. 

Appuhn, W. E. F. Prof., St. Francis Coll., Brooklyn 2, N.Y.; Adj. Prof., Brooklyn 
Polytech. Inst., Brooklyn 2, N.Y. 548 State St., Brooklyn 17. 

Arbault, Jean. Univ. of Poitiers, Poitiers, France. 

TArchibald, R. C. Prof. Emeritus, Brown Univ., Providence 12, R.I. 

Archibald, R. G. Prof., Queens Coll, Flushing, N.Y. 

Arden, D. N. Fellow, Purdue Univ., Lafayette, Ind. 

Arena, F. J. Instr., North Dakota State Coll., Fargo, N.D. 

Arens, Richard. Asst. Prof., Univ. of California, Los Angeles 24, Calif. 1117 N. 
Clark St., Los Angeles 46. 

Arms, R. A. Prof, Gettysburg Coll, Gettysburg, Pa. 59 W. Lincoln Ave. 

Anu Beulah M. Asst. Prof., Univ. of Illinois, Urbana, Ill. 364 Mathematics 

g. 

Arnoff, E. L. Teaching Asst., California Inst. of Tech., Pasadena 4, Calif. 

Arnold, H. E. Prof., Wesleyan Univ., Middletown, Conn. 

Arnold, B. H. Asst. "Prof. regon State Coll., Corvallis, Ore. 

Arnold, H. A. Asst. Prot, Coll. of Agric., Univ. of California, Davis, Calif. 

Arnold, H. C. Tech. Dir. .„ Federal Enameling and Stamping Co. McKees 
Rocks, Pa. 76 Standish Blvd., Pittsburgh 16, Pa. 

Arnold, H. L. Prof., Humboldt State Coll., Arcata, Calif. Box 82. 

TAmnold, J. W. Eng., International Telephone and Telegraph Corp., 67 Broad St., 
New York 4, N.Y. 37 Washington Sq., New York 11. 

Arnold, K. J. Asst. Prof., Univ. of Wisconsin, Madison 6, Wis. North Hall. 

Arnoldy, Sister M. Nicholas. Prof., Marymount Coll., Salina, Kan. 

Arnould, H. E Defense Dept., Washington 25, D.C. '5331 Flint Dr. N.W., Wash- 
ington 1 

Arnowitt, R. L. 26 Mellen St., Cambridge 38, Mass. 

Aroian, L, A. Asst. Prof, Hunter Coll., New York 21, N.Y. Research Physicist, 

^ Research and Development Labs., Howard Hughes Aircraft Co., Culver 

City, Calif. 

Aronia Dr. Nachman. Prof., Oklahoma Agric. and Mech. Coll., Stillwater, 


a. 

Arrow, K. J. Asso. Prof, Economics Dept, Stanford Univ., Stanford, Calif. 

Arsove, Dr. M. G. Univ. of Grenoble, Grenoble, France. 

Artin, Emil. Prof., Princeton Univ.. Princeton, N.J. 7 Evelyn PI. 

Artin, Natascha J. (Mrs. Emil). Instr., Inst. for Math. and Mech., New York 
Univ.. New York 3, N.Y. 

Ascher, R. N. Columbia Univ., New York 27. N Y 310 W. 79th St, New York 24 

Ashburn, A. W. Asso. Prof, Texas State Coll. for Women, Denton, Tex. Box 
344, Main Office. 

Askovitz, Dr. S. X. Intern, Beth Israel Hospital. New York 3, N.Y. 

Asprey, Winifred A. Asst. Prof, Vassar Coll. PU p N.Y. California 
Inst. of Tech., Pasadena 4, Calif. 2434 N. Pa Blvd. Santa Ana, Calif. 

Assadourian, Dr. Fred. Development Eng. Federal Telecommunication Labs., 
Inc., Nutley. N.T. 333 3d Ave., New York 10, N.Y. 

Astrachan, Max. Prof., Stat. Dept., U.S.A.F. Inst. of Tech, Wright-Patterson Air 
Force Base, Dayton, Ohio. 

Atanasoff, Dr. J. V. Scientific Advisor, Army Field Forces, Ft. Monroe, Va. 
Quarters 126-S, 163 Bernard Rd. 
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Atchison, W. F. Asst. Prof, Univ. of Illinois, Urbana, Ill. Harvard Univ. 
Cambridge 38, Mass. 519 Pleasant St., Belmont, Mass. 

Atkins, F. E. Instr., State Teachers Coll., California, Pa. 

Atkins, H. P. Asst. Prof, Univ. of Rochester, Rochester 3, N.Y. River Campus. 

Aucoin, A. A. Prof., Univ. of Houston, Houston 4, Tex. i 

Aulbach, Helmut. Asst. Prof, Harpur Coll, State Univ. of New York, Endicott, 


N.Y. 

Aumann, R. J. Fellow, Massachusetts Inst. of Tech., Cambridge 39, Mass. 1566 
46th St., Brooklyn 19, N.Y. 

Aurora, Silvio. Columbia Univ., New York 27, N.Y. 30-58 83d St., Flushing, N.Y. 

Auslander, Maurice. Lect, Columbia Univ, New York 27, N.Y. 5552 Nether- 
land Ave., New York 63. 

Austin, D, G. Asst., Northwestern Univ., Evanston, Ill. 

Av Zi P. Asst. Prof, Univ. of Washington, Seattle 5, Wash. 137 Physics 

all. 

Ayer, Miriam C. Asst. Prof., Wellesley Coll., Wellesley 81, Mass. 

Ayoub, Dr. R. G. Instr., Harvard Univ., Cambridge 38, Mass. 

Ayres, Frank. Prof., Dickinson Coll., Carlisle, Pa. 233 Walnut St. 

Ayres, H, C. Prof., Jersey City Junior Coll., Jersey City, N.J. 

Ayres, W. L. Dean, School of Science, Purdue Univ., Lafayette, Ind. 

Axt, Paul. Univ. of Wisconsin, Madison 6, Wis. Cottage Grove, Wis. 


Babcock, R. W. Dean, School of Arts and Sciences, Kansas State Coll. of 
Agric. and Applied Science, Manhattan, Kan. 

Babcock, Wealthy. Asso. Prof., Univ. of Kansas, Lawrence, Kan. 

Bachiller, T. R. Prof., Univ. of Madrid, Madrid, Spain. 2 Tormes St. 

Bacninski, Jane L. Mrs.). Project Eng. and Math, Naval Ordnance Test Sta- 
tion, China e, Calif. 408-A Tyler. 

Bacon, H. M. Prof., Stanford Univ., Stanford. Calif, P.O. Box 1144. 

Bade, aeta of California, Los Angeles 24, Calif. 3525 7th Ave., San Diego 

, if. 

Baer, Reinhold. Prof., Univ. of Illinois, Urbana, Ill. 

Baer, Robert. Box 51, University Station, Urbana, Ill. 

Baeumler, H. W. Instr, Univ. of Buffalo, Buffalo 14, N.Y. 113 Winspear Ave. 

Bagby, L. C. Prof., Lawrence Inst. of Tech., Detroit 3, Mich. 62 Glendale Ave., 
Highland Park 3, Mich. 

Bagemihl, Frederick. Asst. Prof., Univ. of Rochester, Rochester 3, N.Y. 

Bahous, Carolyn R. (Mrs. E. S.). Asso. Prof, Lynchburg Coll, Lynchburg, Va. 

Baiada, Emilio. Asso. Prof, Univ. of Cincinnati, Cincinnati 21, Ohio. Member, 
Inst. for Advanced Study, Princeton, N.J. 

Bana. B. I. Prof, Univ. of Buenos Aires, Buenos Aires, Argentina. 560 Mayo 

ve. 

Bailey, A .W. Instr., Casper Junior Coll., Casper, Wyo. 

Bailey, E. A. Dean, LaGrange Coll., LaGrange, Ga. 

Balon B. W Asso. Dean, Chicago Undergrad. Div., Univ. of Illinois, Chicago 

Bailey, R. P. Asso. Prof., U. S. Naval Acad., Annapolis, Md. 

Baker, Dr. E. G. Member of Tech. Staff, American Bur. of Shipping, 45 Broad 
St, New York 4, N.Y. 166 Summit Ave., Upper Montclair, N.J. 

Baker, Frances E. Asso. Prof., Vassar Coll., Poughkeepsie, N.Y. 

Baker, G. A. Asso. Prof., Math. Dept, and Asso. Stat, Experimental Station, 
Coll. of Agric., Univ. of California, Davis, Calif. 

Bal, K. Y. 500 Riverside Dr., New York 27, N.Y. 

Ball, B. J. Instr., Univ. of Texas, Austin, Tex. 813 E. 48th St. 

Ball, N. H. Asso. Prof., U. S. Naval Acad., Annapolis, Md. 

Ball, Dr. R. W. Instr., Univ. of Washington, Seattle 5, Wash. 

Ballantine, Dr. Constance R. (Mrs. J. P.), Asso., Univ. of Washington, Seattle 5, 
Wash. 1802 Ravenna Blvd. 

Ballantine, F. W. Univ. of Washington, Seattle 5, Wash. 1802 Ravenna Blvd. 

Benin J. P. Prof, Univ. of Washington, Seattle 5, Wash. 1802 Ravenna 
Bly 
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Ballou, D. H. Asso. Prof, MEAT Coll., Middlebury, Vt. 27 Weybridge St. 

Bamforth, F. R. Prof, Ohio State Univ, Columbus 10, Ohio. 64 S. Vine St, 
Westerville, Ohio. 

Banhagel, E. W. Instr, Northwestern Univ., Evanston, Ill. 211 Lunt Hall. 

Bankler, J. D. Asso. Prof., McMaster Univ., Hamilton, Ont., Canada. 

Banks, G. B. Prof., Niagara Univ., Niagara University, N.Y. 

Baílos, Alfredo. Prof. Physics Dept., Univ. of California, Los Angeles 24, Calif. 

Barat Alberto. Prof., Univ. of Mexico, Mexico, D.F., Mexico. 71 Puente de 

varado. 

Barankin, E. W. Asst. Prof, Univ. of California, Berkeley 4, Calif. Statistical 
Laboratory. 

Barber, S. F. Asst. Prof., City Coll, New York 31, N.Y. 

Bardell, R. H. Asso. Prof., Univ. of Wisconsin in Milwaukee, Milwaukee 3, Wis. 

Bareis, Grace M. Asst. Prof. Emeritus, Ohio State Univ., Columbus 10, Ohio. 
164 13th Ave., Columbus 1. 

Bargmann, Valentine. Asso. Prof., Princeton Univ., Princeton, N.J. 

Barker, J. E. Math., Naval Proving Ground, Dahlgren, Va. Box 92. 

Barlaz, Joshua. Asst. Prof., Rutgers Univ., New Brunswick, N.J. 

Barnard, R. W. Asso. Prof., Univ. of Chicago, Chicago 37, Ill. 320 Eckhart Hall. 

Barnes, J. L. Prof, Eng. Dept, Univ. of California, Los Angeles 24, Calif. 350 
Aderno Way, Pacific Palisades, Calif. 

Barnes, W. E. Asst. Prof, Coll. of William and Mary, Williamsburg, Va. 

Barnett, H. H. Teaching Asst. Univ. of Minnesota, Minneapolis 14, Minn. 

Barnett, L A. Prof, Univ. of Cincinnati, Cincinnati 21, Ohio. 

Barnett, Joseph. Asso. Prof. Emeritus, Oklahoma Agric. and Mech. Coll., Still- 
water, Okla. Care of Wm. McLaughlin, R.F.D. 1, Clarksburg, W.Va. 

Bener. r J. E. Chemist, Whiting Research Lab., Standard Oil Co., Whiting, 


Baron, Louis. Asst. Prof., New York Univ., New York 3, N.Y. 
Barm E re Asso. Prof, Pennsylvania State Coll, State College, Pa. 163 E. 
atr ve. 

Barr, W. J. Group Leader, Experiment, Inc., Box 1- T, Richmond 2, Va. 

Barral-Souto, José, Dir., Inst. of Biometrics, and Prof, Univ. of Buenos Aires, 
Buenos Aires, Argentina. Córdoba 1459. 

Barrer, D. Y. Instr., Northwestern Univ. Evanston, Ill. 1725 Orrington Ave. 

Barrett, J. H. Instr., Univ. of Texas, Austin, Tex. Box 1629, University Station. 

Barrett, Lida K. (Mrs. J. H.). Box 1629, University Station, Austin, Tex. 

Barrow, D. F. Prof, Univ. of Georgia, Athens, Ga. 260 Cherokee Ave. 

Barsotti, Iacopo. Asso. Prof., Univ. of Pittsburgh, Firtgburgh 13, Pa 

Bartels, R. C. F. Asso. Prof, Univ. of Michigan, Ann Arbor, Mich. 274 West 

Engineering Bldg. 

Bartholomay, A. F. Instr., Rutgers Univ., New Brunswick, N.J. 

Bartky, Walter. Dean, Div. of Physical Sciences, and Prof., Univ. of Chicago, 
Chicago 37, Ill, 111 Eckhart Hall. 

Bartle, R. G. Fellow, Univ. of Chicago, Chicago 37, Ill. 

Barton, D. C. Instr, Univ. of Rochester, Rochester 3, N.Y. 234 Roslyn St, 
Rochester 11. 

Barton, Helen. Prof, Woman's Coll, Univ. of North Carolina, Greensboro, N.C. 
1027 Spring Garden St. 

Baskerville, Margaret M. Asso. Prof., Shorter Coll., Rome, Ga. 
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